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Multi-black holes and instantons in effective string theory

S. Demelio

Dipartimento di Scienze Fisiche, Università di Cagliari
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The effective action for string theory which takes into account non-minimal coupling of

moduli admits multi-black hole solutions. The euclidean continuation of these solutions

can be interpreted as an instanton mediating the splitting and recombination of the throat

of extremal magnetically charged black holes.



1. Introduction

String theories are presently considered one of the most promising candidates for a

theory of quantum gravity. It is therefore natural that their implications on the theory of

gravity and especially on black holes had been widely investigated. Since at the moment

the formalism of string theories cannot deal directly with these problems, this has usually

been done by means of field theoretical low-energy effective actions, which correct the

action of general relativity by the addition of non-minimally coupled scalar fields, such

as the dilaton or moduli fields. On the other hand, if the gravitational field is described

by a quantum theory, its topology should fluctuate at Planck length scales [1]. A first

approximation to these effects should therefore be obtained in the context of a euclidean

path integral formalism [2]. In this formalism a fundamental role is played by finite action

regular solutions of the classical field equations, interpolating between different topological

sectors. These configurations give the main contribution to the path integral in the context

of a semiclassical approximation.

It is then worthwhile to consider this approach in the context of effective string theory.

Unfortunately, however, very little is known about gravitational instanton solutions of effec-

tive string actions [3-4]. In general relativity, an interesting case of gravitational instanton

is given by the euclidean multi-black hole solutions in the presence of a Maxwell field. This

class of instantons possesses several asymptotic regions which approach Bertotti-Robinson

universes. Brill [5] has exploited this property for the calculation of the probability of

the splitting of a Bertotti-Robinson universe into two or more. This is especially relevant

because a Bertotti-Robinson universe approximates very well the throat of an extremal

Reissner-Nordström black hole near the horizon and the probability should therefore ap-

proximate the splitting or recombination ratio of extremal Reissner-Nordström black holes.

In this paper, we discuss the generalization of the multi-black hole solutions, with

lorentzian or euclidean signature, to the case of a one-parameter effective string action

which includes the non-minimal coupling of both the dilaton and a modulus field and

interpolates between general relativity and the standard GHS model [6]. We show that

the euclidean action vanishes for these instantons, except in the GR limit, according to

the fact that in the string case both the initial and final states have vanishing entropy.
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2. The multi-black hole solutions

In [7] an effective action for the heterotic string which took into account the non-

minimal coupling to gravity of a modulus field due to one-loop threshold effects was intro-

duced. In terms of the string metric, the action read:

I =
1

16π

∫
√
−g d4x e−2φ

[
R+ 4(∇φ)2 −

2

3
(∇ψ)2 −

(
1 + e2(φ−qψ/3)

)
F 2

]
(1)

where φ is the dilaton, ψ a modulus, F 2 is the Maxwell field strength and q a coupling

constant. It was then shown that exact solutions of the classical field equations can be

found if e−2φ = q2

3 e
−2qψ/3. In this case, the action simplifies to [4]:

I =
1

16π

∫
√
−g d4x e−2φ

[
R−

8k

1− k
(∇φ)2 −

3 + k

1− k
F 2

]
(2)

where k = 3−2q2

3+2q2 and −1 ≤ k ≤ 1. In particular, for k = −1, the action reduces to the

standard string action in absence of modulus coupling [6], while in the singular limit k = 1,

the dilaton decouples and one can recover the Einstein-Maxwell theory.

The field equations stemming from (2) are:

∇µ(e
−2φFµν) = 0 (3)

R =
8k

1− k

[
−∇2φ+ (∇φ)2

]
+

3 + k

1− k
F 2

Rµν = 4
1 + k

1− k
∇µφ∇νφ− 2∇µ∇νφ+ [2(∇φ)2 −∇2φ]gµν + 2

3 + k

1− k

[
FµρF

ρ
ν −

1

4
F 2gµν

]
These equations admit black hole solutions with magnetic monopole configurations of

the Maxwell field given by [7]:

ds2 = −
(
1−

r+

r

)(
1−

r−

r

)k
dt2 +

(
1−

r+

r

)−1 (
1−

r−

r

)−1

dr2 + r2dΩ2

e−2φ =
(
1−

r−

r

)(1−k)/2

Fı̂̂ =
Q

r2
εı̂̂ (4)

where ı̂, ̂ = 2, 3. The two parameters r+ and r− are related to the magnetic charge Q

and the ADM mass M of the solution by the relations:

M =
1

2
r+ +

3− k

4
r− Q2 =

1− k

4
r+r− (5)
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while the temperature T and the entropy S of the black hole are

T =
1

4πr+

(
1−

r−

r+

)(1+k)/2

S = πr2
+

(
1−

r−

r+

)(1−k)/2

(6)

(These formulae correct some errors present in ref. [7]).

Of special interest are the solutions corresponding to extremal black hole with r+ =

r− = α, i.e. Q2 = 4 1−k
(5−k)2M

2. In this limit, the solution (4) can be written as

ds2 = −

(
1 +

α

ρ

)−(1+k)

dt2 +

(
1 +

α

ρ

)2

(dρ2 + ρ2dΩ2)

e−2φ =

(
1 +

α

ρ

)(k−1)/2

Fij =

√
1− k

2

α

(ρ+ α)2
εij (7)

where ρ = r − α. These metrics are regular everywhere in the range 0 < ρ < ∞. Besides

the horizon at ρ = 0, the g00 component of the metric and the dilaton field become complex

for non-integer k and hence the metric cannot be continued in that region. The surfaces

ρ = 0 are regular horizons placed at infinite spatial distance. However, the timelike and

lightlike geodesics have a finite extent except for k = −1, and hence the metrics are not

geodesically complete in general. For a more detailed discussion on this point, see ref. [8].

Near the horizon at ρ = 0, the metric takes the form of a Bertotti-Robinson universe

[9], namely, it is the direct product of 2-d anti-de Sitter spacetime (or flat space if k = −1)

and a 2-sphere of constant radius:

ds2 = −
( ρ
α

)k+1

dt2 + α2 dρ
2

ρ2
+ α2dΩ2 (8)

with constant magnetic field: Fı̂̂ =
√

1−k
2α εı̂̂.

It is easy to generalize these solutions to the case of many black holes. In fact, if one

inserts into the field equations (3) the ansatz, suggested by (7),

ds2 = −V −(1+k)dt2 + V 2dx · dx

e−2φ = V (k−1)/2 Fij =

√
1− k

2
εijk∂kV (9)
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where x = (x1, x2, x3), i, j = 1, 2, 3, one can check that they are satisfied if ∇2V = 0. In

particular, for a multi-black hole solution, V takes the form:

V = c+

N∑
i=1

αi

|x− xi|
(10)

If one requires that the solutions be asymptotically flat , c = 1 and for N = 1 one

recovers (7). If c = 0, instead, one obtains solutions which are asymptotically Bertotti-

Robinson also at infinity. The asymptotically flat solutions describe a distribution of

extremal black holes with masses Mi = 5−k
4 αi, magnetic charges Qi =

√
1−k
2 αi, and

dilatonic charges Σi = 1−k
4 αi, in equilibrium, and generalizes the Majumdar-Papapetrou

solution of general relativity [10], which is recovered in the limit k = 1. The properties of

the metric near x = xi are analogous to those of the single extremal black holes described

above, with α = αi. In particular, the surfaces at x = xi are event horizons and the

curvature is regular there.

By duality, one can also obtain electrically charged solutions. In this case, the metric,

the dilaton and the Maxwell field are

ds2 = −V −2dt2 + V 1+kdx · dx

e−2φ = V (1−k)/2 F0i =

√
1− k

2
∂i(V

−1) (11)

where V is given by (10). These solutions describe a distribution of masses with electric

and dilatonic charge in equilibrium, but display naked singularities at x = xi, except for

k = 1.

The solutions (9) and (11) are also related by a conformal transformation to those

discussed by Shiraishi [11]. In fact, in terms of the ”canonical” metric ĝµν = e−2φgµν , the

action (2) becomes:

I =
1

16π

∫ √
−ĝ d4x

[
R̂− 2(∇̂φ̂)2 − e−2aφ̂F̂ 2

]
(12)

with a =
√

1−k
3+k , φ = aφ̂, F = aF̂ and line element

ds2 = −V −(k+3)/2dt2 + V (k+3)/2dx · dx (13)
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Also in this case, however, the surfaces at x = xi are naked singularities, except in the

Einstein limit k = 1.

3. The euclidean continuation

The analytical continuation of the solutions (9) to imaginary time can be interpreted

as gravitational instantons. In particular, in the case c = 0, one obtains the generalization

to the string case of the instanton mediating the splitting and recombination of several

Bertotti-Robinson universes, introduced by Brill [5]. As we have seen before, the throat

of an extremal magnetically charged string black hole has the form of a Bertotti-Robinson

universe, and therefore our instantons can be considered as an approximation of those

mediating the splitting of extremal black holes.

Let us proceed to the extension of the Brill instanton to our models. The euclidean

metric is given by

ds2 = V −(1+k)dτ 2 + V 2dx · dx (14.a)

with dilaton and Maxwell field

e−2φ = V (k−1)/2 Fij =

√
1− k

2
εijk∂kV (14.b)

where

V =
N∑
i=1

αi
|x− xi|

The metric is geodesically complete. When x approaches xj , V approaches αj
|x−xj|

and the metric takes the Bertotti-Robinson form in this limit. Similarly, in the limit

x → ∞, V → α∞
|x| , with α∞ =

∑
αi, which is also of the Bertotti-Robinson form. Thus

the geometry interpolates between the N + 1 Bertotti-Robinson universes corresponding

to its N + 1 asymptotic regions.

We point out that the euclidean metrics (14.a) are regular without any need to impose

a periodicity in the time coordinate. This is confirmed by the fact that extremal black

holes (7) have vanishing temperature for any value of k.

In order to calculate the transition probability, one has to evaluate the euclidean

action, which is the dominant term in a semiclassical approximation of the path integral.
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This is given by:

IE =−
1

16π

∫
M

√
g d4x e−2φ

[
R−

8k

1− k
(∇φ)2 −

3 + k

1− k
F 2

]
−

1

8π

∫
∂M

√
3g d3x e−2φK

(15)

where K is the trace of the second fundamental form and the boundary term is needed to

ensure the unitarity of the theory.

By using the field equations, the volume integral can be converted into a surface

integral, so that the action can be written:

IE = −
1

8π

∫
∂M

√
3g d3x e−2φ

[
4k

1− k
n · ∇φ+K

]
(16)

For the boundary 3-surfaces, one can choose the cylinder with ”mantles” |x| = P ,

τ ∈ (−T, T ) and |x−xj | = Pj , τ ∈ (−T, T ) and basis |x| ≤ P , |x− xj | ≥ Pj , τ = T (−T ),

in the limit P →∞, Pj → 0, T →∞ [5]. On the bases the integral vanishes, while on the

mantle surfaces it is given by
k − 1

2
PiT (17)

This vanishes identically for k = 1, while is undetermined otherwise. One has therefore

to carefully choose a regularization prescription, which can be fixed by requiring that one

obtain zero when the action is evaluated for the initial, single Bertotti-Robinson universe.

This can be achieved by taking the limits Pi → 0, before the limit T →∞ [5]. With this

prescription, one obtains a null contribution from the mantle surfaces at finite distance. For

x→ P , instead, the integral diverges, but the action has to be renormalized by subtracting

the contribution of the single initial Bertotti-Robinson universe, which exactly cancels the

diverging contribution.

The net result is that the action vanishes. However, there is another contribution

to the action coming from the cylinder two-dimensional edges at |x| = P , |x − xj | = Pj ,

τ = ±T , where the extrinsic curvature has a delta-function behaviour [5]. The contribution

to (15) from the jth pair of edges is given by [12]:

−2
e−2φ(Pj)

8π

π

2
Aj = −

π

2
P

(1−k)/2
j α

(3+k)/2
j (18)
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where Aj is the area of the edges, given by 4πα2
j . One must again subtract the contribution

of the initial Bertotti-Robinson universe. The final result is

IE =
π

2

((∑
αi

)2

−
∑

α2
i

)
(19)

for k = 1, while for k 6= 1 it vanishes as P
(1−k)/2
j , since it is suppressed by the dilaton†.

The action of the instanton is therefore null, except for the GR limit. Thus, it ap-

pears that in the dilaton-modulus gravity, the probabilities for the splitting of a Bertotti-

Robinson universe in two or more does not depend on the parameters αi. This is in

accordance with the thermodynamics: comparing with (6) one sees that the euclidean ac-

tion is half the difference of the entropies of the extremal black holes whose throats are

approximated by these Bertotti-Robinson universes (and which vanish except in the GR

limit), so that the semiclassical probability of the transition is equal to the exponential of

the difference of the entropy of the initial and final states, which gives the probability of

a thermodynamical fluctuation. In particular, if k 6= 1, the entropy of the extremal black

hole vanishes, and there is no potential barrier to obstruct the process.

4. Final remarks

In a semiclassical approximation, the probability for the splitting of a Bertotti-Robin-

son universe is given at first order by the exponential of the instanton action e−IE/h̄ and

hence, as first shown in [5], it is suppressed in the GR limit according to the violation of

the second law of thermodynamics, while, as we have seen, in the other cases the entropy

is null both for the initial and final states and at this order of approximation there is no

potential barrier to prevent the splitting when the mass of the black holes is of the order

of the Planck scale.

† Some authors [13] have argued that for extremal black holes the time coordinate

should be periodically identified. In this case, of course, the region of integration has no

edge and the action is always zero. With this prescription, anyway, also the entropy of the

k = 1 extremal black holes vanishes, in agreement with the thermodynamical argument

given below.
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This is interesting in view of the fact that Bertotti-Robinson universes approximate

the throat of extremal magnetically charged black holes. As is well known, extremal black

holes can be considered as the ground state for the Hawking evaporation process of black

holes of given charge, and from the results obtained one can deduce that at the last stages

of evaporation the extremal string black holes may split into smaller ones [14].

It is also interesting to compare the results obtained here with those for instantons

describing pair production of extremal black holes in a background magnetic field [3]. Also

in that case, corrections proportional to the black hole entropy are present in the k = 1

limit.
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