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1. - INTRODUCTION

Let B be a linear algebra with an identity and an inverse for every element

except zero., Suppose alsc that there is a norm N satisfying

N(xy) = NNy , x4 €A, N eR,
(1.1)

N 20, Nx)=0 = =x=0.

We will refer to such a structure as a division algebra; there seems to be no
standard simple name. A theorem of Hurwitzl) states that there are only four

such algebras whose elements can be identified respectively with the real numbers

R, the complex numbers €, the quaternions H (after Hamilton}, and the octonions
0 (Cayley numbers). This article is an attempt to link the existence and pro-
perties of the division algebras with the existence and properties of supersymmetric
field theories in various space-time dimensions. We have in mind, principally,
field theories with rigid supersymmetry. The relevance of the division algebras

to supergravity theories appears to be more complicated.

Complex numbers and guaternions have already appeared in connection with
supersymmetry in various contexts. Notably, supersymmetric ¢ models in two,

or three, space-time dimensions have a Lagrangian of the form

I = - —.!2- Goum (’arAm)(‘a"An)w— supersymmetrization, (1.2)

with gmn(A) the metric of a Riemannian manifold whose co-ordinates are the

{Am}. If there is only one supersymmetry (N = 1) then the ¢ model exists

for any Riemannian manifold. If we require N = 2 supersymmetry then the manifold
must be Kéhlerz), and if we further require N = 4 supersymmetry then it must

be hyper-Kéhler3). The former implies a complex structure and the latter a qua-
ternionic one. This association of complex numbers and quaternions with N = 2

and N = 4 supersymmetry respectively, in two or three space-time dimensions,

is alsoc found in the construction of supersymmetric models with spins <1/2 by

4)

stochastic methods .

For gauge theories the réle of complex numbers and quaternions is less clear.

5)

However, Ivanov has recently shown how the prepotential, V, of N =1 super-
Yang-Mills (¥M) theory in four dimensions can be interpreted as the imaginary part
of a complex group co-ordinate ¢; V = In 9. He has alsc conjectursed that the
SU{2} triplet prepotential, vij’ of N = 2 ¥YM theory in four dimensions can
be interpreted as the imaginary part of a quaternion group co-ordinate. Ivanov's

6)

construction is analogous to that of Ogievetsky and Sokatchev for N =1 super-
gravity in four dimensions in which the supergravity prepotential hu is inter-

preted as the imaginary part of a complex space-time co-ordinate XU'



-2 -

These "empirical' associations of € and H with supersymmetric theories
for various N and space-time dimension D can be seen to be in accord with
gach other if we refer any given theory to its "maximel dimensicn". This is
the maximal dimension in which it could be formulated, in principle, consistent
with supersymmetry. For example, an N = 2 supersymmetric model can usually
be written as a simple supersymmetfic model in four dimensions (the converse is
always true). The Kihler ¢ models, in particular, do have a natural formula-
tion in four dimensions. Similarly the hyper-Kihler ¢ models can be expected
to have a natural fermulation in their maximal dimension, which is six. The
N =2 ¥M theory can also bs written in a maximum of six dimensions. The above
noted associations of complex numberé and quaternions with supersymmetry can

now be seen to form the following pattern:

D=3 «— R
D=4 > C (1.3)
D=6 — H

Netice that the "transverse dimension" D - 2 equals the dimension of the as-

i

scciated division algebra. This leads us to anticipate the further association

D=10 <> O . (1.4)

This is an exciting possibility because it could lead to a deeper understanding
of the many remarkable properties of 10-dimensicnal supersymnetric theories,

for instance that D = 10 is the critical dimension of the spinning string model,
or that the B function of the D = 10 YM theory, reduced to D = 4, wvanishes.

In this article we will show how this, and cther patterns can be explained
in terms of algebraic properties of spinors. For space-times nit,s), i.e.,
pseudo-Fuclidean spaces of t time dimensions and s space dimensions, if
the transverse dimension s - ¢ equals 1, 2, 4, 8 mod 8, there is a formal
way of assoclating the space-time with the division algebras R, T,H, © res-
pectively. The association (1.3) and (1.4) is a special case of this rule.
In the general case this formal association is probably without much signifi-
cance, but in certain special cases it may be "realized" in a way that makes
it relevant to the construction of field theories. For R, ¢ and W this comes
about (if t =0, 1 or 2) because of isomorphisms of the "Lorentz" groups
50{s,t), or rather of their universal covering groups 30(s,t}, to classical
groups cver R, © and [ respectively. The most striking sequence occurs

for £ = 1 (Minkowski space) and is

R T T S P T W




SO(2,1) =~ SO(2;R)
So(3.,1) Se(2; L) (1.5)
SOo(5.1) = S0(2; H)

-

The association of {1.3) now beccmes evident. The isomorphism S0(3,1) 2 S&(2;C)
is well known and is the basis for the two-component spinor notation of D = 4
The isomorphism SO0(5,1) ¥ 3(2;H) means that there is also a two-component
spinor notation in D = 6, which is developed in this article. Since octonions
are non-associative we cannot expect them to play quite the same role for

s -t = 8 as the other division algebras do for s -t = l,\2, 4, At the moment

we have only a few suggestive observations to make about this case.

The works cited above are not the only ones %o have previously mentioned
a connection between one or more of the division algebras and supersymmetry. An
article of Lukierski and NowickiT) contains scme chservations similar tc ours.
In particular, they arrive at an association of R, €, H with D =3, 4, 5
respectively (¢ = 1). As mentioned above we believe that D = 6 1is most
naturally associated with H . These authors also introduce the group S{2;MH)
but as the "Euclidean conformal group", a fact that has alsc been remarked on
by Juliaa). The iscmorphisms of Clifford algebras to matrix algebras over R,
¢ and H have been discussed in an article by Coquereauxg). Clifford algebras
play a rdle in our work, but as yet we do not see any connection between our

0}

results and those of Ref. 9). Galperin, Ivancv and Ogievetskyl have considered
the division algebras in connection with invariant subspaces of superspace, but
again we do not yet see any connection befween their work and ours.

The organization of this article is as follows., We First classify the
kinds of spincrs that can be defined in arbitrary space-times nit,sl. Scherkll)
has discussed the conditions under which Majorana spinors can be defined, This
has been extended to what we call pseudo-Majorana spinors by a number of other

12)

authors ., There is another kind of spinor (or rather two kinds) kncwn in the
context of five-dimensional supersymmetric theories as a "symplectic spinor"lB}.
We give what we believe to be the first complete treatment of this questicn

{at least in the Physics literature). Using these results we develop, in
Section 3, the association of s -t = 1, 2, 4, 8 with R, C, H, 0, respect~
ively, and show how this association is realized in specific cases. In Section 4
we turn to the special case of SL(2;H) spinors in six-dimensional Minkowski

space and the corresponding two—component spinor. formalism. We then use these



results to construct free supersymmetric models in six dimensions. In Section 5,
we discuss octonions and their asscociation with ten-dimensional Minkowski space,

as well as the question of how the division algebras are related to supergravity.

2. - SPINORS

The Dirac equation is

(L?—P'M)‘//:O | a’: r'f‘:%“ (2.1)

where the TV satisfy the Clifford algebra

{rr, rey = 27»

4

| LG . . —_—— et —
,7 = d'“\y(".-* +; % ,)

t
The time dimension is t, the space dimension 8, and the space-time dimension
D=t +s. For dimensjons, D, D + 1, D even, the ™ are represented by

2D/2 X 2D/2 complex matrices which may be chosen such that

-r
P = [ (t)= {1.2,... ¢}

’

(2.3)

T
P(s: = r’r‘, , (s) = {t‘.f) +2, 00n D}

It follows that
F'r _ T }( "i
I~ = - (-1)"Ar*AT A=y T (2.4)

Since +#I'M*  form an equivalent representation of the Clifford algebra there
exists an invertible matrix B for which
" = B'TH* B = +1 (2.5)
= 7 7=21,

for either cheoice of n. It can be shown that B is unitary and satisfies

B*B = €(q,s.t) e =1z21 . (2.6)

The sign € is a function of n, s and t that can be calculated, e.g., by

11)

Scherk's method One introduces the charge conjugation matrix C by

i

R L T I T T R e T TR T TR S R R A R IO S R Y A S e e -
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B" = CA - (2.7)

The properties of A and 3B imply for < that

T

m*T = (¢-1) M'7 crre!

>

(2.8)

cte = 1,
tlt=1)
T t 2
CT = €7 (-1) c .
Consider first D even. The complete set of 2D/2 % 2D/2 matrices is spanned
by the (I}, n=0,1, ..., D, with
[ o kB g I"B“f r’f"z...r’f‘":’ (2.9)

(the square bracket indicaies antisymmetrization with "strength one™}. From
(2.8) one sees that the Cf(n) are either symmetric or antisymmetric, and one
counts the number of, say, antisymmetric matrices. This number depends on N,

t and D. On the other hand, we know that this number is (1/2)2D/2(2D/2 - 1).

Equating the two results yields

t(t-1)

B et

€= TN coo[E(qeD)] | e

With some algebraic manipulation {or by enumerating all cases) this can be reduced

to

€ = oo T(s-t) = 7 Aim G (s-T) (2.11)

D+1

Since D is even we can introduce another matrix, T , that anticommutes

with ail T¥;

{2.12)

[—’D-rf = r’tr:z PD .



This has the properties
S-1
(rD-n-f)-? _ (_1)2

j—rD-ff - B-f -,—,Di—f* B

To extend the T matrices to dimension D + 1 = (3 + 1) + t we require that

the additional T matrix be FD+1 or iPD+l according to whether (s - t}/2

(2.13)

is odd or even respectively. EWe need not consider D+ 1 = 3 + (t + 1) because

this is taken care of by t =+ t + 1.7 So we will have D + 1 T matrices

{FU,FD+1} for 3 -t =-2mod 4 and {P“,iFD+l} ‘for s -t = 0mod 4. Then

requiring that TM and FD+1 or iTD+1, according to the case, are transformed

identically under B conjugation, we discover that n is fixed by
s-T
= . 2 2.14
7T =~ (~1) for Do D+t (2.14)

»

which in turn fixes e. 1In even dimensions we always have a choice of 1 = %l
and e depends on this choice according to (2.11). Putting these results together

we find the space-times nl{t,s) allowing the four possible combinations of
(g,n):

€=+1, 7= —{ DSt = 1,2, 8, mid8
€=+1 , =11 DS~ = £, 7.8, mdé®

(2.15)
€=-1, M=-1 oS-t = 4,5 ¢, md§
€=-1, 7=+1 : St = 2,3,4, med &

For even dimension D we can construct the chiral projection operators

{ i::—-r_
P, = -5'( i+ (0% ]"D"’) . (2.16)

The projections P+1"u of TH wiii Sseparately transform under B conjugation
as in (2.5} only if

s-1
(-1) 2 =1 = ST = O omod 4 (2.17)

This is the last of the properties of T matrices thnat we will need to classify

the possible reality/chirality constraints on the spinor .,
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By taking the complex conjugate of the Dirac .equation (2.1) we find

(:3d + ¢mm) B ¢* =0 (2.18)

If {(-n)m = m then B_lw* satisfies the same equation as . If in addition

¢ = +1 then we can equate B7ly* with

¢*=BY , (e=+1) . (2.19)

This is possible only if e = +1 bhecause (2,19) implies B¥B = 1. If g = -1
and we have two spinors wi, i =1, 2, then we can impose instead an "SU(2)
reality" condition
*i * ij
¢* = ()" = €7 BY,

(€=~1) , (2.20)

2
where le is the SU(2) iavariant alternating tensor. In both cases the con-

dition {-n)m = m means that if n = +1 we must have m = 0.

Spinors satisfying (2.19) will be called Majorana if n = -1 and pseudo-
Majorana if 1 = +l. Spinors satisfying (2.20) will be cailed sSU{2) Majorana
if n = -1 and SU{(2) pseudo-Majorana if n = +1. [SU(2)] pseudo-Ma jorana
spinors do not allow a mass. This generalizes the result of Wetterichlg). The
space-times that allow these four kinds of spinor can now be read off from (2.15).
For even dimension D one can always impose a chirality condition on ¥ using

the projection operators of (2.16)
P:t (l)i = :t lP‘_t ,
P q);- = 0

This will be compatible with an [SU(2)] reality condition only if Eq. (2.17)

(2.21)

is satisfied, i.e., for s -t =0 mod 4. A chiral spinor w+ that also
satisfies an [SU(2)] reality condition will be called an [SU(2)] (pseudo)-
Majorana-Weyl spinor. The results for all these types of spinor are displayed
in the Table.

There are two caveats that we must mention concerning the abcove analysis.
The first is that an SU{2) pseudo-Majorana spinor does not allow a mass

consistent with SU(2} invariance, but if SU(2) is broken to C(2) then a

mass is allowed. In fact, the essential difference between a Dirac spinor and
an SU(2) (pseudc)-Majorana spiner or a Weyl spinor and an SU(2) (pseudo) =~

Majorana-Weyl spinor is that the former has only 0{2) symmetry while the latter



has 38U(2) symmetry. The second caveat is that we have considered only the Dirac
equation, but not the action. Whether the Dirac equation can be obtained from an
action is another matter, and indeed in some cases it cannot ! Consider, for
example, t =0, D =8 for which € = +1, and choose n = «1, The reality
condition (2.19) is consistent with the massive Dirac equation but as C is sym-
metric the putative mass term mchw vanishes. This is a fermionic analogue of
certain boson field equétions for whichk no Lorentz invariant action existSIQ).

For t =1, (Minkowski space), the Dirac equaticn is always derivable from an

action,

In certain cases, viz, s ~ t = 2 mod 4, one has a choice of ¢ =z *1, The
spinor for ¢ = -1 will have twice as many components as that for e = +1. An
alternative, and complementary, stztement of the difference is that for an equal
number of componehts the latter will allow a larger internal symmetry group,

Just as an 3U{2) Majorana spinor allows a larger symmetry group than a Dirac
spinor. This suggests a classification of spinors according to their maximal SYIi-
metry. Given several spinors wi the reality conditions (2.19) and (2.20) can

be generalized to

((//:)* - ({1*; = MEJB‘!;‘ , (€=+1), {2.22)

and

n
1
—
Ner
~

E * i}
(¢.)"= ¢* = DVB¢ | (e (2.23)
respectively. M is a symmetric real metric of 0O(n) for i = 1, ..., n and
£ is an antisymmetric real metric of Usp(2n} for i =1, ..., 2n. If s -t =
= 2 mod 4, s0 that we must chocse between a reality condition and a chirality
condition, the maximal symmetry principle favours the latter because ¢+ can

be chosen to transform under U(n) rather than O(n).

Selecting a (massless) spinor according to the maximal symmetry principle

yields the following associations:

S-t =1 «~> OMm) = U(n;R) ,
S-t =2 €» Um)=x=x Uxn;:C) - (2.24)
S-t =4 > USplan) > U(n; H) .

This is the first indication that the transverse dimensicn of space-time is

linked with the dimension of an associated division algebra, The association of
(2.24) is through the maximal internal symmetry of a spinor in D = 5 + t dimen-
sions. We will next see how this association is also present for the space-time

symmetry.



3. -R, C, W, 0

In D dimensions the number of (real) components of a minimal spinor is
2D/2+l « r where r = 1, 1/2 or 1/4 according to the case, and can be
read off from the Table. Let us concentrate on the cases s ~ L =1, 2, 4, 8

mod 8, 1Ll.e.,

ct= dmMA + 8(n-1), MHA=R C H,O, (3.1)

" 2 1
The integer n serves to add multiples of 8. For these cases the number of

components of the minimal spinor is

t & (m-1)

2 X dim#A (3.2)

So, formally, a spinor in D=s + t dimensions with s - t = dim B mod 8 can

be represented by a 2t+4(n-1)

component spinor over B, Notice that as we
reduce s - t from 8 med 8 the number of components of the minimal spinor
does not change until we reach s - t = 4 mod 8. Reducing s - t further the
number of components of the minimal spinor again does not change until we reach

s -t =2 mod 8,

For this formal representation to have any meaning it must be possible to
represent the "Lorentz" group on such a spinor. For R = K, €, H this means

that the "Lorentz" group must be isomorphic to a 2t%—4(n—l) % 2t+4(n-1}

matrix
group over A. In the Table all the isomorphisms of the orthogonal groups are
given and we see that this condition is satisfied only if n = 1, and then only
for £t =0,1 or 2. For t =0 we have the sequence of isomorphisms

SO(i1) = SL{f; R)

»

SO(a) = SL,(1;C) G

>

TO(4) = SI(1;H)® SL(1;H) .

The First member of this sequence is, of course, trivial. The chiral spinor of
D = 4 transforms under only one of the S8({l;H) factors of SO(4), so the
"spinor Leorentz group" is really S2{1:H). The subscript 2 on SQz(l;G)
indicates that this is the subgroup of GR(1:;¢C) whose complex determinant has
modulus unity. We remind the reader that SQl(n;E} is the subgroup of G&(n;C)
whose determinant is real while S5L(n;C) has simply a unit determinantlS).

Oover [H there is only one possible restriction of GZL to S&; SAinyH) is
the subgroup of GR{n;H) with unit determinant where the determinant is defined
oy
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dt M Z exp Tr M

¥

Aef (3.4)
T M = Re ("bl,M) ,

with tr the ordinary matrix trace. For a single quaternion gq
Cl = i’o + i?l + j?; + 3’3 {3.5)

the definitions (3.4) reduce to

det 4 ( 2oz+?,'2-rff+ ?:)"/2}
g = g (3.6)
r = 0 .

For t = 1 we have sequences mentioned in the Introduction:

I

SO (2,1) =~ St(a;R)
SO (3,1)

4

St(z:C) ,

(3.7)

SO (5,1)

I

SL(2:H)

while for t = 2 we have the sequence:

S0(3,2)
So(4,2)

IR

SP(4IR) ,
SU(=,2;C), (3.8)
SO (¢.2) = SO(4; H) |,

IR

By Spl(4;R) we mean the group of 4 x & peal matrices preserving an antisym-

metric 4 x 4 metric [this is sometimes referred to as Sp(2;R) in mathematical
literature]. The case t = 2

is interesting because the sequence of groups (3.8)
constitute the conformal groups of the previous ¢t

= 1 sequence. Moreover there
is a direct extension to a sequence of supergroups

OSP(M/4-;R) O S0(n) ® Sp(4;R) 3.9)

SU(2,2/n;:C)D SU(2,2:C) ® [ UM =m#4
SUn) m=4 -~
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OSP(4-/2'n: H) D S0(4; H)® USp(an), (3.9)
: contd.

The supergroup OGSp(l/4;R) is the superconformal group for D = 3 considered

by van Holten and Van Proeyenl6), while SU(2,2/1;C) 1is the gauge group of con-

Lo 1

formal supergravity 7). The last member of the seguence has been constructed as
a matrix supergroup over H in Ref., 7). We defer a discussion of 8 -t = 8
and the octonions to the final section; since octonions are non-associative

there is no such thing as a matrix group over 0.

We will now show how the iscmerphisms of the S0(s,t) groups arise as a
consequence of the properties of T matrices derived in the previous section.

To this end we list the iscmorphisms as follows:

s-1

= 0 SO(1,1) = GL(1;R)
S0 (2.2) = SL(2;:R) ® SL(2;R)
30 (3.3) = S4(4;R)

s-t=1 So¢1) = SL(1; R)
SO0(a,1) = SL(2:R)
S0(3,2) = Sp(4;R)

s-t =2 : So(a) = S£2(1)€)
SO(3.1) = 3¢ (2;C)
SO(4,2) = SU(2,2;C)

s-1 =3 : = SL(1; H)

i

Ut 1; H)

s-t =4 SO(4) = SL(1;H)® SL(1;H)

SO(s5,1) = Sl(2;H)
SO(6.2) = SO(4;H)
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Notice first that those isomerphisms for s - t = 1, 2, 4 are those occurring

in (3.3), (3.7) and (3.8) that we would most like to understand. These occurring
for s -t = 3 are straghtforwardly explained in terms of those for s -t =4,
We will see how this works for S0(4,1) % U(l,1; H) in the next section. The
isemorphisms occurring for s -« t = ¢ form an interesting pattern but one that
is different from s -t = 1,2, 4. For instance, the dimension of the group is
no longer 2° dimA for s -t =0 but 2"1 4in B, Notice also that S50(1,1}
is the only orthogonai group that is isomorphic to another matrix group for which
the determinant is not unity, despite the fact that the determinant of an element
of 30C{1,1) is unity, by definition ! This can be explained as follows, 30(1,1)
acts on both left- andright-handed spinors in an equal but opposite way whereszs
GL(13R) acts only on the left- or right-handed spinor hence its determinant need
not be unity. An isomorphism of an orthogonal group with a GL(n;A}) group is
only possible for n =1 and B = B because only in this case is the latter not

a product of different factor groups.

To explain the isomorphisms for s - t = O we observe that in this case
€ = +1 so that the B matrix may be chosen to be 1, in which case the Lorentz
generators are real. We may also divide them into left and right handed Lorentz

generators va, EEU. The Eﬁv are elements of SQ(2D/2-1;B) s0 the group

D/2-1;R).

generated by them, the "spinor Lorentz group", must be a subgroup of S&{(2
The exception to this, as we have seen, is if D = 2 in which case the spinor
Lorentz group must be a subgroup of GL{1;R} and obviously the subg:oup must be
GL(1;R) ditself. We also know that the spinor Lorentz group 1is isomorphic to
S0({s,t) except possibly in those cases for which 30(s,t) is a direct product.

In this case EEv may generate one factor and ng another factor of gﬁ(s,t).
Obviously there can be only two factors, and they must be identical. Moreover, if
dim SR(ED/gwl;R) < dim S0(s,t} for D > 2 then this factorization must occur,
This is seen to happen for D = 4 in which case the factor group must be SL(2;R).
I aim sp(2D/%*

happens for D = 6 and therefore 3SC(3,3) = S&(4;R).

:R) = dim SO0{s,t) then these groups will be isomorphic., This

To explain the isomorphisms for s - t = 1 we observe that £=1 and B

may be chosen to be 1. The el are then real, and are therefore elements of

82(2(D“%)/2; E) except in the case D = 1 for which the EHv do not exist. If
dim smz(D'l)/2
occurs for D = 3, hence 50(2,1) = SL(2,R). For D » 3 it is still possible
(D-1)/2

;R .

sR) = dim SO(s,t) then these two groups must be isomorphic. This

that Eﬁ(s,t) is isomorphic to a metric preserving subgroup of S2{2

L1

In fact for D =5 this must be the case because the iscmorphism A§5(3,3)
SL(4;R) can be "restricted"” to T0(3,2) ¥ Sp(4;R) just as the 3S0(4,1)
U(1,1;H) isomorphism is a restriction of J0(5,1) 2 SL(2;H ).

112
11

"
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For s -t = 2 we again have € = +1 so that B can be chosen to be 1,
but the left- {(right-) handed Lorentz generators zﬂv(zfv) are not real but are
related by ‘

(er)* = va . (3.10)

D/2-1,
?

The ZEv are therefore elements of S£2{2 ). This choice of S& group

is what corresponds to the unit determinant of the Lorentz transformation. If
aim s¢,(2P/27150) = dim SO(s,t) ‘then these groups will be isomorphic. This
2.

occurs for D = For D > 2 we can still have an iscmorphism to the further

restricted group SQ(ED/2_1

i), and if the dimensions match this isomorphism
will occur. Indeed the dimensions do match for D = 4 so 55(3,1) = s&{2:C).

We may still have a further isomorphism for D > 4 to a metric preserving sub-
group of SQ(2D/2_1;G). The only candidate, with the right dimension and
signature, is 8U(2,2;C) for D = 6). But for 4 x & complex matrices (Eiv)ij
we may relate Zﬁv to (ZEv)* by means of Eijk%‘ The preservation of this
reality condition is equivalent to the restriction of S&(4;C) to 3U(2,2;0)

hence we must have S0(4,2) £ SU(2,2;C).

Finally for s -t = 4 we have € = -1 so B cannot be chosen toc be 1.
However, the projections P+P“ transform separately under B conjugation in
- - D/2-1 .
the same way &as '™ so there is a reduced ZD/2 1 x 2 /2 B matrix transfor-

ming the left-handed Lorentz generators as

Z’:) = B’ Ziv* B , BB =1, B*B=-1. .11

D/Z'l;m), but those elements of this group

The MV 4ill be elements of SR(2
+ D/2-1

). Hence the
93V %, D/2-1

group generated by the Z+ must be a subgroup of SU™(2 }. If

dim SU*(ED/E_I) < dim S0(s,t} then 3S0(s,t) must be a product of two equal

factors. This happens for D = 4 and the factor group must be su¥(2) T su(a).

If dim SU*(ZD/Z_l) = dim S0(s,t) then these groups will be isomorphic. This

satisfying (3.11) are, by definition, elements of su¥(2

happens for D = 6, hence

So(s. 1) = SUY4a) .. (3.12)

This explains why the four-component spinor Lorentz group in six-dimensional

18)

Minkowski space is su¥(4) If the Eﬁv could be chosen to be real then

D/2~1

they would generate a subgroup of SO*(E }. This can happen only when the

dimension of SO*(2D/2_1) is sufficiently large, i.e., D28 and the dimen-

sicns match for D = 8. Hence
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SO(6,2) = SO*(p)

{3.13)

We see that associated with s -t = 4 and Ma jorana-Weyl épinors are the star
groups, which are isomorphic to quaternion groupsl5)

SU*-CQ'A)

i

Sl(n; H)
SO0¥(am) = SO(»

»

(3.14)
;s H)

The particular case of S0(5,1) = S2{2;H )

is of the most immediate interest so
we now turn to a detailed discussion of it.

4, - S2(2;H)
An 3R(2;H)

spinor is a two-component quaternicnic object;

e (g) ren

{4.1)
Its quaternion Hermitian conjugate is

¢t = (g, owr)

(4,2}
where p¥*

is the quaternion conjugate of T

We dencte the two components of
by wu’ ¢ =1, 2 and the two components of ¢+ by W& (:(@u)*), d = 1,2,

The transformation properties of ¢ and w+ under SL{2;H)

are as follows:
(Po’! = adp "Pp » (};; = (-Fﬁ (af)Po't
@R € SL(a:H) |

y

(4.3)
det @ = 1 .

The determinant 'of a .is defined as in (3.4).

We refer to ¥
spinor for a reason to become clear later.

X

as a "chiral"
There is also an antichiral spinor

X =[F P.A € H
A

{4.4)
and its Hermitian conjugate

xt = (P, A) .

(4.5)

OB PR LIRS e

UL UT LR[00 N TP F IR B AL R e HECENS 8 0 R
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We denote the two components of ¥ by ku and the twe components of &+ by
&a (:(ku)*). % transforms under SE(2;H) as

x' ¥ = (aT")&ﬁ xF , X' = }Zf(a“.‘)F“ '\ (4.6)

The placement of the spinor index, down for ¢, up for %, serves to distinguish
a chiral from an antichiral spinor. Unlike 3$2(2,C) spinors, a chiral spinor
is not transformed by Hermitian conjugation into an antichiral one, and there is

no S&(2;H) invariant operation that can effect such a transformation.

In addition to Lorentz transformations 1 and % alsc transform under an
additional SR{l;H) group which acts by multiplication by a unit-determinant
quaternion from the opposite side to the SL(2;H) - transformation. For exanple,
for 1,

¢ = pu , ¢r= w ¢t W e S H) T

The gquantities
e wty = B¢
g - T, $E= X )
are Lorentz scalars but transform under SL(1;H)® SL{l;H) as a 4&;

(qu/)’ = uX'Pv ; wv € SLH). (4.9)

An SRL(1l;H) =scalar c¢an be obtained by taking the quaternion trace defined in
{(3.47).

The following quantities are SR&{1;H) scalars but Lorentz vectors:

V= ~ vy = [ VTV v

2@ QCT _ 9(°(QCP - %? 'P:z bﬁ" bé ~ “/x: (4.10)
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YF = VU * V5 are the timelike and longitudinal components of VU while the

transverse components are contained in the quaternion W,

14

Ll

I

Vi + eV, + GV, + &V, | (4.11)

or its quaternion conjugate

V= Vi- 8V -5V, - %V, (4.12)

bl

W oand W are apparently inequivalent representations of SR(2;#H) but in
fact are related by

ot

V = v'dxv _ (4.13)

This can be verified directly or it may be deduced as follows. By inspection we

observe that

Y T T
V = eV e , e:(j;) . (4.14)

But this is not a manifestly covariant relation because & is not an invariant
tensor of S%(2;H) [although it is of S&(2,C)7]. Nor is the transpose of a
quaternionic matrix an invariant operation because (ﬁia)T £ aTQJT as a result
of the neon~commutativity of quaternions. The non-covariance of € 1is cancelled
by that of “IT, so (4.13) is actually covariant, but not manifestly so. Now
recall that EMTET gives a cofactor matrix of M for any 2 x 2 matrix over

B or €. This remains true for ¥ over | if and cnly if the four elements

of M commute among themselves. This condition is satisfied by W [recall that

Q qy* = (:1|*Q| = {det q|)2 for qerH]. Hence

VeV cm= ey = (MV)JI = V"\f‘i, (4.15)

and the equivalence of (4.14) to (4.13) is established,

Notice that W or ¥ is characterized by the single requirement that it
be a Hermitian 2 x 2 quaternionic matrix (as is true for D =z 4 and D = 3
with H +C and B + R respectively). The components {V } of W can be
expanded on a basis {Tu;u = 0,1,...,'8} of 2x2 Hermitizn quaternicn

matrices, and similarly for W on the conjugate basis {T"}
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V“FF\& \7=f7’”%. (4.16)

The Tu, fu satisfy the relation

rf*f-”v + Tt = 2 S (4.17)

A second rank antisymmetric tensor Fuv is represented in S(2;H) nota-

tion by a traceless bi-spinor

F:;p » —T;“}: =0 ’
(F«ﬁ)‘r = Féa

Its components can be expanded on the basis EUV

(4.18)

F = ¥ Ff“’ ’ (4.19)

where,
pv F_ _1_ ‘u.'vl’ Nt 8
() = s (rr -t . (4.20)
The derivative au is represented in SR(2;EH} notation as for Vu:

x
o 2 r‘s. . (4.21)

P = h

i

? 2

However, a&s an operator § 1s not self~adjoint. To have a self-adjoint operator
we need to introduce an additional imaginary unit i that commutes with the
quaternion imaginary units 4, Ji k. Then i3 is self-adjoint if Hermitian
conjutation is taken to send i + =i simultaneously with o - -i, etc. It

is this i that will play the role of the imaginary unit in the guantum thecry
so it should be clear that the S(2;H) spinor formalism will not require an

extension of the quantum theory to "quaternionic guantum mechanics™.

To make the transition from S{2;H) notation to SU*(4} notation we make
use of the 2 x 2 complex matrix representation of the imaginary quaternion

units
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L*‘*io"t:(f;), J < g, =(_0.1)’ A&Hiogﬁ(f a) (4.22)

The spiner ¢ becomes

¥ fortheipur s = ¢
E}‘-;"F; #0_2/43 .

Vo 1V, Y, Y,

.

(4.23)
iV, -V, Y, -1V

The index i =1, 2 of wi indicates the column, first or second, of (4.23).
This index is of SU{(2) T S(1;H) because the SL(1;H) transformation of (4.7)
effects a rotaticn of the two columns into each other. By the substitution (4,22)
an element of S2(2;H) or SL(1;B) becomes an element of SU¥{4} or SU(2)

respectively;

a —s a e SU*4) |
(4.24)

U — u € sSu).

[Notice that, in general M +M under this substitution and det M is real
positive, In fact det M= {det M}l/2 and this could serve as an equivalent
definition of the determinant of IM].

By inspection of (4.23) we see that the two columns are related by

()" = -B ¢

B = [i% 0
o i

whence we recognize wi as an SU(2) Majorana-Weyl spinor satisfying

(%z)* = ?*&L = gig.f %J‘ (4.26)

with B the matrix characterizing the pseudo-unitarity of SU*(4); a¥* 'Ba = B.

(4.25)

wai must be a Weyl spinor because the spinor index o takes four values. The

B R Ry T D P e [T T T T
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four-{complex) component spinor Xal, obtained in a similar way is an anti-Weyl
spiner; hence the nomenclature "ehiral®™ and "antichiral®" for ¢ and #%. The
relation (4.26) does have an SL{2;H) analogue; 1f one introduces the conjugate

q¥%¥ of g e H, defined as

4** = ~j 1] (4.27)

which is equivaient to the complex conjugate of g regarded as a 2 x 2 complex
matrix, then the 3U(2) reality condition (4.26} is equivalent to the relation
¢** = =j 3. The left and right imaginary units Jji correspond to B and €

in (4.26) respectively.

Since wui is a Weyl spinor it can be considered as the upper four components

of an eight-component spinor Wi,

¢,

. = (4.28)

i .

X! ’

in the basis for which T7 is diagonal

r, - 1, o 1, = 4x4 unit matrix. (4.29)

0 -1,

The remaining I matrices are off-diagonal

r+ =1 °9° (Yﬁ)dp (4.30)
@t o ) -

U

A useful representation for YU and ; is obtained by making the substitution

(4.22) 1into Y and 5“. This gives
. : ™~ "o o _ i
)(r' = ( ]/0) % ) ) ¥YE = ( ]f’ , Y ‘) ,

where +° = 1, and the five v~ matrices are

[A

k
yio (O 12) yi= (1, © Y =/[0 -ic,, (4.31)
2

1, 0 0 -1/, 0t O / forx = 2,3,4.
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As in the 352(2;€) case the ", ¥ satisfy
~ A, o~ e Y _
)1; Y\? + Yy -V}A- = Yr, Yv -+ Yy /4- = 2 7 /LV s

’7)1-9 »

which is the SU*(4) version of {4.17). The Lorentsz generators are

(4.32)

) .
Z % ()

| ~ % t ~ ~ ~
Op = 7 (R%=%%), () = - &, =-L(3.9,-Yn) “-3

y B
uvo

é-
Unlike the S&(2;C) case there are no quantities such as (Yu)dB or (UUV)GB'

Single spinor indices cannot be raised or lowered. The invariant tensor of SU*{4)}

The placement of the spinor indices is (yu)ué, (?u)ae, (o .and (auv)a

QJBY5 rather than EQB

an antichiral one. However, dotted indices may be freely converted inte undotted

is and so a chiral spinor wai cannot be converted into

indices by means of the matrix RB. For example

(Yf*)«fi = (‘6&)“,, Bf;P (4.34)

and the (YU)QB constitute the set of six 4 x 4 antisymmetric matrices. Pairs

of antisymmetric spinor indices may be raised or lowersd with %lBY\ In par-
ticular we have the relations
: { (rv Y$
= {4,35)
(XP)«P 2 é;PYS z;)

and
(Yf\>°()5 (Yr)fs = 2 é“ffg . {4.36}

This completes the transition from two-component to four-compeonent spinor nota-

tions.

We add a few words on the relation from D =6 to D = 5. The bispinor
representation of V“, w=20,1,...,4, is obtained from that of D = 6 by
setting V. = 0 in (4.10};

E ]

V=% Y.y

- (4.37)
L, D=5,
YV V

R L T BT T e T R R I P S R TR P R NN AW e e 4
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This W is characterized by its Hermiticity and its n tracelessness;

L)

Te(qV)=0 1 = (;_? (4.38)

The elements a of SL4(2;H) that preserve this property satisfy

&f”] a =7 (4.39)

and are therefore the elements of the group U(l,l1;H)}. The two-component
spinors of S&(2;H) become those of U(l,1;H) as they stand, but spinors
with upper and lower indices are now equivalent because single spinor indices
may be raised (or lowered) with the metric nde (or its inverss). Notice the
parallel between the reduction S&(2;H) ~ U{l,1;H) and the more familiar one

SR{2;C) » SU(1,1;C).

5. - QUATERNIONS AND SUPERSYMMETRY

A= mentioned in the Introduction, supersymmetric models whose maximal
dimension is six are known, or conjectured, to have some kind of guaternionic
structure. This is manifest in S%(2; H) notation, so we now turn 1o the appli-
cation of the results of the previous section to supersymmetry. We will construct
the free on-shell supersymmetric hyper-Kdhler model and the free off-shell super-
synmetric Maxwell theory in six dimensions. We leave to the future the quaternion

form of the interacting theories.

For the hyper-Kidhler model the fields are'a scalar quaternion A and a

Se{(2:;H) chiral spinor Y. The action is

I - Sdgz Tr [—M*GA + @faﬁtﬁfj (5.1)

where Tr denctes the gquaternion trace of (3.4) and i is the imaginary unit
needed to make i3 self-adjoint. The differential operators 3 and U are

related by
23 = 33 = 31 =01 . (5.2)
The supersymmetry transformations are
S e’
S¢ -z][”‘eaﬁﬂ

{5.3}
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where g 1is an antichiral, constant, S%(2;H} spinor. Its cemponents, in an
expansiocn on a quaternion basis, are, like those of ¢, anticommuting. If

the requirement that ¢ be constant is relaxed the action has the variation

SI = Jd‘x ™[ TJ'ae€ + (aref)f"] 4]
with

Jr = F"’IA""‘PB,J‘I*, (5.5)

the conserved supersymmetry current. Since f° = 1 the supersymmetry charge is

Q = J’ds:c "¢, 4" (5.6}

which is a constant 32(2;H) spinor functional of § and B*,

Because we are dezling with a free thesory, invariance of the action is not
sufficient to establish supersymmetry. We must alsoc demonstrate that the algebra

¢loses, on-shell, in the required way. For B we find

[§, §,]JA = ag* A (5.7)

with g“ the real number {py = 0,...,5],

1 _%( d e, - d;;‘rf‘éf) (5.8)

It is easily seen that éu = (é“)* but since it is the factor of i that gua-
rantees hermiticity, rather than antihermiticity, it is not immediately obvious
that this implies that g” is a real number, i.e., not a quaternicn. We have
verified explicitly that E“ is indeed a real number. The antihermiticity of
-iEu is caused by the anticommutativity of the components {in an expansion on

1, i, J, k) of ¢, and €,., The factor of 1 in (5.8) compensates for this.

For { we find

[&,S,,]%'f"=Erﬁ(e,ézf-é;ze,f)ar(!" (5.9)

Using the identity

(5.10)

e &f - ¢, & -3,
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and the relation (4.17) we are able to rewrite (5.9) as

[$.8,]¢ = 283, ¥ - £'T; 29 . (5.11)

The second term in the commutator is a field equation so that on-shell we obtain

the uniform commutator

[5,85,] = 2 gh e (5.12)

as required for supersymmetry. How this algebra is realized in terms of the

charge @ is not clear, although in SU*{4) notation it is simply
i J b i o
{a., @ § = € Eadf . (5.13)

It is of interest to reduce this model to two dimensiens because, firstly, \
that is the dimension in which the hyper-K&hler ¢ model is finite, and secondly,
because in two dimensions the Lorentz structure decouples from the quaternion
structure. That is, in two dimensions § can be expanded Lorentz covariantly
on a guaternicn basis. The four components of ¢ 1in this expansion are the four
parameters of an N = 4 supersymmetry in two dimensions. The Lorentz group
splits into the product of G&(1;R) = S0(1,1} and SUL;H)p ® Se(l;H) = SO(4)
corresponding to the following elements, a, of SL(2;H)

/8

GL(t;R) : o =[¢€ 0 w e R
0 e ’

Se(tsH): a= [T © % € H. (5.16)
o 1 T dd e =1,

SL(1iH), P &= o 2, € H,
o 41, ’ det =1 .

The reduction is achieved simply by setting 3§ = 0 so0 that

D - 2 O (5.15)
¢ 9.
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Other vector fields YW maintain the form of (4.10) but (VO,VS) become the

components of a two-vector Vu while W becomes a scalar quaternion, trans-
forming as a 4 under SO(4),

For the Maxwell theory we introduce a vector gauge potential W and its
field strength F

&«
fed

F =3V -V3 ) T F =0 (5.16)

We need also an antichiral spinor M and a traceless auxiliary quaternion field

X . The action is

I = fd‘x—l-r[yi" FF +,’V[al _:;—-)(X] _ (5.17)

The transformastion laws are
¥, & t_ t
SV = m(el’-Ael)
1 1
SR - F'f'e - ﬁ GX' {(5.18)

S = &= (ANise + eizA)

We have verified that the ¢ransformations close off-shell. The algebra is tedious

i

and requires various identities involving S£(2;H ) spinors, of which the most
useful are the following:

X' eAel Y ~tio2) = 20 Frs - i 2TFrrg 2,

/

§,~ = -‘.';“-(éfr"e, ~(1e2) A . (5.19)
_t,wf = “zi_n"[(éj';:’# &, -(192))‘44] = Tr (7;“70 *44),

and ﬁuvp is the antisymmetrized product of 3 [''s with unit weight:

Frr - pirpy Frl (5.20)

Ancther, for three arbitrary guaternions i, B, €, is
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AelC e,B - (102

- LT (e 548 - i B(eTP)AT,E T

The fully interacting 3U¥{4) superspace treatment of the models discussed here

will be the topic of ancther articlelg).

6. - OCTONIONS

For t = O, Euclidean space, a spinor in D = 8 may be represented by a

one-component octonion (Et = 1 in this case)

¢ = ¢ + $ et (6.1)

The {el} are the seven octonion imaginary units and wo, wi are anticommuting
components, The group S0(8) is realized on | by the following multiplica~
20}

tion by four unit octonions a, b, ¢, d:
(P, = c(;,"a,"(b(a ‘{-’a-f) b-') flb)d . (6.2)

For t = 1, Minkowski space, a spinor in D = 10 may be represented by

a two-component octonion (2t = 2 in this case)

¢ = (}") wy € 0, (6.3)
v 1

A vector is obtained from

Gt ~ v o= [ Ve ¥

v

v oV

(6.4)

exactly as in the quaternion case. Vv is now an octonion, and V* is octonion
conjugate [(ei)* = -ei, i= l,...,T]. As the result (6.2) suggests we cannot
expect a simple action of the Lorentz group 30(9,1) on Yy or V. It seems
likely that the correct framework for an octonion description of supersymmetric
theories in D = 10 is that of Jordan algebras as 30(9,1) 1is the structure

group of the Jordan algebra of 2 x 2 Hermitian matrices over 21).
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A hint of the importance that octonions might have for an understanding of
the D = 10 super-Yang-Mills theory is provided by recent work of Curtrightgg).
In this approach to understanding the vanishing of the B function of this
model, when reduced to four dimensions, he makes crucial use of the triality
properties of the transverse rotation group S0{8), which in turn are closely

connected to properties of the octonions.

It is tempting to speculate that the non-existence of rigid supersymmetric
theories beyond D = 1C is connected to the non-existence of division algebras
beyond the octonions, although, of course, the former fact can be explained in
other ways. When local supersymmetry is introduced, i.e. supergravity, we can go
beyond D =10 to D = 11 so it seems clear that the relationship of the division
algebras to supergravity theories, if there is any, will be more complicated than
that discussed in this work, Nevertheless, there is already some indication
that octenions are relevant to ll-dimensiocnal supergravitygB), and guaternions

to 10-dimensional supergravity24).

The observation that D = 11 is the maximal dimension for a supergravity
theory is based on the fact that, for Minkowski space {t = 1), a spinor in
D =12 would have at least 64 components leading to N = 16 supersymmetry in
four dimensions and spins greater than 2. We mention here the fact, apparently
well known, that for t = 2 a spinor in D = 12 can have only 32 compoments
{as can be seen from the Table!?. Concedvably this could allow an extension of

ll~dimensional supergravity to D = 12.

We conclude with another observation (taken from the Table) on 10- and 11-
dimensional Minkowski space. Only for D = 10, 11 mod 8 does . a Euclidean spinor
necessarily have double the number of components of a Minkowski spinor, It
would be interesting if this were relevant to the prcblem of defining the
Euclidean version of the Minkowski space field theory, but according to our

current understanding of BEuclidean field theory it is not,
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TABLE CAPTION

Pattern of allowed spinors for space-times of dimension D = t + s. The pattern
is modulo 8 in s - t. Also shown are the various isomorphisms of the orthogonal

groups.

Legend: e Majorana spinor
———————— pseudo-Ma jorana spinor
USp(2n} Majorana spinor
======== USp(2n) pseudo-Majorana spinor

} {pseudo)-Ma jorana-Weyl spinor

} USp(2n) (pseudc)-Majorana-Weyl spinor

In addition in the following overlapping cases there is the choice of a Weyl

spinor:

} Weyl spinor

} Weyl spinor

e T T B T T e F S RPN
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