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Abstract

We calculate the supersymmetric O(�s) QCD corrections to the cross section e
+
e
�
!

~qi�~qj (i; j = 1; 2) within the Minimal Supersymmetric Standard Model. We pay particular

attention to the case of the left{right squark mixing and to the renormalization of the

mixing angle. The corrections due to gluino exchange turn out to be smaller than those

due to gluon exchange, but they can be signi�cant at higher energies even for a gluino

mass of a few hundred GeV.



1 Introduction

Supersymmetry [1] requires the existence of two scalar partners ~qL and ~qR (squarks) for every

quark q. Quite generally, ~qL and ~qR mix, the size of mixing being proportional to the mass

of the quark [2]. Therefore, the scalar partners of the top quark are expected to be strongly

mixed so that one mass eigenstate ~t1 can be rather light. Within the Minimal Supersymmetric

Standard Model (MSSM) ~bL and ~bR can considerably mix [3] for large tan� = v2=v1 (where

v1 and v2 are the vacuum expectation values of the neutral components of the two Higgs dou-

blets). Therefore, it is possible that ~t1 or ~b1 will be discovered in the energy range of the present

colliders.

The stop production in e+e� annihilation, e+e� ! ~t1
�~t1, was �rst studied at tree level in [4].

The conventional QCD corrections to this process including virtual and real (soft and hard)

gluon radiation were given in [5, 6]. These corrections are quite large, for instance, they are

about 35% for m~t1
= 80 GeV at

p
s = 190 GeV [7]. The QCD corrections within the MSSM

including virtual gluino and squark exchange were �rst calculated in [8], where to some extent

the process e+e� ! ~q1�~q2 was also included. However, the calculations in [8] are incomplete in

the sense that the correction due to the virtual gluon exchange in the unequal squark mass case

is not quite correct, and furthermore, the renormalization of the squark mixing angle �~q has not

been treated in a fully satisfactory way because it is not applicable in the whole range of �~q.

A proper renormalization of the squark mixing angle is necessary whenever stop and sbottom

play a rôle. Moreover, no numerical analysis at all has been given so far for the unequal mass

case or for squark mixing angle �~q 6= 0.

Here we want to present the complete formulae for the supersymmetric QCD corrections

up to O(�s) within the MSSM including virtual and real gluon exchange, virtual gluinos and

squarks for general ~qL{~qR mixing. In particular, we propose a suitable renormalization of the

squark mixing angle. Furthermore, we give a detailed numerical analysis of these corrections.
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2 Tree level formulae

The squark mixing of ~qL and ~qR is expressed by

~q1 = ~qL cos �~q + ~qR sin �~q ; ~q2 = �~qL sin �~q + ~qR cos �~q ; (1)

where ~q1, ~q2 are the mass eigenstates (with m~q1
< m~q2

) and �~q is the squark mixing angle. The

production e+e� ! ~qi�~qj, (i; j = 1; 2), proceeds via 
 and Z exchange in the s{channel (see

Fig. 1a), s = (k + �k)2, k and �k being the four{momenta of the outgoing ~qi and �~q
j
.

The cross section at tree{level is given by:

�0(e+e� ! ~qi�~qj) = cij
h
e2
q
�ij � T
Zeqaij�ij + TZZa

2

ij

i
; (2)

with

cij =
��2

s
�
3=2

ij ; (3)

T
Z =
ve

8c2
W
s2
W

s(s�m2

Z
)

(s�m2

Z
)2 + �2

Z
m2

Z

; (4)

TZZ =
(a2

e
+ v2

e
)

256s4
W
c4
W

s2

(s�m2

Z
)2 + �2

Z
m2

Z

: (5)

Here �ij = (1� �2
i
� �2

j
)2� 4�2

i
�2
j
; �2

i;j
= m2

~qi;j
=s; eq is the charge of the squarks (et = 2=3; eb =

�1=3) in units of e(=
p
4��). ae and ve are the vector and axial vector couplings of the electron

to the Z boson: ve = �1 + 4s2
W

(with sW � sin �W ), ae = �1, and aij are the corresponding

couplings Z~qi�~qj:

a11 = 4(I3L
q

cos2 �~q � s2
W
eq) ; a22 = 4(I3L

q
sin2 �~q � s2

W
eq) ; a12 = a21 = �2I3L

q
sin 2�~q ; (6)

where I3L
q

is the third component of the weak isospin of the quark q.

3 SUSY{QCD corrections

The supersymmetric QCD corrected cross section in O(�s) corresponding to the Fig. 1 can be

written as:

� = �0 + ��g + ��~g + ��~q : (7)
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��g gives the standard QCD gluonic correction (Figs. 1b{f), ��~g is the correction due to the

gluino exchange (Figs. 1g, 1h) and ��~q due to the squark exchange (Figs. 1i, 1j). As will be

seen later, within the renormalization prescription used ��~q = 0.

According to eq. (2) the correction can be written as:

��a = cij
h
2eq�(eq)

(a)

ij
�ij � T
Z(eq�ij�a

(a)

ij
+�(eq)

(a)

ij
aij) + 2TZZaij�a

(a)

ij

i
; a = g; ~g; ~q : (8)

3.1 Gluonic correction

��g can be written as

��g = �0
�
4

3

�s

�
�ij

�
: (9)

�ij has the following expression:

�ij = log(�i�j) + 2 +
2 + �2

i
+ �2

j

�
1=2

ij

log �0 +
1 + 2�2

i

�
1=2

ij

log �1 +
1 + 2�2

j

�
1=2

ij

log �2

+
1 � �2

i
� �2

j

�
1=2

ij

log
1� �2

i
� �2

j
+ �

1=2

ij

1 � �2i � �2j � �
1=2

ij

+

2
4(1� �2

i
� �2

j
)

�
1=2

ij

log �0 � 1

3
5 log �2

ij

�2
i
�2
j

(10)

+
4

�
3=2

ij

�
1

4
�
1=2

ij
(1 + �2

i
+ �2

j
) + �2

i
log �2 + �2

j
log �1 + �2

i
�2
j
log �0

�
+
1 � �2

i
� �2

j

�
1=2

ij

"
2�2

3

+ 2Li2(1 � �2
0
) + Li2(�

2

1
)� Li2(1 � �2

1
) + Li2(�

2

2
)� Li2(1 � �2

2
) + 2 log2 �0 � log �ij log �0

i
;

with

�0 =
1

2�i�j
(1 � �2

i
� �2

j
+ �

1=2

ij
) ; �1;2 =

1

2�j;i
(1 � �2

i
� �2

j
� �

1=2

ij
) ; (11)

and Li2(x) = � R 1
0
log(1 � xt)=tdt. Eq. (10) has been calculated from the graphs in Figs. 1b{f

including soft and hard gluon radiation. For i = j the expression eq. (10) was already derived

in [5, 8], and we agree with their formulae. However, for i 6= j our result eq. (10) is di�erent

from that given in [8].
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3.2 The four{squark interaction

Quite generally, we can decompose the corrections due to the four{squark interaction (Figs. 1i,

1j) in the following way:

�a
(~q)

ij
= �a

(v;~q)

ij
+ �a

(w;~q)

ij
+ �a

(~�;~q)

ij
; (12)

�(eq)
(~q)

ij
= �(eq)

(v;~q)

ij
+ �(eq)

(w;~q)

ij
: (13)

Here the upper index v denotes the vertex correction (Fig. 1i), w the wave{function correction

(Fig. 1j), and ~� the renormalization of the mixing angle �~q. The last term in eq. (12) is

necessary as the couplings aij depend on the mixing angle (see eq. (6)). The vertex correction

is proportional to the momentum of the exchanged photon or Z boson, and hence the related

matrix element for e+e� ! ~qi�~qj is zero, that is �a
(v;~q)

ij
= �(eq)

(v;~q)

ij
= 0. There is, however, a

squark wave{function correction �a
(w;~q)

ij
due to the four{squark interaction.

The self{energies due to the squark loops in Fig. 1j are given by:

�
(~q)

ij
(p2) =

1

3

�s

�

0
@ cos2 2�~qA

0(m2

~q1
) + sin2 2�~qA

0(m2

~q2
) 1

2
sin 4�~q

�
A0(m2

~q2
) �A0(m2

~q1
)
�

1

2
sin 4�~q

�
A0(m2

~q2
)�A0(m2

~q1
)
�

sin2 2�~qA
0(m2

~q1
) + cos2 2�~qA

0(m2

~q2
)

1
A :

(14)

Here A0 is the standard one{point function [9], A0(m2) = �i��2 R dDq(q2 � m2)�1 in the

convention of [10]. Notice that the self{energies are independent of p2, hence �
(~q)

ij
(m2

~q1
) =

�
(~q)

ij (m
2

~q2
) = �

(~q)

ij . We therefore get for �a
(w;~q)

ij :

�a
(w;~q)

ij
= �Z

(~q)

i0i
ai0j + �Z

(~q)

j0j
aij0 = �Re

8<
: �

(~q)

i0i

m2

~qi
�m2

~qi0

ai0j +
�
(~q)

j0j

m2

~qj
�m2

~qj0

aij0

9=
; ;

i 6= i0

j 6= j0
; (15)

with the squark wave{function renormalization constants

�Z
(~q)

12 =
Re
n
�
(~q)

12

o
m2

~q1
�m2

~q2

; �Z
(~q)

21 =
Re
n
�
(~q)

21

o
m2

~q2
�m2

~q1

: (16)

Note that �(eq)
(w;~q)

ij = 0 because the contributions coming from the squark loop Fig. 1j and the

corresponding graph with the loop at the antisquark cancel each other. Hence �(eq)
(~q)

ij
= 0.

The correction term �a
(~�;~q)

ij
in eq. (12) will be treated in section 3.4.
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3.3 Correction due to gluino exchange

Now we turn to the corrections due to gluino exchange (Fig. 1g, 1h). As in eq. (12) and eq. (13)

we can write:

�a
(~g)

ij
= �a

(v;~g)

ij
+ �a

(w;~g)

ij
+ �a

(~�;~g)

ij
; (17)

�(eq)
(~g)

ij
= �(eq)

(v;~g)

ij
+ �(eq)

(w;~g)

ij
; (18)

with �a
(v;~g)

ij
; �(eq)

(v;~g)

ij
corresponding to the vertex correction (Fig. 1g), and �a

(w;~g)

ij
; �(eq)

(w;~g)

ij
cor-

responding to the wave{function correction (Fig. 1h). Again �a
(~�;~g)

ij
is due to the renormalization

of the mixing angle and will be calculated in section 3.4.

The gluino vertex corrections are given by:

�a
(v;~g)

ij =
2

3

�s

�
f 2m~gmqvq(S

~q)ij(2C
+

ij
+ C0

ij
) (19)

+vq�ij
h
(2m2

~g
+ 2m2

q
+m2

~qi
+m2

~qj
)C+

ij
+ 2m2

~g
C0

ij
+B0(s;m2

q
;m2

q
)
i
+ aq(A

~q)ij [

(2m2

~g
� 2m2

q
+m2

~qi
+m2

~qj
)C+

ij
+ (m2

~qi
�m2

~qj
)C�

ij
+ 2m2

~g
C0

ij
+B0(s;m2

q
;m2

q
)
i
g ;

and

�(eq)
(v;~g)

ij
= eq

2

3

�s

�
f 2m~gmq(S

~q)ij(2C
+

ij
+ C0

ij
) (20)

+�ij
h
(2m2

~g
+ 2m2

q
+m2

~qi
+m2

~qj
)C+

ij
+ 2m~gC

0

ij
+B0(s;m2

q
;m2

q
)
i
g ;

where �ij is the identity matrix, vq = 2I3L
q
� 4s2

W
eq, aq = 2I3L

q
,

A~q =

 
cos 2�~q � sin 2�~q
� sin 2�~q � cos 2�~q

!
; S~q =

 
� sin 2�~q � cos 2�~q
� cos 2�~q sin 2�~q

!
: (21)

The functions C�

ij are de�ned by

C+ =
C1 + C2

2
; C� =

C1 � C2

2
: (22)

The arguments of all C{functions are (m2

~qi
; s;m2

~qj
;m2

~g
;m2

q
;m2

q
). B0; C0; C1, and C2 are the usual

two{ and three{point functions as given, for instance, in [10]:

B0(k2;m2

1
;m2

2
) =

Z
dDq

i�2
1

(q2 �m2

1)((q + k)2 �m2

2)
;

h
C0; k�C1 � �k�C2

i
=

Z
dDq

i�2
[1; q�]

(q2 �m2

~g)((q + k)2 �m2
q
)((q � �k)2 �m2

q
)
:
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The squark wave{function renormalization due to the squark self{energy graphs with gluino

exchange (Fig. 1h) leads in the on{shell scheme to:

�a
(w;~g)

ij
=

1

2
(�Z

(~g)

ii
+ �Z

(~g)

jj
)aij + �Z

(~g)

i0i
ai0j + �Z

(~g)

j0j
aij0 (23)

= �Re
8<
:12

h
�
0(~g)

ii
(m2

~qi
) + �

0(~g)

jj
(m2

~qj
)
i
aij +

�
(~g)

i0i
(m2

~qi
)

m2

~qi
�m2

~qi0

ai0j +
�
(~g)

j0j
(m2

~qj
)

m2

~qj
�m2

~qj0

aij0

9=
; ;

i 6= i0

j 6= j0
;

and

�(eq)
(w;~g)

ii
= �eqRe

n
�
0(~g)

ii
(m2

~qi
)
o
; �(eq)

(w;~g)

12
=

eq

m2

~q1
�m2

~q2

Re
n
�
(~g)

12
(m2

~q2
)� �

(~g)

21
(m2

~q1
)
o
; (24)

with the squark self{energy contributions �
(~g)

ij
(m2) and their derivatives

�
0(~g)

ii
(m2) = @�

(~g)

ii
(p2)=@p2jp2=m2 :

�
(~g)

12 (p
2) = �

(~g)

21 (p
2) =

4

3

�s

�
m~gmq cos 2�~qB0(p

2;m2

~g
;m2

q
) (25)

and

�
0 (~g)

ii (p2) =
2

3

�s

�

h
B0(p

2;m2

~g
;m2

q
) + (p2 �m2

q
�m2

~g
)B0

0
(p2;m2

~g
;m2

q
)

�2mqm~g(�1)i sin 2�~qB0

0
(p2;m2

~g
;m2

q
)
i
: (26)

3.4 The renormalization of the squark mixing angle

We still have to discuss the renormalization of the squark mixing angle �a
(~�;~q)

ij , eq. (12), and

�a
(~�;~g)

ij , eq. (17). From eq. (6) one gets for �a
(~�;a)

ij (with a = ~q; ~g):

�a
(~�;a)

11 = 2a12��~q
(a) = ��a(~�;a)22 �a

(~�;a)

12 = �a
(~�;a)

21 = (a22 � a11)��~q
(a) : (27)

Now �a
(~q)

ij of eq. (12) has to be free from ultra{violet divergencies and is therefore �nite.

Choosing �a
(~q)

12 = 0 one gets from eqs. (12) and (15)

�a
(~�;~q)

12 = (a22 � a11)��~q
(~q) = ��Z(~q)

21 a22 � �Z
(~q)

12 a11 : (28)

Eq. (28) means that the related counterterm �a
(~�;~q)

12 is nothing else than the negative sum of

the graphs corresponding to Fig. 1j containing the self{energies �
(~q)

12 and �
(~q)

21 . We now do the
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same for �a
(~�;~g)

ij
by taking again the negative sum of those parts of the graphs Fig. 1h, which

contain the self{energies �
(~g)

12
(m2

~q2
) and �

(~g)

21
(m2

~q1
). �a

(~�;~g)

12
is then also given by

�a
(~�;~g)

12
= (a22 � a11)��~q

(~g) = ��Z(~g)

21
a22 � �Z

(~g)

12
a11 ; (29)

with

�Z
(~g)

12
=

Re
n
�
(~g)

12
(m2

~q2
)
o

m2

~q1
�m2

~q2

; �Z
(~g)

21
=

Re
n
�
(~g)

21
(m2

~q1
)
o

m2

~q2
�m2

~q1

: (30)

Inserting the results for �Z
(~q)

12
; �Z

(~q)

21
in eq. (28) and �Z

(~g)

12
; �Z

(~g)

21
in eq. (29), one gets

��~q
(~q) =

1

6

�s

�

sin 4�~q

m2

~q1
�m2

~q2

�
A0(m2

~q2
)�A0(m2

~q1
)
�
; (31)

and

��
(~g)

~q
=

1

3

�s

�

m~gmq

I3L
q
(m2

~q1
�m2

~q2
)

�
B0(m2

~q2
;m2

~g
;m2

q
)a11 �B0(m2

~q1
;m2

~g
;m2

q
)a22

�
: (32)

By eqs. (27) we then obtain �a
(~�;~q)

ij
and �a

(~�;~g)

ij
. With this result for �a

(~�;~q)

ij
there is no correction

from the four{squark interaction graphs: �a
(~q)

ij = 0, and due to �(eq)
(~q)

ij = 0 also ��~q = 0.

By knowing �a
(~�;~g)

ij we can write the �nal result for the total gluino correction:

�a
(~g)

ij = �a
(v;~g)

ij � Re f 1

2

�
�0

ii
(m2

~qi
) + �0

jj
(m2

~qj
)
�
aij +

4

3

�s

�

m~gmq

m~q1
�m~q2

�ij (33)

�
h
B0(m2

~qi
;m2

~g
;m2

q
)((�1)i+12aii0 cos 2�~q � ai0i0 sin 2�~q) +B0(m2

~qi0
;m2

~g
;m2

q
)aii sin 2�~q

i
g ;

with i0 6= i, and �(eq)
(~g)

ij
= �(eq)

(v;~g)

ij
+ �(eq)

(w;~g)

ij
as in eq. (18), where �a

(v;~g)

ij
;�0

ii
(m2

~qi
); �(eq)

(v;~g)

ij
,

and �(eq)
(w;~g)

ij
are given by eqs. (19), (26), (20), and (24), respectively. Note that �a

(~g)

ij
and

�(eq)
(~g)

ij
are ultra{violet �nite.

Inserting �a
(~g)

ij and �(eq)
(~g)

ij in eq. (8) gives the total gluino correction ��~g which does not

factorize as the gluon correction in eq. (9).

Our renormalization condition for the mixing angle �~q is di�erent from that of [8]. For

�~q = 0 and m~qi
= m~qj

our results agree with those of [8]. However, in the scheme of [8] there

appears a singularity at �~q = 45�. In our scheme there is no such singularity as can be seen in

eq. (32) so that it is applicable in the whole range of �~q.

8



4 Numerical results

We now turn to the numerical analysis of the SUSY{QCD corrections. For the gluonic correc-

tion ��g we evaluate eqs. (9), (10) and (11), and for the correction due to gluino exchange ��~g

we take eqs. (33) and (18) together with eq. (8).

We have �rst calculated the corrections to the cross section �(e+e� ! ~t1
�~t1) at the LEP2

energy
p
s = 190 GeV as a function of the stop mass m~t1

for cos �~t = 0:7, taking m~g = 200 GeV

and m~t2
= 250 GeV. This is shown in Fig. 2. The gluon correction is rising from 17% of �tree

for m~t1
= 45 GeV up to 35% for m~t1

= 80 GeV. The gluino correction is only about 1% and

quite independent of m~t1
.

In Fig. 3a we show the corrections to the cross section �(e+e� ! ~t1
�~t1) as a function of the

mixing angle cos �~t, for
p
s = 500 GeV, m~t1

= 150 GeV, m~t2
= 300 GeV, and m~g = 300 GeV.

According to eqs. (9) and (10) ��g has the same dependence on cos �~t as the tree{level cross

section, whereas the gluino correction introduces a di�erent �~t dependence. For the c. m. en-

ergy and masses chosen the gluino correction is now higher than at LEP2 energies and is about

15% of the gluon correction. Fig. 3b exhibits the
p
s dependence of ��g=�tree and ��~g=�tree for

cos �~t = 0:7 and keeping the masses as in Fig. 3a. Notice that ��g=�tree is decreasing with
p
s,

whereas ��~g=�tree is becoming negative at
p
s = 700 GeV with the absolute value increasing

with
p
s.

Fig. 4a and b show the cos �~t dependence for a higher energy and mass scenario,
p
s = 2 TeV,

m~t1
= 500 GeV, m~t2

= 700 GeV, and m~g = 600 GeV. Here ��~g is about �35% of ��g for ~t1
�~t1

production. Fig. 4b exhibits the ~t1
�~t2 channel. ��

g=�tree is about 16%. ��~g is about �40% of

��g at the peak values Notice that the gluino correction is not always positive. In Fig. 4c we

also show for this scenario the corrections in the case of the ~t2
�~t2 production. Here the gluino

part is even larger (�50% of the gluon contribution).
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We have also computed the SUSY{QCD corrections to �(e+e� ! ~b1
�~b1). For

p
s = 2 TeV,

m~b1
= 500 GeV, m~b2

= 700 GeV, and m~g = 600 GeV ��~g is about �30% of ��g almost inde-

pendent of cos �~b. The gluon correction for ~bi
�~bj must be the same as that for ~ti

�~tj production,

provided the squark masses are the same. This can also be seen explicitely in eq. (10).

It is particularly interesting to study the dependence on the gluino mass. This can be seen

in Fig. 5, where we have
p
s = 500 GeV, m~t1

= 150 GeV, m~t2
= 300 GeV, and cos �~t = 0:5

in Fig. 5a, and
p
s = 2 TeV, m~t1

= 500 GeV, m~t2
= 700 GeV, and cos �~t = 0:5 in Fig. 5b. It

is somewhat surprising that the gluino correction is �rst increasing as a function of the gluino

mass and only very slowly decreasing. Of course the correction would be largest for a small

gluino mass (m~g
<� 50 GeV) but this is excluded by experiment (m~g

>� 130 GeV).

In conclusion, our analysis of the SUSY{QCD corrections to scalar quark pair production

in e+e� annihilation has shown that the correction due to the gluino exchange are smaller than

the conventional QCD corrections, but they are signi�cant at energies envisaged for the next

linear collider [11]. In particular, they exhibit a dependence on the mixing angle �~q, which

is di�erent from the tree{level cross section corrected by the gluon exchange. Moreover, the

correction due to gluino exchange decreases only very slowly with increasing gluino mass.
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Figure Captions

Fig. 1 Feynman diagrams for the lowest order SUSY{QCD corrections to e+e� ! ~qi�~qj. Note

that there are also the corresponding diagrams to c), d), e), h), and j) for the antisquark

�~q
j
.

Fig. 2 SUSY{QCD corrections ��g=�tree and ��~g=�tree as a function of m~t1
for e+e� ! ~t1

�~t1 for
p
s = 190 GeV, cos �~t = 0:7, m~t2

= 250 GeV, and m~g = 200 GeV.

Fig. 3 SUSY{QCD corrections ��g=�tree and ��~g=�tree for e+e� ! ~t1
�~t1

(a) as a function of cos �~t for
p
s = 500 GeV, m~t1

= 150 GeV, m~t2
= 300 GeV, and

m~g = 300 GeV,

(b) as a function of
p
s for cos �~t = 0:7, m~t1

= 150 GeV, m~t2
= 300 GeV, and m~g =

300 GeV.

Fig. 4 SUSY{QCD corrections ��g and ��~g as a function of cos �~t forp
s = 2 TeV, m~t1

= 500 GeV, m~t2
= 700 GeV, and m~g = 600 GeV.

(a) for e+e� ! ~t1
�~t1

(b) for e+e� ! ~t1
�~t2

(c) for e+e� ! ~t2
�~t2

Fig. 5 Dependence of the SUSY{QCD corrections ��g=�tree and ��g+~g=�tree on the gluino mass

for e+e� ! ~t1
�~t1.

(a) for
p
s = 500 GeV, m~t1

= 150 GeV, m~t2
= 300 GeV, cos �~t = 0:5

(b) for
p
s = 2 TeV, m~t1

= 500 GeV, m~t2
= 700 GeV, cos �~t = 0:5
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