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INTRODUCTION

Differential algebras have become an important tocl in the construction of
local Lagrangian field theories. They define the group or supergroup or even
generalized supergroup ("groups" with arbitrary antisymmetric tensor gauge fields,
see below), from which one hopes to obtain a local Lagrangian field theory. The

task of obtaining a local Lagrangian field theory from a given (extended super)

group is usually called "the gauging of groups". The first results were obtained

by MacDowell and Mansouri [1] and by Chamseddine and West [2] for simple super-
gravity, by Townsend and the author for N = 2 extended supergravity [3] and by
Kaku, Townsend and the author for simple conformal supergravity [4]. In all

these cases the base manifold was ordinary Minkovski spacetime and one had to im—
pose certain constraints on the curvatures by hand (just like in superspace super-

gravity), something which really should come out of the method by itself,

The meaning of these constraints became clear [4,5] and in particular in ex-
tended conformal supergravities new constraints were deduced in a systematic

fashion [6].

There exists another method, the so-called '"group manifold approach", accord-
ing to which one takes an extended supergroup and following general rules, one
turns the crank, without imposing constraints. Then either the program stops, or
out comes the action of a local lLagrangian field theory. This program was origi-
nally proposed by Ne'eman and Regge [7], while it has been developed in particular
by D'Auria and Fré [8]. At this point the program is completely geometrical as
far as the construction of the action is concerned, but the construction of the
transformaction rules under which the action is invariant is incomplete in the fol-
lowing sense. When no auxiliary fields are known, the transformation rules follow
direetly only when all fields are on-shell (= satisfy their equations of motiocn)
but to find their off-ghell form one must add to them arbitrary terms proportional
to equations of motion and fix those by requiring that the action be invariant.
(This is not exactly the same as one does in the so-called component approach be-—

cause here the action is already known.) When one knows the auxiliary fields, on
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the other hand, the derivation of the transformation rules is again completely
geometrical (it is then equivalent to the independence of the action from the par-

ticular hypersurface M chosen in the group manifold on which the action is defined
LoD .

Below we will discuss the general form of the differential algebras used;
in particular, we shall extend two theorems due to D. Sullivan [10] on ordinary
differential algebras to differential superalgebras. Then we shall show examples
of differential algebras which are used in applications. This discussion is based
on work done with D'Auria, Fré, Castellani, Giani and Pilch [11]. For a review
of how to obtain actions from a differential algebra we refer to two sets of
lectures [9], while the issue of the transformation laws in the group manifold
approach will be discussed in a forthcoming article by D'Auria, Fré, Townsend
and the author [12]. What follows is self-contained, but it is only an element

in the larger program of the group manifold approach.

DEFINITION OF FREE GRADED DIFFERENTIAL SUPERALGEBRAS

The differential algebras we consider are graded superalgebras. This means
that they contain forms which have a grade k (1 < k < %) and are bosonic or fer-
mionic (sometimes one also uses the words even and odd). Thus we have really a
Z,® Z2 grading. The algebras are generated by a finite number of generators.

In an algebra ome can add and multiply. We will need to add bosonic p-forms only
to bosonic p-forms (idem for fermiomic p—forms), but we will multiply any form
with any other form. Multiplication is denoted, as usual, by the wedge symbol,
and the product of a p—form with a g—form is a (p + ¢q) form, which is bosonic when
the p—form and g—form are both bogonic or fermionic, and which is fermionic if the
p-form is bosconic (fermionic) while the g~form is fermiomic (bosonic). The field
over which the algebra is defined is the real number system. Obviously, multipli-
cation of a given p—form by a real number does not change its grade nor its bose

or fermi property.
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The (anti)commutation relations of these forms are as for ordinary forms, ex-
cept that one gets an extra minus sign when two fermionic forms are interchanged.

Denoting a bosonic p-form by b and a fermionic p—form by f o’ we thus have

Pa
bt s bk b Sl o fa."br’fr”ff‘“’m“ti"ﬁf’ W

Except for these {(anti)commutation properties, there are no other relations between
the forms, so that we are dealing with free differential algebras. (In general
relativity one uses these days also non-free differential algebras, see for example

Harrison's talk at the Marcel Grossman meeting in Shanghai, 1982.)

The differential operator d satisfies Leibniz' rule dd= 0, and maps a bosonic
p-form into a bosonic p + 1 form, and a fermionic p-form into a fermionic p + 1
form. When in Leibniz' rule d passes a form it acts as if it were a bosonic 1-

form; for example

P
i(&’,/\xi ) = (dx?)z\xi + KFA ah»tEL (2)

independently of whether x is bosonic or fermionic.

Let us stress that we do not consider the fermionic forms as' forms with a
negative grade: all forms have positive grade p with p > 1. This will be useful

when we prove certain theorems by induction. For algebras with O-forms see [15].

AN EXAMPLE OF A DIFFERENTIAL ALGEBRA

Consider the following differential algebra

CLI.OM =—(»)‘M 4'\[)k (\M)‘l=o,3)

w 3 "
,A\J " = ‘.u3h1 o \/“. + Y }(“AA\P ( w e - “Jvtuxl)
a wy b
A R e e *

dA = qf‘gwmATnVM,.V
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The mmn and V™" are bosonic 1-forms, the wa are fermionie 1-forms and A is a bo-

sonic 3-form. The Y™ are Dirac matrices satisfying

{XK’Y‘L}= "'"ZWL , 2Wt=(—,+,+-,+) (&)

R m,—1 m, * T . . .
and § = Y'C where Cy C*" = ~(y ) and C° = -C, (For a detailed discussion of the
charge conjugation matrix C in arbitrary dimensions, Majorana spinors, etec, see

Ref. [13]).

These forms can be interpreted as

wmn, N wmA w1

N qQ A a
= - vV
) = dx u/\ )V = ox A 'Y = dx t.r/\

where x" are either Minkovski coordinates or group~manifold coordinates or super-

A
(5}

. mn . .. mn .
space coordinates. The xM and wy  are bosonic or fermionic such that w = is al-

A A put only work with forms;

ways bosonic. We shall never need to use x" and dx
thus our results apply equally well to the greup manifold, to superspace or to

Minkovski space.

The differential algebra in (3) should be consistent, By this we mean that
since dd = 0, (if d = dxABA, dd = 0 follows) also d acting on the right-hand side

in (3} must vanish. F¥or ordinary Lie algebras in terms of forms
b C

o o
Ab
db = ;[ L Boab 6)

. . - o a ,
this is equivalent to the Jaccbl identities for £ but for extended Lie alge-

be’
bras (with p-forms where p > 2) this is a generalization of the Jacobi identities

to the case of "extended groups'.

The consistency of (3) can be shown as follows., For dmmn one finds consis-

tency at once
cLuJ“n A L)k + Lav“ A du ¢ =
- k n L. n
k w ) 4
wmaw‘n PR - W AW AW =0 7
{ k n k { w
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Also for dy? there is no complication. In matrix notation

- L de™™ . =
‘_‘aLuo Yot + 2w N

wA k"\ v, “IL (&
J‘]“ hAw meAkr - /LZ . AW Ymek.QAT

mn k& k& mn
= = LW

Now w =~ aw and

i[\‘hn’\(k(’.] = 2nk\€w‘{ +3 tﬂma ot £ oo v, ke (9)

and again consistency follows. For dv" we get

- J.,LJ”L“A\/“‘ +wmw4 aLVVL... l?‘gtd\f =
" k V"" " " V{ = LTy kaA
=R ST R (hu Y +*¥AT)+_2'$AX it kl/(10)

k@ Mo _
- o (5] Pt - 1T YAt )

Now @meklh¢-=6E@Y2Aw - 6?@Yk-w [13], s0 that also the consistency of dy is shown.

The most interesting case is the consistency of dA. In
w 148 WA W
,_q_q?\( VCJLY AV .V + _‘-FYM“J\L\‘A AV AV (11)
m

we can replace d by ¥ where ¥ is the 80(3,1) Lorentz covariant derivative because

the extra terms cancel. From (3)

ﬁ\la =0 E;\/M = ?‘GMA&Y (12)

Hence consistency requires that

— —_ ™

T X2 TY Y
This identity indeed holds; it is equivalent to the identity for gravitino fields

(as opposed to forms) which supergravity practitioners know very well [13]

v/*h’m?y?,ﬁ/m*q « T Lo (14)
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It is usually proved by laborious Fierz rearrangements, but a more group-theoretical
technique exists which is simpler in the important applications of 10 or 11 dimen-

sional models [14].

It is clear from this example why differential algebras form a starting point

for the gauging of "extended groups”. In d = 11 (d = dimension) supergravity a

3-index antisymmetric tensor appears, in addition to an elevenbein eﬁ

and a gravi-
tino field wﬁ (a =1,32,and m,yu = 0, 10 in d = 11), Ordinary Lie algebras could

not accommodate A one would begin with, say Auvp {or the l-form Avp), and a

Lvp?
posterioriAuVDshould become totally antisymmetric by some mechanism. Forms allow

one to start straight away with a totally antisymmetric Auvp (or the 3-form 4).

BIANCHI IDENTITIES AND COVARIANT DERIVATIVES

We can define curvatures by bringing the right-hand sides of (3) to the left.

For example

" -
L4140 wn wa k Il(}* i\ \J \/
-~ = ) AP AV A
R(u) =do +w k*\'«’ > )—d -‘PT,M,,"I’ (15)
n
The generalized left-invariant forms are those forms for which all curvatures
vanish (the classical vacuum). Physical fields are those forms for which the cur-

vatures do not vanish.

Consider a differential algebra with a finite number of generators, and let
the subset of p—form generators be labelled by an index a. Thus the generators

. a a a .
consist of (xy, %2, ... xN). Let the curvatures be given by

{ “.s* q 9
R(x )satx v, LC k) q.a /X A ....Ax{” (16)
k. k P N N
r
where the sum runs over all possible terms and where we assume that the generalized
structure constants C have the same symmetry as induced by permuting the various
x's in the wedge product. Of course %4; + ... RP = k + 1 but in principle all pos-
sible partitions can occur. This system is assumed to be consistemt: if all

R(XE) = O then also dR(xE) =0,
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If the R(x:)-are non-vanishing, they still satisfy Bianchi identities.

Consistency leads to the simple result

) A
4 ! z a
9 ...qF) R(X.L)AXQLAHUX{FP (17)

This defines the covariant derivative V in the adjoint representation of the ex-

cLR(xZ) =2 C(Z

v

tended group, and in particular

VR(%}: ) =0 (BL'OW\CLC det\l—}) (18)

Notice that in VR(xi) one finds in principle all R(XE) with £ < k. To define the
covariant derivative in the ccadjoint representation we consider a set of d-k

forms VZ*k (one Vi_k per generator xi) and define for arbitrary d

- d-k k « Ak
cLT:AVO‘ k =(VTI:)A\/ + ThA vV (19)
Q] a ]

a , . . . . A .
where VTk 1s the covariant derivative in the adjoint representation. Later we
shall show that V contains a piece D which is the covariant derivative w.r.t. the

algebra generated by the l-form generators alome.

DIFFERENTIAL ALGEBRAS SPLIT

Any free graded differential superalgebra A can be decomposed into a con-
tractible algebra C and a minimal algebra M according to D. Sullivan, The con-
tractible algebra consists of pairs of k and k + 1 forms (both bosonic or both
fermionic) satisfying

a a a

dx = x oA x =0 (20)
k ki R+1

In the minimal algebra dxz is equal to a sum of products of forms (or equal to
zero) but never equal to a single k + 1 form generator. Denoting the algebras

generated by all p-forms with p < k by ¢k and ¥* we thus have

o ke k
i e ) cLMhC:MAMk (21)
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Before proving this theorem, let us give an example. Let

I \ 2 2 Y \

db =0 ,df ={ +L,Af ,,L{ :f +1Mf 4{ zz,Af (22)

\ WL I Y ¥ R IR 1
Clearly this algebra is comsistent.

Redefining the generators

A

oy YA b~ ]

=£ '\'LAZP f:f ‘f"—' - L:L (23)

PR X T N ATERY 2 !

we find that the algebra splits

P_
bty
]
atedgrny,

M)
A2
9
'-3
i
o]

~ (24)

We will now prove the theorem straightforwardly at the level of 1, 2 and 3-
forms. By then the general inductive proof will become clear, but we shall not
present the latter here. Seeing what goes on at the 1, 2 and 3-form level will

convince the reader that the thecrem holds and is much more understandable.

Proof for 1-forms

] a .
The most general expression for dx) where a runms over all independent genera-

. . . a _b .. .
tors of grade 1 (bosonic or fermionic) contains terms M X, - Redefining a maximal

set of independent Mabxz as xj, and taking linear combinations of the x?
Cl' o O q b Y C
— ”~
x| = xg_ + “f be %) 1 (25)
By redefining %5 = x» + fabcx?xf we find
Aa o q Le
A,xq= X ot dx = X AX (26)
| 2 ¥ LC. i I

. . , . a .
By taking linear combinations of the x] we can achieve that the correspondence

a ~d a . . ~d ~
dx; = X; 1s 1-1. Let us denote the x), which satisfy dx? = ¥z by x? and the rest

by %5. Thus

Q Ao ~& Agqg Aa ~9 q b ¢ (27)
Xy = (x‘ > ¥ ))AV‘I-XZ , 4%, ‘:f ch'Ax
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To show that at the level of 1-forms the algebra splits into a contractible
~d ~l .. b ¢ .
part (d%1 = X,) and a minimal part, we must show that the xj and xj in the expres-—
sions for d¥; are of the kind %, and not £;. The proof is easy. Since dd%5

should yield zero, due to dd = 0, we have
u5t=o < 7y, (anery - el a
Noting that
d(3ba35) = 5! . @)
N
d (QL";‘:C) = Qzl,"t;'c Q'LAH CP& X'PA " ) G0

~vhoA b
GL("L"‘MCJ = QJL;I )A';lc- * Ad*}’ = Trms with {:me 3

il
>

!

(31)

it is clear that the three kinds of terms cannot help each other in cancelling.

q (ALQC §L§c)
tkcxl'—"\" (32)

. io oo o N a . ..
never vanishes, because if %, and %, are both fermionic then f b 18 symmetric in

In fact,

(b,c), while if one or both of %, and %; are bosonic then %; and %X; commute and
. a . . .. .
in that case f be 1S antisymmetric in (be). Hence, there cannot be terms with
-~ - . ~a
¥;-~X; iIn dx;.
. o o ~a R

The terms with %;%; in dx; are non-vanishing and must cancel by themselves,

Since they only come from d(%,X,), also the £;%, terms in d%X, must be absent.
. . - iy ~a

Hence, at the level of 1-forms, the algebra indeed splits: x; = (X,%), dX] =

a ~b ~c ~d

= f be X1aX1y Xm = Xz

Proof for 2-~forms

We first look for 2-form generators (even or odd) for which dxg contains a
3-form generator x3 on the right-hand side. Thus dxg = x? + more. By redefining

a . ~d . a ad ~d
X; 1nto X3, we obtain that dxs = X3 and thus d%; = 0; moreover, we can make the



- 10 -

. 5 . . . . . a
connection (xg,x?) again 1-1 by taking linear combinations of the x,. Let us de-

note these pairs by (%2,%:;) since the notation X, was already reserved for dX; =

= %,. The rest of the x, we denote by X,. Thus

NK Aq Aq {\‘q A Q
) dx , »dx, =%, (33)

q Aa AAa
= % X
xz, ( z 2

v

We must again show that on the right-hand side of d%2 one only finds ilnﬁlail or

X,~X, but never terms with & or with &, or %,. If we can show this then we have

1

accomplished the decomposition inte a contractible and minimal part also at the

level of 2-forms.

We have in general

b c
Cl_”“ _ ) X AX. + Y Aa¥XaX T (34)
Xl - (2) LCF 1 2 | I )

A
~

c . . ~d
Clearly x, cannot be Xj since otherwise the X

. ~a
, terms in ddx, would not cancel.

C c b ab .
Suppose the x, were X,, and x; were X;. In that case comsistency would re-

. abac a . . . . .
that -
quire a (2)b x X, = 0, hence QZ)bc is super-~antisymmetric (antisymmetric except
when both XE and xs are fermionic in which case QZ)bc is symmetriec in be). The
super—antisymmetric partof %Zchg?ﬁg can be written as a total derivative
a aAbac a Ab ac
X A% = 41 d Y. AN {35)
1 A 2. b ' |
(z}be @)bc
.. ~ay ~a 1 -bAc . ~ o~ : ~
and by redefining %" = %, h £ (Z)b 1&, we can eliminate all %,%, terms in dx,.

. s . . a.a .
Thus, although the bosonic and fermionic forms behave exactly opposite (xx; is
a, A . a ., . .
non-zero when x| is fermionic but vanishes when x| is bosonic), the notion of

super—(anti)symmetry covers both cases.

b c o, ~ .
Suppose next that there is a term %Z)b 122 in dxz. It can be written as

] L c L Ar o A
S5 AR s 5T e

(1.)lw

. ~a s
and by redefining X, once more, also such terms could be eliminated.
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Hence at this point,

b ¢ ! b < 4
~ & ]
&, =y M F ) LI o7

and we must show that all x, are %1. This is easy; if there were one or more ¥,,

~

the X,x,x, or %,x, terms in dd§§ would not cancel., Hence, also at the level of

2 forms the alpebra splits into a contractible and minimal part,

A
a (A a Ag o~ Ag A9 Aq A
o x b3 - =
38
JNQ q NL’ ~ C q Nb ~C Ak 38)
x = X AX + X AX A
2 f(z)lnc I ¢ c} beol | ' y

Proof for 3—-forms

As for x,, we decompose the 3-forms x? into three classes

-~

g [Aa A gq Nq) Aa A q A A q
=¥ X x = a

X (.3’ 2 )3 ) dxz * A$3 =X

(39)

r
S

o A b ¢ a L ¢ L
AX = X Y+ + AN +'E, X AKX A% + XXX X
3 ﬁc)b(. ‘A 3 j LC Xz z bed z 1 L [ M

Consistency (ddi? 0) forbids x, = &,;. If x; = ®,, then redefinition of ﬁ? in

~a . - . ~ - \
dx can eliminate ¥,x, terms, The x; in the ¥X,X, term cannot be an X, since

x,~%, would not cancel (dx,~%, could only yield X,~%,, not X,~X;). Hence the

first term in di? is a product of generators of the minimal part of the algebra.

3 . ~a s o
Now the x,~x, terms. None of these x, can be a ¥, since in ddx, = 0 the X%,

terms would not cancel. Again the notion of supersymmetry of gabc is helpful in

treating all cases. Suppose both of these x, were an X,, then %,+%, = df %, =

" a . . ~a . . . .
= d(xlnxz) could be eliminated by redefining x,.» Similarly one could eliminate
®,~%, terms because although we get now an extra term, namely -% ~dX,, this extra

tetm lies in the h-sector or im the 4 x, sector. Going on to the X,~X,~X, terms,

1
%, is ruled out by consistency, as are the combinations X,%,%, and %,%;X;. The
%,X,X, can be removed by redefinition. Again the x,'s in the term with h cannot

be 21 since xzﬁle would not cancel, As to the & X, terms, also these must 4 x

terms,
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This concludes the first three steps in the iterative proof that the algebra
decomposes into a contractible and minimal part. We covered both cases of bosonic
and fermionic forms. There are, of course, important differences (for example,
is non-vanishing for odd forms) but to cover both, the notion of super-

aA a
Xl Xl

{(anti)symmetry turned out to be useful,.

COHOMOLOGY CLASSES IN MINIMAL ALGEBRAS

Let A now be a minimal algebra and denote all generators of grade p by x:.

The x: can be bosonic or fermionic. Dropping tildas from now on, we have

Q o b
= (M ~
chP ( P) L xF ta. (40)

where the matrices Mp are l-forms and ap is a p + 1 form which is generated by

the generators of grade p-1 and less

o Q ¢
(Mr) L - qu)cL 5 o

Consistency implies that (in matrix notation)
= ulﬂ A A A_.P4 = 0 (42)
(OUUIF)Aﬁr -~ T’\Pnolxr +dqr-(d”r A MP) xr+( f’)ql’ 42

The terms with generators of grade p must vanish separately (we have a free alge-

bra) and hence

oLMr_.Hrnﬂpzo) @_Mr)qr =0 (43)

It follows that D(Mp) =d - Mp is nilpotent, just like d

i

M M) = M IYx, = q (44)
This implies two things. The matrices f(p)c for given p form a representation of

the Lie superalgebra defined by the l-forms xf

b
[f(y)m’ —f(p)b ]: :f(p)c. ic ab 3d*|c=icq]= *,q"*, (45)

Furthermore, ap is closed under D(Mp) but not necessarily exact in Ap‘1 [it is,

of course, exact in AP by definition: aP = D(Mp)xpj. Thus the ap are elements

of a cohomology class
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1 _
quHF (AP‘)MI’) (46)

In words: the ap are p + 1 forms (bosonic or fermionic) constructed from the
generators with grade p — 1, which are closed with relation to the derivative

d - MP {where the MP form a representation of Al),

The physical relevance of non—trivial cohomology classes (forms which are
closed but not exact) is that one can introduce new higher—order forms into the

differential algebra and still maintain consistency. Indeed, let

*oz oo Py x aax L
aF = (qu‘....qa) 3 3 47

where p; + ... + p =p + 1 and all P; have p; < p - 1. If D(Mp)ap = 0 we can add

2

to the algebra a new p form y: as follows

a

(\
DQ‘",:)‘(}P = qF (48)

and consistency would hold due to D(M.p)ap = (.

In practice one begins with an ordinary Lie superalgebra (usually the super-—
Poincaré or super de Sitter algebra), finds mon-trivial cohomology classes, and
then one adds new higher—grade forms to the system. One example was given in (3):

the 4-form [11]
] \/ v
= [ A A \/ A
LI O TP (49)
is an element of H* (A',I). Numerous other examples can be found in Refs. [11,14];

a discussion is given by the author in the proceedings of the Chicago conference

1982,

TRIVIALIZING COHOMOLOGY CLASSES

An interesting development in field theory is the following possibility [14]:
given a p-form generator yp with p > 1 in a differential algebra, can one add new
k~forms with k < p to the algebra such that if o ig represented by a product of
forms with grade < p, then dyp is consistent identically. Consider again (3),

and write [11]:
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A=« BEAVAY, +f vy AZAVMQ (50)
+ T‘(m“""r“gm*‘fp EMkABhLA B e

nm and a fermionic 1-form n.

. mn
The new forms are here a bosonic l-form B = -B
Their differential relations (= Cartan-Maurer equations, since they are I-forms)

we take as

wan,

ﬁBWM’.-: \_3;7‘( A\-)’ (51)

ﬁz =’(M‘|“‘VM+GY TA_BMK/ (52)

where ® is the Lorentz covariant derivative, The consistency of (51, 52) follows

from &Y = 0 and the identities in d = 4

TXM"“Y“GM‘I’ =0 :FKWM*{' A \(m‘i’ = 0 (33)

Let us now turn to A in (50). We can compute dA in two ways: from (3) or by
explicitly working out d on the right-hand side of (50), using (3), (51), and (52).
We can arrange both results to be identical by fixing o, B, ¥, &, and & appropri-
ately. (There is actually a 2-parameter class of solutions)

In d = 11 supergravity similar things happen. There one must introduce in

addition to n and Bab a five-index bosonic l-form B21°* @5

, and cne finds two
diserete solutions. The 1-forms (the original ones plus the new ones) define a
new superalgebra, which has now two "supersymmetry charges" Q% and Q2, correspond-

ing to P and n. The corresponding superalgebra has the following structure [14]

{Q,Q}N R +RT 4P ; {Q,E{\}= {&\/&} = o (54)

{Q) Fov B" e E’”m ] ~ 6 3 [6 5 ?0'1. B o g ] =0 (35)
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~a ., \ . , .
Thus Q@ is a kind of fermionic central charge: it commutes with as many generators

as possible (being a gpinor it does not commute with the Lorentz generators).

The idea to reformulate the theory with antisymmetric temsors into a theory
with only ordinary gauge fields has not yet been worked out. In particular,
whether both theories are equivalent is not known, but it would be interesting in

either case.

It is not always possible to add new l-forms such that a p-form can be repre-
sented by a product of 1-forms. We quote here a counter example given to us by
D. Sullivan, The proof (if correct) is undoubtedly equal to his, but we were

only a@ble to construct the proof in the form below.

Theorem: in a simple oxdimary Lie algebra there are non-trivial cohomology
classes which remain non-trivial, no matter how many new l-forms one adds to the

differential algebra.

Proof: 1let the simple Lie algebra § have generators xj, ... x5 satisfying

1
a fq b C

= ~* (56
CI"'kl be AT \ )

Consistency implies that fab[cft)kR] = 0, in other words, the Jacobi identities,

The structure constants fabc are taken to be totally antisymmetric (S is simple).

The following form is closed

| w.

o = %N A .... A% (s7)

n ! |
because a totally antisymmetric temsor in n dimensions with n + 1 indices vanishes.

This form is not exact: if a_ = db then

n n—1
| k-l | F% W
- A cee AR
L - Z a(k X A AR AX) A | (58)
n-y

vanishes always because in dx% one never finds xz on the right-

However, db
n 1

-1
hand side (due to the antisymmetry of fabc)'
Let us now add an arbitrary number of new 1-forms 23, satisfying consistent

Cartan-Maurer equations



- 16 -
b ¢ Q b < q L ¢
a 9
d) =°}L,)“> P bc_)/\x +k5chx (59)
[

- a
We shall prove that one can never find a bn_ constructed from the x° and A

1
such that dbn_l =a..
We begin by noting that any ordinary Lie algebra (semisimple or not) can

always be decomposed into a semidirect sum of a solvable part P and a semisimple

part; the latter is, of course, the direct sum of simple parts

A = P B S‘GB..... @Sm (60)

and those of S. by 8. ,. Then
i i,

Let the generators of P be denoted by A

{F) P:INF 5 [?)SL]” ?j [SL’SJ ]wg? Sj (61)

The generators of the Lie algebra corresponding to (56) are linear combinations

of the PA'S and Si A's, and from (56) and (61) it follows that
1]

~

quPq+g o 7[-XQL7XL]= chﬁcqb
A A ad ¢

[S«’SL]" Sct Wb o o (62)
(S, P 1 +lf S ) +[P 7] 25

Thus the §a in Xa form a simple Lie algebra. Since a solvable Lie algebra has no

simple subalgebra, the §a can be identified with ome of the factors Si in (60).

Let us now go over to the dual Lie algebra (the algebra in terms of l1-forms).

We have

o A Q Ag AQ A A A A A A N

X'=p +5 ds ~SAaS AP~ pap + pas (63)

* 1 v (TR N \ Y o)

Suppose we could find a bpvl as a sum of products of p? and s? i l1-forms, such
*
that db =a . In a_one has a term 31*...5 . Inb one would have terms
n-1 n n n n-1

. . a .
with and without p; l-forms, but dp? produces at least one p?, so the terms with

a - - . a
p; cannot produce the term s;~... Sn' However, nor can the terms without p,
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forms, because of the same argument as given below (58). Hence, even in the

larger algebra generated by x? and A?, the closed form a remains non-exact.
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