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ABSTRACT

We show that the Abelian bosonization of continuum limit of the 1D Hubbard model
corresponds to the 2D explicitly conformal invariant Gaussian model at weak coupling
limit. A universality argument is used to extend the equivalence to an entire segment of
the critical line of the strongly correlated electron system. An integral equation satisfied
by the mapping function between critical lines of the 1D Hubbard model and 2D Gaussian
model is obtained and then solved in some limiting cases. By making use of the fact that
the free Hubbard system reduces to four fermions and each of them is related to a ¢ = l
conformal field theory, we present exactly the partition function of the Hubbard model

on a finite 1D lattice.
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1 Introduction

The properties of strongly correlated electron systems, such as heavy-fermion compounds,
high temperature superconductors and Kondo systems have been studied intensively. Al-
though it is not clear how well the Hubbard Ha.miltonian{l] can describe these systems,the
single-band Hubbard model is strongly argued(2] as the appropriate model for the high
T. superconductivity[3]. Despite remarkable efforts the understanding of the model is
still far from complete. Even in one spatial dimension where the Hubbard model can be
solved exactly by Bethe ansatz(4], although the spectrum has been known for many years,
the calculation of the correlation functions and partition function proved to be a delicate
problem.

Ever since Baxter’s solution of his eponymmous vertex model(5], it has been known
that certain two-dimensional statistical models and one-dimensional quantum ones ex-
hibit a line of critical points along which at least some of the critical expornents vary in a
continuous fashion. As noticed by Cardy([6], many of these systems are related to ¢ = 1
conformal field theory[7]. By assuming that the spectrum of excitations be described
in terms of a semi-product of two Virasoro algebras, conformal invariance can be used
to determine the correlation functions of the Hubbard model[8]. However the conformal
invariance of the Hubbard model is just a working hypothesis. A way to show confor-
mal invariance of a model is to set a connection with an explicitly conformal invariant
model[9]. As we know that there are several apparently different phase-transition prob-
lems which each have critical line along which the critical behavior varies continuously.
In contrast with the Hubbard model, the Gaussian model in two dimension has a whole
host of exactly known critical behavior[10]. We would like to demonstrate the relationship
between critical behavior in the two different models by a universality argument.

In this paper, at weak coupling limit, we use Abelian bosonization transformation[11]
to map the continuum limit of one-dimensional Hubbard model into two-dimensional
Gaussian model. Bethe ansatz solution of one dimensional Hubbard model gives critical
exponent of charge density. By making use of a universality argument, we show conformal
invariance of the Hubbard model along an entire segment of the critical line parametrized
by the on-site Coulomb interaction strength U. A systematic study of partition function

of the model is presented.



2 Weak Coupling Limit
The Hamiltonian of the Hubbard model is of the form

H = Ho+ Hipy |
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where € is the hopping matrix element, U (> 0) is the Coulomb repulsion and the operators
o (C ]n) (Jj=1 . L) describe electrons on lattice and satisfy the anti-commutation

relation.
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In taking the continuuwm limit, it is necessary to take account of the fact that the time
derivative of fields on even {odd) sites is related to the values of the fields themselves on
odd (even) sites. This property may be preserved by introducing two functions v, (. ¢t}

and ¥,(x, ) such that
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Under such a continuum limiting process. we have the following correspondence
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we can write the equations of motion of the free system as follows
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where vy = 2ea is the Fermi velocity. By making use of the Fourier transformation
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we can write the free Hamiltonian (up to a chemical potential term) of the form

Ho= 3" vrlk — kelaf,ape + 3 vp(—k — kp)bl, bio . (6)

k>0 k<0
It should be noticed that the free Hamiltonian (6) describes four free fermions and each
1
of them corresponding to a ¢ = 3 conformal field theory(7].
At weak coupling limit, the perturbation form of the interaction Hamiltonian H,,, can

be cast into the form

Hmt = L'aZ/df (U"lowonu'jw oWo-o T wﬁowmd’l,fﬂi’e,ka)
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where G is a reciprocal lattice vector. for a half filled band G = 4kp.
By making use of Abelian bosonization transformation[11], we express the dynamical
processes represented by electron field operators, 9, (i = 1, 2) by those of a boson field

®is. as follows
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It is convenient to introduce the phase variables ®;(z,t),
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The canonical conjugations of the phase variables ®;(z,t) are
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In terms of the phase variables @, and II,, the Hubbard Hamiltonian is of the form
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Hpg and Hys introduce non-linearity into the system. However, for repulsive interaction
(U > 0) Hps is renormalized to zero in the long-wavelength limit. And at off half-band
Hys do not appear{12]. So that the only interested Hamiltonian is

ol )wwuiﬁﬁ>
/ ( 47/ Oz Oz 2up Ot Ot

Up 84)2(9‘1)2 1 d<1>28<1>2
+ [ da (( )8I8z+2vp8t Bt )

After a proper renormalizing, we write the corresponding action into the familiar form

(14)
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This is to say that the field theoretic description of the 1D Hubbard system at weak

coupling limit consisting of a pair of 2D decoupling Gaussian models. And the coupling
constants of the corresponding Gaussian models are dependent on the strength of the
on-site Coulomb repulsion. It should be noticed that the result is only valid for weak
coupling limit because it is obtained by a perturbation method. A universality argument

should be used to extend it to an entire segment of the critical line of the Hubbard model.

3 Universality Class

By making use of the Bethe ansatz, Lieb and Wu[4] have solved the Hubbard model
exactly. The eigenstates of the model with N, = N; + N, electrons and N, = N down
spins are characterized by the momenta k; of charges and the rapidities A, of spin waves.

Imposing periodic boundary conditions on the eigenstates leads to a familiar called Bethe-

Ansatz equations,

e sink; — Ag
Lk; = 2nl; — Z 2 arctan (—L————) ,

f=1 “ (16)
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where u = 1 denotes the interaction strength in units of the bandwidth and the quantum
numbers [; and J, are integers or half-odd- integers, depending on the parities of the
number N, and N,,

N

I, = —“mod1, (17)
s+ 1
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In the thermodynamic limit (L — oo, with N./L, N,;/L kept constant) the ground state
of the model is a Fermi sea, characterized by the distribution function of charges with

momentum k, p.(k), defined by the integral equation

1 coslc
pc(k) = 5=

/ Ak K (sin k — sin k') (k') | (18)
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where K(z) = /mdw

coswz and ko is fixed by
0 cosh ww
ko N
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here n. denotes the total density of electrons.

The critical behavior of the Hubbard model is described by the dressed charge £(k).

k
k) =1+ i/ ° 4K’ cos k'K (sink —sink")E(k') . (19)
21 Sk
We may rewrite the above integral equation as
e ¥

1 = o0
z) = — ! g -2 2y, (2
fz)=1+ - [Zu dz /0 d;.ucoshw(os(w(z NE(") (20)

where z = sink/w. For half-filled band, n, = 1, only the spin excitations are gapless.

the Hubbard model reduces to the spin-1/2 Heisenberg model. In the case of less than
half-filling, n. = 1—46 (6 (> 0} is the doping), both charge and spin excitations are gapless.
Here the critical exponents of the model in terms of the dressed charge £(k) are of the

form[13]

, 1
A2 = L ()(De+ LD+ g (AN £ JAN(2D, + Dy + N}
o2 2 . 8% (20 . 4 (21)
Ab = %(DS)Z + %(ANS ~ SANJ? £ (28N, — AN)D, + N} |

where D., D, and AN,, AN, are characteristic numbers of the excited state under con-
stderation, N* and N¥ are positive numbers.

Equation (20) shows clearly that £(z0) depend on 2o = sinko/u only. Then Eq.(21)
tells us that there is a critical line along which the critical exponents vary continuously as
the on-site Coulomb interaction strength U changes. The critical exponent of the charge

density with momentum around 2kf takes the form

€*(20)
7 -
From Eqs.(20)-{22), we know that the critical behavior of the Hubbard model is dependent

Tnp = 1+

(22)

on zp = sinky/U only.

The concept of universality and the existence of a marginal operator should be used
to argue that the connection of the 1D Hubbard model and 2D Gaussian model holds
not only at the weak coupling limit but along an entire segment of the critical lines of

the Hubbard model and Gaussian model, i.e., two different problems will have critical

7

lines being in the same universality class. We imagine that we start from a knowledge of
an infinite set of correlation functions of the Hubbard model at weak coupling limit of a
critical line parameterized by the on-site Coulomb repulsion strength {7 and then develop
the extra information which is derivable about the critical line.

It is well known that in a problem involving a critical line there is one very special
operator — which has a property of generating motion along the critical line. In our

presently interested case, the marginal operator is
. | 1
Ey = cjiei05,050 -

Local density fluctuations of charge and spin varying slowly in space are given by

n{r.t) = \/qu)l(z,t) , (23)

S, (z,t) = \/%Vég(r,t) .

On the other hand the electron density operator with wave number around +2kp is given

by

Prokpo(T, t) = ﬁexp (iz (Qkpz —V2rd (z,t) — G\/E(I)z(f,t))) . (24)

Thus the marginal operator takes of the form

E(z,t) = %((chl)?-(wz)?)

—+—L ((‘()SQ(QICFI - \/Q_WII),)COSZ(\/%CDQ) (25)

(ra)?
- Sin2(2kpl‘ - \/ﬁ@]) sinz(\/ﬁqb)) .
To see this motion, imagine that an extra term is added to the Hubbard Hamiltonian of

the form

oH =8U Y E(z,t) . (26)

Then this extra term can move one along the critical line by an amount proportional to
8U. In particular, then, any derivative of a physical quantity O along the critical line can

be generated via O, E(z,t) correlation function according to

0l = T{OB(z, o (27)

.t



Higher derivatives are generated by high-order correlation functions involving more factors
of E(z,t). A knowledge of all correlation functions of powers of E(z,t) with O generates
via a Taylor series ~ the behavior all along the critical line. This line of logic enables us
to make a very useful statement about the connection between two models which have
the same asymptotic form of correlation functions at their critical points.

It is well known that the Gaussian model with action

Lo K [ 2200 1 00 20
2 Oz} oztr 2 Oz, Oz~

has a critical line parameterized by the coupling constant K. The basic operators of the

(28)

system are the exponentials of the free field O+ -y = gllet Vandive” Vinds) satisfying

(O(eﬁe—)(I‘)O,(e+_e—)(l‘l>> i t[‘ - r'|‘( K <29)

and the dual operators O+ -). the correlation functions of which are obtained by im-
posing a discontinuity of 2zxmn* and 27m~ on the field &; and ®, respectively when one

crosses a line connecting r to r',

(Ot 1 (F)O gt (1)) = [0 — p/| (KO 2eim %) (30)

Combining Eqs.(29) and (30), one gets a general operator Qe+ e~ \(m+.m-, satisfying

(O(e+‘e")(m*,m’)(r)()(Me*,-e’)(—m*.fm')(rln
&—)—; 2+(e')2) —(K(m*)?+(m™)?)

—r— r’r( exp(—=2i(e*m* +e"mT)a(r — 1)), (31

where afr — r’') is the angle of the r — r’ vector with an arbitrary direction. Thus

. . . + T+ : .
Ole+ e-)(m+.m-) has a pair of conformal dimensions h:, .+ and hZ: . given by

+ - hT, = ht, ..
hlem+ 1K + 1 + 5 etm+ et —m (32)
e ) (m)? e m" - _
he,j’m’ = ( 4) + ( 4) + 2 * he‘m‘ = he’.—m' :

. : S ot
The correlation functions of a list of fluctuating operators Oe+ ¢-)m+m-1{Z5 .27 ) are

known all along the line

GK((eT‘ 61—), (mrvml_)v (Ié:)lv (x?:)l; Ty (ex’e;)v (m:l”m;)’ (IZOt)ﬂv (If)n)

= (T1 Ot ey imt m ((73)is (1) D)xc - (33)
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At the weak coupling limit, as we know, the correlation functions of the Hubbard model

chain problem are of the form

n
Gua(@1, Tt Qs Ty tn) = ([ Sac(i ti )V, - (34)
t=1

We also know the fact that the asymptotic form for large separation of Gx and guq agree

for K = Kyq. This asymptotic agreement can be indicated by writing

Guwet < Gk, - (35)
Since Gk has a fixed line, it must have a marginal operator in its complete set. Because
there is one and only one such marginal operator, the problem with Hamiltonian H,y

must have a line of critical points identical in structure to that described by Gy. In

particular there exists a line of critical points with Hamiltonian

H(U) = Ho + U/d:cE(x,t) (36)

and a set of critical operators s,(z.¢; U) which have identical critical properties to those

in the Gaussian model. This identity is the statement that if we form

n
gulan, 21t am, oy tn) = (] ] sa (@i, ti, M) ay (37)

i=1
then there exists a mapping K = F(U) which makes the Hubbard model problem identical

to the Gaussian model problem

gu <= GK:F(U) . (38)
This identity will hold over the full range of U and of K such that both problems have
precisely one marginal operator. From the analysis it follows that an entire segment of
Hubbard model critical line must be in the same universality class as the Gaussian model.
We have not as yet determined the parameterization of the critical line, i.e., we have
not found the coupling constant K of the corresponding Gaussian model as a function of
the Coulomb interaction strength U. We can make use of Bethe ansatz solution of the
Hubbard model to determine the explicit form of the mapping function F(I/}. The critical
exponent of the electron density n(x,t) with wave number around 2kp corresponding to
the Gaussian action (28) is of the form
1

Gaussian ___
T =1+

10



Comparing Eqs.(22) and (39), we obtain

-2 {40)
€ (z0) - \
Thus the mapping function £(U) satisfies the following integral equation.
2
P

=]

N ik _snk\) [T
:1+L/ d(smk)/ dot cos(u (sm _sin )) _ 2
0

27 J. ko u coshw u u \lF (m k’)
u

The integral equation can be solved in some limiting cases.
For 0 < uw << sinky, the perturbative scheme based on the Wiener-Hopf method can be

used. The solution is

F (—Smk”> S I (42)

u 7 sin ko

This result gives the decoupling point of the mapping function

K=FU=0)=1. (43)

For u >> sin ky. we have

F(Smko):2<1 2smkgl 2) . (44)
u i

For arbitrary repuision I/ > 0 and density 0 < n. < 1 the coupling A" varies iu the interval
1<K <2

From the above discussion, we conclude that there is indeed a universality connection
between the critical lines of the 1D Hubbard model and 2D Gaussian model. In particular,
there exists a mapping function F(U), which is determined by an integral function and
can be explicitly written down in some limiting cases, such that when K = F(U) the
Hubbard model lies in the same universality class as the Gaussian model with coupling

K = F(U).

4 Partition Function

It should be noticed that we are now discussing a finite size system and in a finite geometry,

the boundary conditions generate various constraints on the successive transformations,

11

resulting in a modified free-field theory. The consistency of conformal theories defined
on a torus restricts severely their operator content. The partition function of the 1D

Hubbard system on a torus may written as

Z()

i

Z7(7)
r((] (¢} 24qL ) tr(qLE“zl?qia’T{t) s

where L (L{) and Ly (Lg) are the dilation generators of the Virasoro algebras on the

(45)

1l

anT

planes x* and ™, respectively, ¢ = ¢, and 7(7g + i77) = wy/w, is the modular ratio of
the torus.

This trace which runs over all states of the Hilbert space may be decomposed on the
various irreducible representations of the semi-direct product of the two Virasoro algebras

{on the planes 2+ and z7, respectively) in the form{14
P

Z(r) = 3 Nuaoxn, @xa, (@) Y Nan xa_(@)xa (d) (46)
hyhy h_h_

where the non-negative integers N,,;, represent the multiplicity of the operators of di-

mensions (hy.h.) in the partition function and the character Xn, read

xny (7) = tra, (g8 )
in each irreducible representation of highest weight h.

Imposing that Z(7) is a modular invariant function of 7 then puts strong constraints on
the N's, hence on the operator content of the theory, leading ultimately to a classification
of the possible partition function.

The action (28) is characterized by the (¢ = 1) Vir ® Vir @ Vir & Vir algebra. And

the corresponding partition function takes the following form

Z(K, 1) = ZYK,1)-Z7(7)

, K [, .09, 09
/[Ddh]exp( —2-/(1 T Eaz“) (47)

L[ o 0% 0%
- [1D%;]exp (—5/01 = u)

It is easy to see from the above equation that

i

ZHK =1,7)= 2 (r) = ZW) () . (48)
The z* integration is performed on a torus defined by the ratio 7 which lies in the upper

half-plane. To evaluate the partition function, we first perform the integral over fields ®;

and ¥, periodic around the torus.

12



For a free field on a torus 7T, with the action (28) integrated over 7, a properly

renormalized expression for the partition function

[D®,)[D®y] exp (—g /d21+

d, 0 1 s
H(K7) = [ 02, 0% 1] - 0% "‘1’2)

1. &, periodic Bz;j dzte 2 %Oz‘“
(49)
is
VK
Zi(K, 1) = = (50
) = )
where 7 is the Dedekind function
1T N .
n(g) =q% [] (1-¢%) . (51)
N=1

For a variation of angle equation to 2wmy (27m/,) along w; (wg), the corresponding

partition function is readily evaluated using the classical solution ({such that Ad;, =

AD; = 0),

2 20,2 4 .2 /
mE +mi(1h +17) — 2rpmym’,

Zm/rmt(f\" T) = Zl(KﬁT) €xp - -

m? 4+ m2 (3 +7f) — 2rpm_m’ (52)
cexp | -7 . .
1

The physical partition function is obtained by summing over Zm;,miv After a Poisson

transformation, one finds

Z(K,7) = Z¥(K,7)-Z (1)

1 Z q<e+/ﬁ:m+\/?>2 <e,/¢?:m,ﬁ»2
Q) o, mrez (53)
1 fem+m_)? (e —m_)?
f g

Ryerp=y q
n(g)7(q) e%ez
The partition function enjoys the important property of modular invariance, i.e., invari-

ance under the modular group

ar +b
er+d’
The partition function of the Hubbard model takes the form

T — a,be,de Z, ad—bc=1. (54)

2 (K, 1) = (127 (K, 7) + S(7)) (az=(r)+S(n) . (55)
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where ¢; is a constant not yet fixed and the modular invariant function S(7) should not
dependent on the coupling constant because Z%¥ (K, 1) carries all the moving primary
operators.

To fixed the constant term S(7), we note a special property which applies to a decou-
pling point K = 1, where the Hubbard model reduces to four decoupled free fermions.

We get the crucial condition

2K =171) = (a2%(r) + S(r))° 56)
(zFm)"
where the fermion partition function on a torus is known
Z7(7) = [xolnF + Iy (PP + [x s (1) (57)

Here x»(7) are the characters of the ¢ = % Virasoro algebra

1 (24k+4r-39)2 (24k+4r+3s)°
Xh(rjs) = 73 Z (q 48 —q 48 ) rSEZ .
(7} &z

It is useful to introduce the Hamiltonians (include zero-point energy) of Neveu-Schwarz

(NS) and Ramond (R) Majorana fermions,

ad 1
HN'§: z}rb—r r_E )
oo 2 . (58)
Hg = b—nbn_'—»
" ZI” 24

1
where b, (r € Z + 5) and d, (n € Z) are normal mode oscillators of NS and R fields,
respectively.
Then we can rewrite the free fermion partition function as

Z8(r) = 5 (12ns(D)P + 1 Zys(T)F + 2Za(7)P) . (59)

1
2

where

n=1
o0
ZNS(r) = te(=1)Fg"M*s = g u [T (1-¢"7%) |
. n=1
ZR(7) = trg"" = g% ] (1 +¢")
n=1

Here (—1)F denotes the fermion chirality operator.

It is easy to verify the identity



. 2 1 .
(25(n) = 72"+ 2%(r) (60)
where
2 ' 2 2
1 142 1 n? 1 n?;
ZV(r :‘— g2 +] 97| +|== Y (~1)*q¢T|
=hin & nm W | |
ZW(r) = - | == (-1 2 Tl T e Y (g b 1
2{n(r) =2 ) 2 (1) %

are modular invariant respectively.

On the other hand, at decoupling point, we have

2K =1,7) = (%ZV(T))2 . (61)

Thus we obtain

ZH(K 1) = (24 (K1) + 02" (1) + 2Y(0) (2F0) (62)

where the coefficients ¢; and ¢, obey
. 1
ey =
4

to satisfy the decoupling condition.

The Hubbard partition function has the general form in terms of characters.

ZH(K, 1) = ( S Nwoxa @xa @+ D Nmmim(fI)im('J)) (ZF(T)‘)z (63)

oy ey

This requires b = 0. We now find

ZH (K, 1) = (%Z*(K, )+ ZW(T)) (zF ()" (64)

5 Concluding Remarks

We have thus succeeded in demonstrating the conformal invariance in quantum critical
phenomena. The continuum limit of the free Hubbard system reduced to four decoupled
free fermions. The four-particle on-site interaction which moves us along the critical
line is dealt with Abelian bosonization transformation at weak coupling limit. Then

we used a universality argument to extend the equivalence of the 1D Hubbard model
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and 2D Gaussian model at weak coupling limit to an entire segment of the critical line
parameterized by the on-site Coulomb interaction strength. After noticed the various
constraints on the successive conformal transformations generated by boundary conditions
of the finite size geometry, we gave a systematic study of partition function of the strongly
correlated electron system by conformal field theory.

The correlation functions which describes long-distance behavior of the strongly cor-
related electron system can be read out easily at the scheme. For example, we know that

the density operators of charge and spin, n(z,t) and S,(z,t) are of the form

n(z.t) = \EMI(I. t) + % cos(2kpx — V27D, ) cos(v21®,)

(65)
[ 1 1
SZ(I, t) = %AQQ(I, t) + ‘W—a sin(?kp:r -V 27['(1)1) SiIl(V 271'(1)2) .
From Eq.(31), we have
1
{n(z,t)n(0,0)) ~ An1— + Anz c08(2kpT) |
i = (66)
(82(2,£)5,(0,0)) ~ Agi—5 + Aga cos(2kpz) .
T ek ata

where A,y (Aq) and Any (Agp) are irrelevant constants.

This result is in good agreement with ones of the numerical simulations|15] and Tomonaga-
Littinger model[16].
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