
arXiv:astro-ph/0110171   8 Oct 2001
N
O
R
D
IT
A
2001-30

A
P

T
h
e
e
�
e
c
t
o
f
h
y
p
e
rd
i�
u
siv

ity
o
n
tu
rb
u
le
n
t
d
y
n
a
m
o
s
w
ith

h
e
lic
ity

A
x
el

B
ran

d
en
b
u
rg

N
O
R
D
IT
A
,
B
leg

d
a
m
sv
e
j
1
7
,
D
K
-2
1
0
0
C
o
p
e
n
h
a
g
e
n
�
,
D
e
n
m
a
rk

G
raem

e
R
.
S
arson

D
e
p
a
rtm

e
n
t
o
f
M
a
th
e
m
a
tic

s,
U
n
iv
e
rsity

o
f
N
e
w
ca
stle

u
p
o
n
T
y
n
e
,
N
E
1
7
R
U
,
U
K

(D
ated

:
J
an
u
ary

30,
2002)

In
n
u
m
erical

stu
d
ies

of
tu
rb
u
len

ce,
h
y
p
erv

iscosity
is
often

u
sed

as
a
to
ol

to
ex
ten

d
th
e
in
ertial

su
b
ran

ge
an
d
to

red
u
ce

th
e
d
issip

ative
su
b
ran

ge.
B
y
an
alogy,

h
y
p
erd

i�
u
siv

ity
(or

h
y
p
erresistiv

ity
)

is
som

etim
es

u
sed

in
m
agn

etoh
y
d
ro
d
y
n
a
m
ics.

T
h
e
u
n
d
erly

in
g
assu

m
p
tion

is
th
at

on
ly

th
e
sm

all
scales

are
a�
ected

b
y
th
is
m
an
ip
u
lation

.
In

th
e
p
resen

t
p
ap
er,

p
ossib

le
sid

e
e�
ects

on
th
e
ev
olu

tion
of

th
e
large

scale
m
agn

etic
�
eld

are
in
vestigated

.
It

is
fou

n
d
th
at

for
tu
rb
u
len

t


ow

s
w
ith

h
elicity,

h
y
p
erd

i�
u
siv

ity
cau

ses
th
e
d
y
n
am

o-gen
erated

m
agn

etic
�
eld

to
satu

rate
at

a
h
igh

er
level

th
an

n
orm

al
d
i�
u
siv

ity.
T
h
is
resu

lt
is
su
ccessfu

lly
in
terp

reted
in

term
s
of

m
agn

etic
h
elicity

con
servation

,
w
h
ich

also
p
red

icts
th
at

fu
ll
satu

ration
is
on
ly

reach
ed

after
a
tim

e
com

p
arab

le
to

th
e
large

scale
m
agn

etic
(h
y
p
er)d

i�
u
sion

tim
e.

P
A
C
S
n
u
m
b
e
rs:

4
7
.1
1
.+
j,
4
7
.2
7
.A
k
,
4
7
.6
5
.+
a
,
5
2
.6
5
.K
j

In
th
eoretical

stu
d
ies

o
f
N
av
ier-S

tok
es

tu
rb
u
len

ce
th
e

o
rd
in
ary

v
isco

sity
op
era

to
r,
�r

2u
,
is
so
m
etim

es
rep

laced
b
y
(�

1)
n
�
1�

n r
2
n
u
,
w
h
ere

�
n
is
a
h
y
p
erv

isco
sity

of
or-

d
er

n
.
T
h
e
u
se

of
h
y
p
erv

iscosity
h
a
s
th
e
ad
van

tage
of

m
a
k
in
g
th
e
tran

sition
from

th
e
in
ertia

l
su
b
ran

ge
to

th
e

v
isco

u
s
su
b
ra
n
g
e
sh
orter

[1].
A
t
th
e
sam

e
tim

e,
h
ow

ever,
it
h
as

th
e
n
o
to
riou

s
d
isad

van
tage

o
f
tem

p
erin

g
p
ossib

ly
m
a
jor

p
a
rts

o
f
th
e
in
ertia

l
su
b
ra
n
g
e.

A
n
ex
a
m
p
le
is
th
e

so-called
b
o
ttlen

eck
e�
ect

th
at

lea
d
s
to

sign
i�
ca
n
tly

sh
al-

low
er
p
ow

er
sp
ectra

a
t
h
ig
h
w
av
en
u
m
b
ers

n
ear

a
n
d
b
efore

th
e
v
isco

u
s
su
b
ran

ge
[2].

W
h
en

ea
rly

sim
u
lation

s
u
sin

g
th
e
p
iecew

ise
p
a
ra
b
o
lic

m
eth

o
d
sh
ow

ed
su
ch

b
ottlen

eck
e�
ect

[3],
it
w
a
s
u
n
clear

w
h
eth

er
th
is
e�
ect

w
as

real
or

ju
st

a
co
n
seq

u
en
ce

of
h
y
p
erv

isco
sity.

In
th
e
con

tex
t
of

m
a
gn
eto

h
y
d
ro
d
y
n
am

ics,
recen

t
co
m
p
a
riso

n
s
b
etw

een
d
i-

rect
an
d
h
y
p
erv

isco
u
s
sim

u
lation

s
p
oin

t
n
ow

to
th
e
latter

p
o
ssib

ility
[4].

T
h
e
u
se

of
h
y
p
erv

isco
sity

is
in
d
eed

q
u
ite

p
op
u
lar

in
stu

d
ies

o
f
h
y
d
rom

ag
n
etic

tu
rb
u
len

ce
w
h
ere,

in
ad
d
ition

to
v
iscosity,

th
e
ord

in
a
ry

m
a
g
n
etic

d
i�
u
siv

ity
is
rep

laced
b
y
h
y
p
erd

i�
u
siv

ity
[4,

5
,
6,
7].

A
stron

g
a
rti�

cial
b
ottle-

n
eck

e�
ect

o
ccu

rs
w
h
en

h
y
p
erd

i�
u
siv

ity
is
u
sed

[4].
T
h
is

is
p
articu

la
rly

clea
r
in

tw
o
d
im

en
sion

s
a
t
v
ery

h
igh

reso-
lu
tion

[5],
a
lth

o
u
g
h
a
w
eak

b
ottlen

eck
e�
ect

o
ccu

rs
ev
en

w
ith

ou
t
a
n
y
h
y
p
erd

i�
u
siv

e
e�
ects

[6].
T
h
e
u
se

of
h
y
p
er-

v
iscosity

an
d
h
y
p
erd

i�
u
siv

ity
h
as

a
lso

led
to

sign
i�
can

t
con

troversy
[8]

in
m
o
d
els

o
f
th
e
E
arth

's
d
y
n
am

o
[9].

A
t

th
e
cen

ter
o
f
th
e
co
n
troversy

is
th
e
e�
ect

of
h
y
p
erv

iscos-
ity

o
n
th
e
a
sy
m
p
to
tic

b
eh
av
ior

at
sm

a
ll
E
k
m
a
n
n
u
m
b
er

(low
v
isco

sity
).

T
h
is
can

a
lso

a�
ect

con
clu

sio
n
s
regard

-
in
g
th
e
rela

tiv
e
im

p
orta

n
ce

of
th
e
L
oren

tz
fo
rce,

an
d
th
e

releva
n
ce

o
f
T
ay
lor's

con
stra

in
t,

b
oth

m
atters

of
great

im
p
ortan

ce
fo
r
g
eo
d
y
n
a
m
o
th
eo
ry.

T
h
ere

are
a
lso

ex
am

-
p
les

w
h
ere

th
e
u
se
of
h
y
p
erd

i�
u
siv

ity
h
as

m
ov
ed

d
y
n
am

os
fro

m
a
n
�
2-reg

im
e
tow

a
rd

an
�


-reg

im
e
[1
0].

G
en
era

lly
sp
ea
k
in
g,

h
y
p
erv

isco
sity

an
d
h
y
p
erd

i�
u
siv

-
ity

ca
n
lea

d
to

rath
er

ill-u
n
d
ersto

o
d
b
eh
av
ior

th
at

ten
d
s

to
d
im

in
ish

its
p
o
ten

tia
l
a
d
va
n
ta
g
es.

It
is
th
erefore

im
-

p
ortan

t
to

clarify
ex
actly

h
ow

h
y
d
rom

agn
etic

d
y
n
am

os
are

a�
ected

b
y
th
is
ap
p
roach

.
H
ere,

w
e
con

cen
trate

on
th
e
e�
ects

of
(m

agn
etic)

h
y
p
erd

i�
u
siv

ity.
T
h
is
is
d
on
e
in

th
e
con

tex
t
of

M
H
D
tu
rb
u
len

ce;
fu
tu
re

w
ork

w
ill

lo
ok

at
th
is
e�
ect

on
geo

d
y
n
am

o
m
o
d
els.

In
th
e
p
resen

t
p
ap
er

w
e
sh
ow

th
at,

if
th
e


u
id

m
otion

s
are

h
elical,

h
y
p
erd

i�
u
siv

ity
can

lead
to

arti�
cially

en
-

h
an
ced

satu
ration

am
p
litu

d
es

of
th
e
n
on
lin

ear
d
y
n
am

o.
It

is
at

�
rst

glan
ce

som
ew

h
at

cou
n
terin

tu
itiv

e
th
at

th
e

p
rop

erties
of

th
e
la
rg
e
sca

le
�
eld

sh
ou
ld

d
ep
en
d
on

th
e

d
etails

of
th
e
d
i�
u
sion

op
erator,

w
h
ich

is
su
p
p
osed

to
af-

fect
on
ly
th
e
sm

all
scales.

In
recen

t
years,

h
ow

ever,
th
ere

h
as

b
een

m
ou
n
tin

g
ev
id
en
ce

th
at

large
scale

d
y
n
am

os,
w
h
ich

u
su
ally

in
volve

h
elicity,

d
o
d
ep
en
d
on

th
e
m
icro-

scop
ic
d
i�
u
sion

[11].
T
h
is
p
rop

erty
is
related

to
m
agn

etic
h
elicity

con
servation

,
w
h
ich

p
erm

its
m
agn

etic
h
elicity

to
ch
an
ge

on
ly

on
a
resistive

tim
e
scale;

see
R
ef.

[12],
h
ere-

after
referred

to
as

B
2001.

T
h
ese

p
ro
cesses

can
b
e
seri-

ou
sly

a�
ected

b
y
th
e
u
se

of
h
y
p
erd

i�
u
siv

ity.
O
b
tain

in
g
a

d
etailed

u
n
d
erstan

d
in
g
of

th
e
asso

ciated
artifacts

is
cru

-
cial

b
efore

h
y
p
erd

i�
u
siv

ity
can

b
e
taken

as
a
u
sefu

l
to
ol

in
d
y
n
am

o
sim

u
lation

s.
W
e
em

p
h
asize

th
at

th
e
sen

sitiv
-

ity
to

th
e
u
se

of
h
y
p
erd

i�
u
sion

rep
orted

in
th
e
p
resen

t
p
ap
er

is
p
ecu

liar
to

la
rg
e
sca

le
d
y
n
am

os
an
d
d
o
es

n
ot

ap
p
ly

to
sm

all
scale

d
y
n
am

os.
T
h
e
m
agn

etic
�
eld

evolu
tion

is
govern

ed
b
y
th
e
in
d
u
c-

tion
eq
u
ation

,

@
B@
t
=
r
�
(u
�
B
)
+
(�

1)
n
�
1�

n r
2
n
B
;

(1)

w
ith
r
�
B

=
0,

�
n
=

con
st,

an
d
n
=

1
for

ord
in
ary

m
agn

etic
d
i�
u
siv

ity.
T
h
is
eq
u
ation

h
as

to
b
e
in
tegrated

togeth
er

w
ith

th
e
m
om

en
tu
m

an
d
con

tin
u
ity

eq
u
ation

s
w
h
ich

are,
for

an
isoth

erm
al

com
p
ressib

le
gas

w
ith

con
-

stan
t
sp
eed

of
sou

n
d
,
c
s ,

D
u

D
t
=
�
c
2s
r

ln
�
+
J
�
B

�
+
F

v
isc

+
f
;

(2)



2

FIG. 1: Evolution of magnetic energy spectra in Run A (with
ordinary magnetic di�usion) in equidistant time intervals at
t = 0 (lowest curve), t = 80 (next one higher up), until t =
1200 (peaking at the very top left). The dotted lines give the
kinetic energy.

D ln�

D t
= �r � u; (3)

where D =D t = @=@t + u �r is the advective deriva-
tive, F visc = �

� (r2u + 1
3rr � u) is the viscous force,

� = const is the dynamical viscosity, cs is the isothermal
sound speed, J = r�B=�0 is the current density, and
�0 is the vacuum permeability. As in B2001, the forc-
ing function f(x; t) is a randomly chosen polarized wave
taken from a band of wavenumbers around the forcing
wavenumber kf . The direction and phase of f change
randomly at each time step. We solve the equations in
a periodic domain of size L3, where L = 2�. We adopt
nondimensional units by measuring density in units of the
average value, �0 = h�i, length in units of 1=k1, where
k1 = 2�=L = 1 is the smallest wavenumber, velocity in
units of cs, magnetic �eld in units of cs

p
�0�0, and time

in units of (csk1)�1.
For numerical solutions, the smallest possible value

of �n is given by the condition that the mesh magnetic
Reynolds number, based on the smallest scales resolved,

R(mesh)
m = urms=(�nk

2n�1
Ny ) (4)

is of order unity. Here, kNy = �N=L is the Nyquist
wavenumber of a mesh with N points.
As a reference model, we consider a calculation with

ordinary magnetic di�usivity, �1 = 10�4 and a forcing
wavenumber kf = 27 (Run A). We adopt a dynamical
viscosity of � = 10�2, so the magnetic Prandtl num-
ber is 100. In Fig. 1 we show spectra at di�erent times.
Consistent with earlier results (B2001), magnetic energy
grows owing to dynamo action with spectral peaks at
the forcing scale, k = kf , and at some intermediate scale,

k � 9. By t � 480 (seventh curve from the bottom of
Fig. 1) the intermediate scale �eld has reached equiparti-
tion with the kinetic energy; the �eld continues to grow,
however, and now evolves towards larger scales under a
k�1 envelope.
Qualitatively similar behavior is found for the hyper-

di�usive Run B, with �2 = 3�10�8; see Fig. 2. This case,
which has similar di�usion at the Nyquist wavenumber
to Run A, also exhibits a secondary peak at some in-
termediate wavenumber. Following B2001, cf. Eq. (36){
(39) therein, we identify this with the wavenumber where
growth rate of a corresponding �2 dynamomodel is max-
imum. In the initial kinematic stage, the position of
the secondary peak is approximately constant in time
(kmax � 9 for Run A and kmax � 14 for Run B). When
the magnetic energy reaches equipartition with the ki-
netic energy, Ekin, the secondary peak begins to travel
toward smaller k. A reasonable �t to this migration is
given by

k�1max = �trav(t� tsat); (5)

where the parameter �trav characterizes the speed at
which the intermediate peak travels. The values obtained
from �ts to these runs are listed in Table I, together
with some other parameters de�ned below. Note that
for Run C, with a lower hyperdi�usivity �2 = 10�8, the
speed of the peak has decreased even further. This sug-
gests that even at intermediate scales (i.e. k less than the
initial value of kmax), the dynamo process is resistively
limited.

TABLE I: Summary of the runs discussed in this paper. Note
that �trav decreases with decreasing values of �n. � is the
kinematic growth rate of the magnetic energy, H and M are,
respectively, magnetic helicity and energy during the kine-
matic stage, and the parameter `skin (de�ned below) gives an
approximate upper bound for `H � jHj=(2�0M).

Run N n �n � kf �trav `H `skin
A 1203 1 10�4 0.047 27 1:1� 10�3 0.035 0.065
B 1203 2 3� 10�8 0.070 27 7:3� 10�4 0.018 0.025
C 1203 2 10�8 0.082 27 3:6� 10�4 0.005 0.013
D 303 2 10�4 0.078 3 { 0.08 0.15

Since it is diÆcult to evolve a simulation at this reso-
lution over a full large scale di�usion time, � (�nk2n1 )�1,
we now compare with a low resolution run with only 303

mesh points, �n = 10�4 (Run D). The parameters of this
run are chosen so that the factor k2n�1f , which appears
in the theory below, is consistent with Run A. The large
scale magnetic �eld shows a very prolonged saturation
phase after the saturation of the small scale �eld (and
the equipartition of magnetic and kinetic energy), �nally
equilibrating only after approximately one large scale dif-
fusion time; see Fig. 3.
As in B2001, we can interpret the slow saturation be-

havior in terms of the magnetic helicity equation. We
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FIG. 2: Evolution of magnetic energy spectra in the hyper-
di�usive Run B in equidistant time intervals at t = 0 (lowest
curve), t = 40 (next one higher up), until t = 2080 (peaking
at the very top left). The dotted lines give the kinetic energy.

FIG. 3: Evolution of large scale magnetic energy, normalized
by the kinetic energy, for Runs A, B and D. The dotted lines
give the result expected from Eq. (15), as is explained below;
these lines show strong 
uctuations because we have used here
the actual value of Mf . For Run D, Mf is also shown (grey
line at the very bottom). The inset shows the early kinematic
evolution for Runs A-D in a semi-logarithmic representation.

begin with the uncurled induction equation,

@A

@t
= u �B + (�1)n�1�nr2nA�r�; (6)

where A is the magnetic vector potential, with B =
r � A, and � is the electrostatic potential which can
be chosen arbitrarily without a�ecting B. For a periodic
domain of volume V , the magnetic helicity,

H =

Z
V

A �B dV � hA �BiV; (7)

where angular brackets denote volume averages, is inde-
pendent of the choice of �. (For the simulations we take
� = 0.) Dotting Eq. (1) with A, and Eq. (6) with B,
adding the two and averaging, yields

d

dt
hA �Bi = (�1)n 2�n



(r2nA) �B�

: (8)

Surface terms are absent because of periodic boundaries.
For this reason, and because r �B = 0, the right hand
side of Eq. (8) becomes �2�1hJ �Bi when n = 1.
We now proceed analogously to B2001. Firstly, in

the steady state, hA � Bi must be constant and so

(r2nA) �B�

must vanish. This happens in such a way
that there are contributions from the forcing scale and
the large scale such that the two terms have opposite sign
and cancel. We calculate the large scale �eld,B =r�A,
by Fourier �ltering around k = 1 (using integer bins), and
the small scale �eld, b =r�a, as b = B�B. The char-
acteristic wavenumbers of these scales are kf (for forcing
or 
uctuating scale) and k1 (for smallest wave number).
Making use of the fact that the magnetic �eld is nearly
fully helical at small and large scales, we have

(�1)n 
(r2na) � b� � �k2n�1f hb2i; (9)

(�1)n 
(r2nA) �B� � �k2n�11 hB2i; (10)

where the upper and lower signs are for positive and neg-
ative signs of the kinetic helicity of the forcing, respec-
tively. Thus, the ratio of large to small scale magnetic
energies, i.e. the degree of superequipartition, is

M1

Mf
� hB2i

hb2i =

�
kf
k1

�2n�1

> 1: (11)

For kf = 3, normal di�usion (n = 1) gives superequipar-
tition by a factor of 3; see B2001. For Run D (n = 2)
we should have superequipartition by a factor of 27. The
numerical result (Fig. 3, where Mf=hEkini � 0:5) gives
M1=Mf � 44. As we explain below, this has to do with
the fact that the estimates in (9) and (10) are not quite
accurate. Nevertheless, the e�ect of hyperdi�usivity on
the level of superequipartition is clear.
Analogously to B2001 we can also calculate the asymp-

totic saturation behavior by using Eqs (9) and (10) and
assuming equipartition at small scales, hb2i � h�u2i,
which is expected to hold after the time ts when the small
scale �eld has saturated. (The fact that these solutions
satisfy Mf=hEkini � 0:5, rather than strict equipartition,
does not a�ect the following.) This gives

k�11

d

dt
hB2i = �2�nk2n�11 hB2i+ 2�nk

2n�1
f hb2i; (12)

which has the solution

hB2i = hb2i
�
kf
k1

�2n�1 h
1� e�2�nk

2n

1
(t�ts)

i
: (13)
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In the early saturation phase, we have

hB2i=hb2i � 2�nk1k
2n�1
f (t� ts): (14)

Thus, Run A (�1 = 10�4 and kf = 27) and Run D (�2 =
10�4 and kf = 3) should exhibit the same saturation
behavior; this can be approximately veri�ed from the
early saturation behavior visible in Fig. 3.
The magnetic �eld in Run D actually saturates some-

what faster than suggested by Eq. (13). Again, this is
explained by the observation that the estimates for the ef-
fective values of the wavenumbers in (9) and (10) are not
accurate. Good agreement can be achieved if, instead,
we use Eqs (9) and (10) to calculate e�ective wavenum-
bers, k1 ! k1;e� and kf ! kf;e� , for the large and small
scale �elds, respectively, and if we use the actual values
for the small scale magnetic energy, Mf (which show a
long-term trend, but is also 
uctuating). For Run D we
�nd k1;e� = 1:3 and kf;e� = 4:6. Such an enhancement
results from hyperdi�usivity which increases the relative
contributions from higher harmonics. The modi�ed ver-
sion of Eq. (13) is then

M1 = Mf

�
kf;e�
k1;e�

�2n�1 h
1� e�2�nk1k

2n�1

1;eff
(t�ts)

i
: (15)

The evolution predicted by Eq. (15) is shown as dot-
ted lines in Fig. 3. Note that the time taken for satu-
ration is dependent upon the large scale hyperdi�usion
time (�nk2n1;e�)

�1, but that since the large scale �eld is of
approximately unit wavenumber, k1;e� � 1, the hyper-
di�usivity has very little e�ect, decreasing this time only

slightly (cf. the true large scale di�usion time for this
value of �). In this respect, hyperdi�usivity is behaving
exactly as we would wish; allowing us to attain low �
at lesser computational expense, and with little e�ect on
the physical behavior.

We note that during the kinematic phase the dynamo
is still growing on a fast dynamical time scale. At this
stage, the net magnetic helicity remains close to zero,
as it must for the high magnetic Reynolds numbers un-
der consideration. Berger's inequality [13] gives an up-
per limit for the growth of magnetic helicity, derived by
bounding the right hand side of Eq. (8) via the square
root of Joule dissipation and magnetic energy. In the
presence of hyperdi�usivity this inequality is

`H � jHj=(2�0M ) � a`skin ; (16)

where `skin = (2�nk
2n�2
f =�)1=2 is a modi�ed skin depth,

� is the kinematic growth rate of the magnetic energy,
and a is a coeÆcient of order unity. From Table I we
see that this constraint is indeed well satis�ed during the
kinematic growth phase.

The present results have demonstrated that hyperdif-
fusivity can have profound e�ects on dynamos with he-
licity. The modifying e�ects are well understood, which
makes the use of hyperdi�usivity an eÆcient tool for nu-
merical studies. This has allowed us here to show that
helical dynamos saturate resistively both on large and
intermediate scales, but not on small scales.
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