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Abstract

In the framework of perturbative quantum field theory (QFT) we pro-
pose a new, universal (re)normalization condition (called 'master Ward
identity’) which expresses the symmetries of the underlying classical the-
ory. It implies for example the field equations, energy-momentum, charge-
and ghost-number conservation, renormalized equal-time commutation re-
lations and BRST-symmetry.

It seems that the master Ward identity can nearly always be satisfied,
the only exceptions we know are the usual anomalies. We prove the com-
patibility of the master Ward identity with the other (re)normalization
conditions of causal perturbation theory, and for pure massive theories we
show that the ’central solution’ of Epstein and Glaser fulfills the master
Ward identity, if the UV-scaling behavior of its individual terms is not
relatively lowered.

Application of the master Ward identity to the BRST-current of non-
Abelian gauge theories generates an identity (called 'master BRST-identity’)
which contains the information which is needed for a local construction
of the algebra of observables, i.e. the elimination of the unphysical fields
and the construction of physical states in the presence of an adiabatically
switched off interaction.

PACS. 11.10.Cd Field theory: axiomatic approach, 11.10.Gh Field
theory: Renormalization, 11.15.Bt Gauge field theories: General proper-
ties of perturbation theory
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1 Introduction

A perturbative interacting quantum field theory is usually constructed in terms
of time ordered products ("T-products’) T(W1, ..., Wy,)(z1, ..., ) of Wick poly-
nomials Wi(z1),..., Wp(x,). The T-products are non-unique for coinciding
points. In the framework of the inductive construction of Bogoliubov [4] and
Epstein/Glaser [18] (’causal perturbation theory’) this can be formulated as fol-
lows: the T-products of n-factors are known by induction as operator-valued

distributions up to the total diagonal D,, déf{(xl, vy Tp) |1 = ... = 2, }. The
problem of renormalization is located in the extension of the T-products to D,,,



for every n. This extension is always possible, but it is non-unique. The free-
dom is restricted by normalization conditions. They require that symmetries
which are present outside D,, are maintained in the extension and that an in-
teraction with mass dimension < 4 yields a renormalizable theory (by power
counting). Epstein/Glaser [18] (see also [5]) give a general formula (74) for the
extension to D,, which satisfies the renormalizability requirement, but the other
normalization conditions are not taken into account. So, the main problem of
perturbative renormalization is to prove that there is an extension which fulfills
all normalization conditions. In the framework of algebraic renormalization the
corresponding problem is treated by means of the ’quantum action principle’
[25], [24], [29], which states that the variation of Green’s functions (under a
change of coordinates, a variation of the fields or a variation of a parameter)
is equal to the insertion of a (local or space-time integrated) composite field
operator. Recently a local algebraic operator formulation of certain cases of the
quantum action principle has been given by using causal perturbation theory,
and the connection to our normalization conditions has been clarified [8].

The master Ward identity (we will use the abbreviation '"MWT’) is a
universal normalization condition supplementing the obvious ones. It is an
explicit expression for

OT(W, We, .., W) (z, 21, oy y) — T(O"W, We, .., W) (z, 21, oy ). (1)

Generally this difference cannot vanish for the following reason': the Wick poly-
nomials are built up from free fields, whereas the T-products are the building
stones of the perturbative interacting fields [4]. However, the field equations of
free and interacting fields are different.

Computing the difference (1) by means of the Feynman rules, it can be
expressed solely by terms which contain the difference 0%(Q, T'(¢, x)(x, x;)§2) —
(Q,T(0", x)(x,2;)) of Feynman propagators, where € is the Fock vacuum
and ¢, x are free fields. The MWI requires that this structure is preserved in
the process of renormalization (sect. 2). For tree diagrams this is automatically
satisfied, but for loop diagrams it is a hard task to show that there exists a
normalization which fulfills the MWI and the other normalization conditions
(sect. 3). Unfortunately there are a few examples where this is impossible.
However, the only obstructions we know are the usual, well-known anomalies of
perturbative QFT (sect. 5).

The master Ward identity expresses the inner symmetries of the underlying
classical theory?. In particular we will demonstrate that it implies

n particular this argument, the name 'master Ward identity’ and the application of the
MWI to the computation of a rigorous substitute for the equal-time commutator of interacting
fields (3) are due to Klaus Fredenhagen.

2In [9] we extensively work out the MWI in classical field theory. There the MWI can be
formulated non-perturbatively: it is a consequence of the field equations and the fact that
classical fields may be multiplied point-wise. Hence, the classical MWI holds always true.
(This, together with the fact that in the perturbative expansion of classical fields solely tree
diagrams appear, agrees with the triviality of the quantum MWTI for tree diagrams.) The
classical formulation of the MWI shows that there is a close connection to the Schwinger-
Dyson equations.



- the field equations for the interacting fields (sect. 4.1),

- conservation of the energy-momentum tensor (sect. 5.2),

- charge conservation in the presence of spinor fields (sect.4.2),

- ghost number conservation in the presence of fermionic ghost fields (sect.
4.2), and

- the master BRST-identity (sect. 4.4-5), which contains the full infor-
mation of BRST-symmetry [2] for massless and massive gauge fields.

The field equations, conservation of the energy-momentum tensor, charge
and ghost number conservation have already been proved by using other meth-
ods of renormalization (see e.g. [39] for the field field equation and [26] for the
energy-momentum tensor, both are based on BPHZ-renormalization) or/and in
the framework of causal perturbation theory [38],[12], [27], [7]. Using the normal
products of Zimmermann [39], Lowenstein has proved that it is allowed to take
a partial derivative out of a Green’s function, if the degree of BPHZ-subtraction
is lowered by one, see appendix B of [26]. However, we are not aware of a
formulation of the MWT in its full generality in any method of renormalization.

Also the master BRST-identity is new to our knowledge. It is the answer to
the obvious question: what results for

[QO,T(Wl,...,Wn)(l‘l,...,xn)]; (2)

if the MWTI is satisfied? Thereby, Wi, ..., W,, are arbitrary Wick monomials,
Qo is the generator of the BRST-transformation of the free fields and [, ]+
means the Zg-graded (with respect to the ghost number) commutator. There
have been other approaches to formulate BRST-symmetry in the framework of
causal perturbation theory. In particular the 'perturbative gauge invariance’ of
[11], [14] and [33], which was further developed by [36], [20] and [15], suffices
for a consistent construction of the S-matrix in the adiabatic limit, provided
this limit exists. However, this assumption holds certainly not true in massless
non-Abelian gauge theories, it seems that the confinement is out of the reach
of perturbation theory. In massive non-Abelian gauge theories the instability of
physical particles (WW- and Z-bosons, muon and tau etc.) is an obstacle for an
S-matrix description. Our way out is to construct the observables locally (i.e.
with the interaction adiabatically switched off, sect. 4.5), as we have done it for
QED [7]. For our operator formalism the BRST-charge operator of Kugo and
Ojima [22] seems to be the adequate tool to define the BRST-transformation.
But in contrast to this reference we do not perform the adiabatic limit and,
hence, avoid the infrared divergences. The mentioned perturbative gauge in-
variance [11], [14] does not suffice for our local construction of observables in
non-Abelian (massless or massive) gauge theories. But we show that ghost num-
ber conservation and the master BRST-identity contain all information which
is needed for this construction. In particular we will see that the master BRST-
identity implies the perturbative gauge invariance of [11], [14] (and even the
generalization proposed in [17], which is called ’generalized (free perturbative
operator) gauge invariance’ in [15]).

In spite of all these important implications of the MWI, it is difficult to
give a direct physical interpretation of this identity (in its full generality) or to



formulate the symmetry which is expressed by it. We give two partial answers:
- In classical field theory the MWI can be understood as a refined formulation
of the field equations. But in QFT it contains much more information than only
the field equations, because interacting quantum fields may not be multiplied
point-wise, see [9].

- A particular case of the MWTI is a formula for 0y, T (A (2) Bz (y))—T (05, Az (z) B

where Ay, Br are interacting fields to the interaction £ (non-local formal power
series in free fields) and 7T'(...) means time ordering in z and y. This difference
can be interpreted as a rigorous substitute for the equal-time commutator of
Az and Bz:? defining heuristically T(AL ()Be(y)) = def Oz -y AL (2)Be(y) +
O(y° — 2°) B (y) Az (x) we in fact obtain

0o T(Az(2)BL(y)) — T(Day Az (2)Be(y) = 8(wo — yo)[Az(2), Be(y)].  (3)

However, T(...) is problematic: ©(z° — y°)A(z)B(y) exists if A and B are free
fields, but this does not hold for A and B being Wick polynomials, and for
interacting fields the situation is even worse. In addition T() is non-covariant:
for a Lorentz covariant T-product (denoted by T'(...) in the following) and a free
scalar field ¢ we must have the relation 9,7 (¢(x)0,é(y)) — T(0,¢(x)0, P(y)) =
Cgud(x —y) (where C is an undetermined constant), which is obviously not
satisfied by T( ...). But fortunately there is the possibility that the non-covariant
terms (i.e. the terms coming from T'(...)—T(...)) cancel out with other unwanted
terms. This indeed happens for the (interacting) quark currents j*. in QCD:
the (heuristic) equal-time commutator [0, (¢,%), 5%, (¢,%)],k = 1,2,3 has an
"anomalous’ term, the Schwinger term:

[j((z)ﬁ (t7 f)uﬂjﬁ (t7 :‘7)] = ifabcjfﬁ (ta J)) Z Il)al 3) y)? (4)

where S* € C is constant. In formula 11-89 of [21] it is postulated that the
non-covariant terms of 7'(...) are compensated by the Schwinger terms:

8ﬁT(j5L($)ng(y)) - T(aujgﬁ(x)j;;ﬁ(y)) = ifabchL(x)5(4) (z —y). (5)

We will show that this identiy is in fact a consequence of the MWT (sect. 4.3).
We return to the crucial question whether the MWI can be satisfied in agree-
ment with all other normalization conditions. The compatibility with the other
normalization conditions can be proved generally (sect. 3.2). If all fields are
massive there is a distinguished normalization of the T-products, the so-called
central solution [18]. We prove that the central solutions fulfil the MWI (and
all other normalization conditions) if the UV-scaling behaviour of its individ-
ual terms is not relatively lowered (sect. 3.3). This assumption holds mostly
true. However, e.g. for the axial and pseudo-scalar triangle-diagram (90) it is
violated, and this makes possible the appearance of the axial anomaly.

3We recall the well-known fact that interacting fields to a sharp time do not exist, i.e.
[ @z f(&) [ dx® 5(zo —t)Az(z), t €R, f € D(R?), is mathematically ill-defined.

c(),



2 Formulation of the master Ward identity

2.1 The symbolical algebra with internal and external deriva-
tive

To each free quantum field ¢; which appears in the model ((¢;); runs also
through all partial derivatives of arbitrary order of these fields) we associate
a symbol ¢; = sym(¢;) and neglect (for a moment) the free field equations for
the quantum fields. Let P be the unital, Abelian *-algebra* generated by these
symbols. Thereby the symbols corresponding to a free quantum field and to
its derivatives are linearly independent. The x-operation in P corresponds to

taking the adjoint of the free field operators: ¢} = sym(¢;)* def sym(d)f). We
define an internal derivative O" : P — P by ¢ = 8”sym(qbl)d§f sym(0" ¢;)
and the requirements that 0 is linear and a derivation. Now we divide P by
the ideal J which is generated by the free field equations (with respect to the
internal derivative) and denote the resulting unital, Abelian *-algebra by Py,

e P
Py - (6)

Let 7 be the projection 7 : P — Py : A — A+ J. Internal derivatives in Py
are defined by® 9#7(A) défw((‘)”A), and in this sense the free field equations are
valid in Pq. .

In addition we introduce an external glerivativeﬁ 0" on Py which generates
new symbols 9?A (A € Py, a € N}, i.e. 9% means a higher external derivative
of order |a| = ap 4+ a1 + a2 + a3) and is required to be linear and a derivation.
In particular we set 91 d:efO, Va # 0. The Abelian, unital *-algebra (anticom-

muting in the case of Fermi fields) which is generated by these new symbols is
denoted by Py:

Po e \/{0°A| A € Po,a € N} (7)

If (A))jen is a vector space basis of Py, then (5“Aj)jeN7aeNé is a vector space

basis of ’ﬁo. Next we extgnd the external and internal derivatives and the x-
operation to maps Py — Py. For the former two we set

oA Hr 4 grir A Jegb A, YA € Py, (8)

and require that O and 9" are linear and derivations. The k-operation is
extended by (9*A)* dof d*(A*) (A € Py) and by requiring the usual algebraic
relations: anti-linearity, (BC)* = C*B* and B** = B, VB,C € P,.

4In the case of Fermi fields the symbols anticommute.

5Note that this definition is independent from the choice of the representative A.

6This external derivative has nothing to do with the external derivative of differential
geometry.



Finally we introduce the space
D(R*,Po) = Py @ D(RY). (9)

The internal and external derivatives are defined on this space as the operators
O*®1 and 0" ® 1.

Remark: There exists a surjective algebra s-homomorphism & : Py — P. This
becomes clear from the formalism developed in [9]. Namely, we prove in ap-
pendix A of [9] that there exists a map o : Py — P (i.e. ’from free fields to
fields’) with the properties:

(i) mroo =1.

(ii) o is an algebra *-homomorphism, i.e. o is linear, 0(AB) = o(A)o(B) and
o(A*) = o(A)*.

(iii) The Lorentz transformation commutes with o.

(iv) om(P1) C Py, where Py is the sub vector space of P with basis (¢;);, i.e.
the ’one-factor symbols’.

(v) o does not increase the mass dimension of the fields, i.e. on(B) is a sum
of terms with mass dimension < dim (B). In particular we find on(p) = ¢, if
p € P1 corresponds to a free field without any derivative.

(vi) V{0%(A)|A € Py,a € N&} =P.

We now extend o to a map 6 : Py — P by setting

5(07A) ¥ 0%0(A), AePo, (10)

and requiring that & is an algebra x-homomorphism. The property (vi) means
that & is surjective. Let ¢ € P; correspond to a free Klein Gordon field (without
any derivative). Usually it holds om(8”p) = 8”p. Then, 5(8"7p) = 8¢ =
g(0"my), i.e. & is not injective. In [9] an additional symbol ¢* € Py C P
is introduced and the free field equations read 9*¢ = ¢* and 9, p" = —m?p.
Then om(0"¢) = vt + (1 — v)0"¢, v € R\ {0}. Since v # 0 the mentioned
example does not appear and the map o : Py — P constructed in appendix A
of [9] fulfills additionally:

0% (A) drano, V0 #a e NI AcPy. (11)

This relation implies that the corresponding & (10) is injective and hence Py
and P may be identified.

2.2 Inductive construction of time ordered products, basic
normalization conditions (N0)-(N3)

The time-ordered product 7}, (also called "T-product’) is a linear, symmetrical”
map from D(R*, Py)®" into the (unbounded) operators on the Fock space of the

"To distinguish the symmetry of T}, from other symmetries we sometimes call it 'permu-
tation symmetry’.



free quantum fields®. All T-products Ty, (f1 ® ... ® fn), f; € D(R*,Py), n € N,
have the same domain D which is a dense subspace of the Fock space and which is
invariant under all T-products [18]. Sometimes we use 'unsmeared T-products’,
which are defined by

/dxl...da:n Tn(Viy s V) (@1, oy @n) g1(21) o gn (T0) déan(Vlgl ® ... @ Vougn),
(12)

where g1, ...,gn € D(R?), V1,...,V,, € Po.
Let Py >V =[], 5“(k)sym(¢jk). Then we define T} by

1™ [ J[0"6, ). 109" [drg). g D@,
k
(13)

and by linearity, where the double dots mean normal ordering of the free field

operators. We point out that 737 is not injective, because Tl((éaV)Wg) =

T ((8*V)Wg),V,W € Py. However, T} is injective if it is restricted to D(R*, Py).
The T-products are required to satisfy causal factorization®

(Causality) T (fi®...® fn) =T(f1 ® .. ® f&) Tk (11 ® ... ® fn)
if (supp f1U...Usupp fk) N ((supp fre+1 U ...Usupp fn) + V_) =0, (14)

where V_ is the closed backward light cone in Minkowski space. Causality en-
ables us to construct inductively the T-products of higher orders n > 2: if the
time ordered products of less than n factors are everywhere defined, the time
ordered product of n factors is uniquely determined up to the total diagonal

D, déf{(xl, ey @p) | 1 = ... = z,}. Thus renormalization amounts to an ex-
tension, for every n, of time ordered products to D,,. This extension is always
possible, but it is non-unique. It can be done such that the following normal-
ization conditions hold. (Note that these conditions are automatically fulfilled
on D(R*" \ D,,) due do the inductive procedure and causal factorization.)

e Poincare covariance: Let U be a unitary positive energy representation
of the Poincare group 771 in Fock space. U induces an automorphic action a of

731 on D(R*, Py) by the definition

Ti(ar(f) € AAUL)Ti(f),  YfeD®RLPy), LePL,  (15)

because Ti is injective on this subspace. We extend ay, to D(R*, Pg) by the
prescription that 9°f transforms in the same way as 0%f. More precisely let

8In [9] and [10] the arguments of T}, are elements of D(R*, P)®". According to the above
Remark, the two formalisms essentially agree.
9This is the reason for the name ’time ordered product’.



f=X,Vi®g,V; € Py, g; € D(R*). From (15) we know the transformation of
0%f, which can be written in the form

a(Aﬂ)aaf = Z o'V, ® D(A)jig(A,a)jv L= (A, a) € 'Pl, (16)

(2]
where g(a,q) () défg(A_l(x —a)). Then we define

= def =
Oé(A’a)aaf = Z oV; ® D(A)jig(A,a)j7 (A,a) € 'PJTF (17)
4,7
One easily verifies ar,r, = ap, o, and that equation (15) holds true for the

extended oy, i.e. for all f € D(R*,Py). The normalization condition expressing
the Poincare covariance of the time ordered products reads

(N1) AdUL)T(fi ® ... ® f)) = T(ar(fi) @ .. ® ar(fn)), LePlL.

For pure massive theories the so-called ’central solution/extension’ (see [18] and
sect. 3.3) is Poincare covariant. For theories with massless fields the existence of
a Poincare covariant extension has been proved (in [37] and in the second paper
of [11]) by tracing it back to a cohomological problem; an explicit solution has
been given in [6].

e Unitarity: To explain what we mean by ’unitarity’ we introduce the
S-matrix (as a formal power series) which is the generating functional of the
T-products

oo

S(f):1+Zng(f®...®f), f € D(R*, Py). (18)

n=1

Since the zeroth order term does not vanish, it has a unique inverse in the sense
of formal power series

(=9)"
!

n

SHP=1+) To(f®...®f), (19)

where the ’anti-chronological products’ T'(...) can be expressed in terms of the
time ordered products

To(fio.of)® S )P Ty (®enf) . (20)

PeP({1,...,n}) peP

(Here P({1,...,n}) is the set of all ordered partitions of {1,...,n}, |P| is the
number of subsets in P and |p| is the number of elements of p). The reason for the
word ’anti-chronological’ is that the T-products satisfy anti-causal factorization,
which means (14) with reversed order of the factors on the r.h.s.. Unitarity of
the S-matrix is expressed by

S(HT =871 (21)



(* means the adjoint on D, (¢, BY)) = (B*¢,v), ¢, € D.) Hence, for the
T-products we require the normalization condition

(N2) To(fr® .. @ fu) =Ta(ff ®...® f2),

which can easily be satisfied by symmetrizing an arbitrary normalized T-product
(see [18]).

e Relation to T-products of sub-polynomials: Let G C Py be a linearly
independent set of generators of Py, i.e. G is a (vector space) basis of 7P; (see the
Remark in sect. 2.1 for the definition of P;). Then = {8“4,0 |y € G,ae NG}
is a set of linearly independent generators of Py. We define the commutator
“function’ A, , by

i/M@WW@%M%M¥WWWﬂwW4WEQ (22)

Every V € Py can uniquely be written as a polynomial in the generators G. By
partial differentiation in this sense we obtain a sub-polynomial ‘g—‘;, VYo € G. For

flx) =%, fi(@)V;, fi € D(RY), V; € Py, we set

Y G 23)

For ¢ € G we analogously define % to be a linear derivation Py — Py
(D(R*,Py) — D(R*, Py) resp.) with

8(8(190 def ox
A b = bably.0r Xo@ €G. 24
9(91) ) 758 00,0 X ( )

The derivation property of the commutator [-, 77 (xg)] implies

[Tl(f)aTl(Xg)] =1 Z Tl( ;Z‘Aw X *g) Vf S D(R4,750), X € G, g € D(R4)’
veg
(25)

where * means convolution.
We now generalize the normalization condition (IN3) of [7] to the present
framework: we require

(N3 [Talfi 8 fa). Tixo)] =
S e @G B r g ) (20)
=1 yeg

where f1,..., fn € D(R‘l,’ﬁo),x € G. The r.h.s. is well-defined because Ay *g
is a smooth function.

10



We point out that the defining properties of the T-products given so far
(linearity, symmetry, causality, (N1), (N2) and (N3)) are purely algebraic
conditions, they are independent from the choice of a state. In the realization
of the T-products as operators in Fock space, (N3) becomes equivalent to the
‘causal Wick expansion’ of Epstein and Glaser'?, see [18] sect. 4.

e Scaling degree: (N3) gives the relation to time ordered products of
sub-polynomials. Once these are known (in an inductive procedure), only the
C-number part of the T-product (which is equal to the Fock vacuum expectation
value of the T-product) has to be fixed. Due to translation invariance this scalar
distribution depends on the relative coordinates only. Hence, the extension of
the (operator valued) T-product to D,, is reduced to the extension of a C-number
distribution ¢ty € D'(R*™=D\ {0}) to t € D'(R*™~ D). (We call t an extension
of to if t(f) = to(f), Vf € D(R* ™1\ {0})). The singularity of to(y) and t(y)
at y = 0 is classified in terms of Steinmann’s scaling degree [35, 5]

sd(t) Linf{s e R, lim At(Az) = 0}. (27)

Note
sd(9%) = sd(t) +]a|  and  sd(6(™) =m, (28)

where 6(™) denotes the m-dimensional §-distribution. By definition sd(ty) <
sd(t), and the possible extensions are restricted by requiring

(NO) sd(to) = sd(2). (29)

Then the extension is unique for sd(tp) < 4(n — 1), and in the general case
there remains the freedom to add derivatives of the d-distribution up to order
(sd(tg) — 4(n —1)). In formula:

t(y) + > Cad*3(y) (30)

|a|<sd(to)—4(n—1)

is the general solution, where ¢ is a special extension [5, 28, 18], and the constants
C, are restricted by (N1), (N2), permutation symmetries and the normaliza-
tion conditions (N) (normalization of time ordered products of symbols with
external derivative) and (IN) (MWI) below. For an interaction £ with UV-
dimension dim(£) < 4 the requirement (29) implies renormalizability by power
counting, i.e. the number of indeterminate constants C, in (T, ((9£)®™))n (g9 €
D(R*)) does not increase by going over to higher perturbative orders n.

In the seminal paper [18] Epstein and Glaser prove that there exists an
extension to D, which fulfills the normalization conditions (N0)-(N3), but
they say only few about further symmetries which should be maintained in the
extension, e.g. the field equations or gauge invariance. The MWI is a universal
normalization condition which summarizes the request for most of this further
symmetries’.

10Epstein/Glaser do not use this name, but it appears e.g. in [5].

11



2.3 Normalization of time-ordered products of symbols
with external derivative

The aim of this subsection is to fix the normalization of time-ordered products of
symbols with external derivative(s) in terms of time-ordered products without
external derivative. This fixation is a necessary ingredient of the formulation of
the MWI, because T-products of symbols with external derivatives unavoidably
appear in the MWI. Heuristically the external derivative is a derivative which
acts after having done the time-ordered contractions of the corresponding sym-
bols (free fields resp.), e.g.

T 1((0V)g@Wifi @ . @ Wi f) =
/dx dxy..dxy, g(z) fr(z1). fr (@) 0L T(V, W, e, Wi ) (2, 1, ooy )
—Tn_:,.l(Van@Wlfl 0 ---®ann)a (31)

where W, ..., W,, € Py. However, there are other time ordered products involv-
ing factors with external derivatives such as (0*V)W which cannot be defined
in this way in terms of time ordered products of factors without any exter-
nal derivative. Hence we proceed in an alternative, recursive way: we give an
explicit expression for the difference

Tos1(Q"VIWg@Wifi @ .. @ Wi fn) — Tni1 (0" VIWg@ Wi fi @ ... @ Wi f)
(32)

where V, W, W4, ..., W, € Py. For this purpose we introduce some notations: by
means of the Feynman propagator Afﬂl’

/ dr dy f(2)g()iAL ,(z — y) € (Q To(xf ©¥9)Q), x,0€G, f,g € DRY),

(33)
(where €2 denotes the Fock vacuum) we define
o, oAl AL L xved. (34)

Inserting the causal factorization of Ta(...)(x,y) for & # y we find that §* is a
local distribution, hence it has the form

Z xwa 9% (35)

a€N}

where the C)’: wia € C are constant numbers. Then we define

At o DR, P)*? — DR, Py)
Avu(Ve,Wf) = Z obial— 1 Z
0<b<a
|
b,(cf”—_)wb YW (9@ g)f (36)

12



where |a| = ap + a1 + a2 + a3 and a! = Hu ay!. This formula is motivated by
the identity

/ 0z 0°6(z — )V (2)g(@)W (1) (y) =
Z <—1>'“'b,(%iw<abv><y>w<y><a<“b>g><y>f<y>, (37)

0<b<a

where V(z) and W (y) are here Wick polynomials (cf. (13)). The subtle point
in the definition (36) is that the derivative on V on the r.h.s. is an external one.
This results from the derivation of the MWI in classical field theory [9]. And,
if the derivative on V would be an internal one, we would get wrong results,
e.g. for the BRST-transformation of the interacting gauge field in non-Abelian
models (179).1' Note that A;’w is not invariant with respect to the exchange
of its arguments.

We are now going to compute the difference (32) on a heuristic level accord-
ing to our prescription that the external derivative acts after contracting. Let!?
V=Tl ox W = [Ticpis @k 9k € G, @ = 0™ sym(¢i). We consider the
sum of diagrams in which ¢1,...,¢; (I < m) and ¢umy1, ..., ¢4 (¢ < p) are con-
tracted and ¢i11, ..., Pm, Pg+1, ..., ¢p are not. By means of the Feynman rules
we compute the contribution of this sum of diagrams to the first T-product in
(32):

T ("VWg@Wifi®..) = Z jita

T15-0T14q

{8;’ (A51,~(m — xm)...Agh,(a: — xm))AF (x — x,«l+1)...qu7,(a: — xm+q7m) .

Pm+1,°

T (@1, ) [ 0% k(@) [ 0%er(a): +

k=141 k=q+1

Ailw(x - x’"l)"'Aiu'(x - xrl)Aierlw(x - x’"l-%—l)"'qux'(x - xTH—q—m) ’

L T() (@1, e 2a)02 (0[] on@) - [] 0™ () :}+..., (38)

k=141 k=q+1

where the double dots simply mean that the ¢ (z), k=1+1,....,m,qg+1,...,p
are not contracted. (Note that normal ordering is defined for monomials only,
not for polynomials.) With (38) we obtain the following heuristic result for the

10On the heuristic level of the Feyman rules this can be understood as follows (for sim-
plicity we assume |a| = 1): one shifts the derivative 0 from the difference (34) of Feynman
propagators 6* ~ 9(z —y) to V(x), however the (time-ordered) contractions of the legs of V'
are already performed, i.e. 9V must be an external derivative. Thereby the term VW (9g)f
is the boundary term.

121n this calculation the indices k of ¢y, and ¢, have nothing to do with the ones introduced
in sect. 2.1.
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difference (32)

l
-] F F F
o it AL (z—ap,). 08, (- 2n) AL (m—2)AL L (@ 2).
t=1

T1,--5Tl+q
m P

AL (=) T @) [ 0™ k(@) - [ 0™ ér(@) : ...
k=Il+1 k=q+1

(39)

We now require that this structure is maintained in the process of renormaliza-
tion:

(N) Tn+1(
T%+1(
iy

m=1

QW1 f1 & ... ® ann)

IVIWg@Wifi ®...@ W fn) =
V)

(
(O"VIWgeWifi®...0 Wy fn)

OV W,
Zﬂi)Tn( w(@w% o0 fm)
X,YEG

where V, W, W1, ..., W, € Py, the sign () comes from permutations of Fermi
operators and m means that the corresponding factor is omitted. We now as-
sume that (N) holds true to lower orders < n. Then, due to causal factorization
of time ordered products, we conclude that the condition (N) is satisfied for
supp (9 ® f1 ® ... ® fn) N Dpy1 = 0. Hence (N) is in fact a normalization con-
dition. It can be satisfied by taking (N) as the definition of the normalization
of Tp41((0"VI)Wg @ Wi f1 ® ... ® Wy frn). There is only one non-trivial step in
this procedure: the compatibility with (N3). This is shown in sect. 3.1.

In models with anomalies, i.e. terms which violate the MWTI (see the next
subsection), the normalization condition (N) will be modified: in order that
(31) holds true these anomalies must be taken into account in the difference
(32), they give an additional contribution to the r.h.s. of (N) (cf. sect. 5).

In particular the normalization condition (IN) implies

ALy, o = (—Dlloea*al .., e e €g, (40)
and hence
55“%,5%: - (_l)lb‘aaabég]m’ i1 €G. (41)

By repeated application of (N) and (Q, T} (Uh)Q) = 0 for PooU # A, AeC,
one finds

@1 ([T0"" eirg© (T] 0" e)r) Q) =
k=1 k=1
@1 ([T esig @ ([T " u)f)) (42)
k=1 k=1
(k) (k)

for r > 1, where ¢, € G Vm, a®) = (a(()k), ay ,aék), ay”’) and similar for b(*).,
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2.4 The master Ward identity
The MWTI is an explicit formula for the difference

BTV, Wy, s W ) (@, 21, ey ) — T(O"V, We,y oo, W ) (@, 21, oy T ) (43)

where V, W1, ..., W, € Py. It may be regarded as the postulate that the recursive
definition (N) reproduces, in the case W =1 and V, Wy, ..., W,, € Py, the direct
definition (31) (see the Remark below). However, this is a very technical and
indirect way to the MWI. We found it by the following, intuitive procedure:
the result of the Feynman rules for the difference (43) is obtained from (39) by
choosing ¢, € G, Vk, and putting W =1 (i.e. p = ¢ =m). The MWI requires
that renormalization is done in such a way that this heuristic result is essentially
preserved:

(N) T 1(Vo"geaWifi®..oW,f,) =
T 1 ((0"V)g @ Wif1 @ ... @ W f)
N , OV 0w,
3 3 A G T

SWLfL® ... @ ann)
(44)

where VW1, ....W,, € Py (not € Py), the sign (£) is due to permutations of
Fermi operators and 7 means that the corresponding factor is omitted. We
recall that A* contains external derivatives. To give the correct formula for the
difference (43) one needs the external derivative or an equivalent formalism (for
a latter see [9] and the Remark at the end of sect. 2.1).

Remark: Tnstead of requiring (N) and (N), one can take (31) and (N) as the
primary normalization conditions, because the latter two imply (IN). This alter-
native and more compact formulation is the straightforward way to formulate
the quantum MWI [9], when departing from classical field theory. However,
the advantage of the present procedure is that it explicitly distinguishes the
'weak’ normalization condition (N) (which only defines the normalization of
the time ordered products with external derivatives) from the ’hard’ one (N)
(which expresses deep symmetries). This distinction plays an important role in
our (incomplete) proof of the MWT (sect. 3).

We now assume that (N) holds true to lower orders < m. Then, due to
causal factorization of time ordered products, we conclude that the condition
(N) is satisfied for supp (¢ ® f1 ® ... ® fn) N Dpt1 = 0. Hence (N) is in fact a
normalization condition. The compatibility with (NO)-(IN2) is trivial and the
compatibility with (N3) is proved in sect. 3.2. The hard question is whether
(N) can be satisfied by choosing suitable normalizations (which are compatible
with the other normalization conditions). The answer depends on the model.
We will see that the MWI implies that there is no axial anomaly and no trace
anomaly of the energy momentum tensor. Hence it must be impossible to fulfil
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the MWI in these cases. Generally we call any term that violates the MWI (and
cannot be removed by an admissible, finite renormalization of the T-products)
an anomaly.

If there is at most one contraction between V' and W1, ..., W,, (i.e. we have
I =0o0r! =1 and of course p = ¢ = m in (39)) the expression (39) is well-
defined and (re)normalization can be done such that (39) gives the contribution
of these diagrams to the difference (43). In other words one can fulfil the MWI
(N) for these ’tree-like’ diagrams. The anomalies must come from ’loop-like’
diagrams. In sect. 5 we give a more general formulation of the MWI which
takes anomalies into account.

3 Steps towards a proof of the master Ward
identity

We have to show that there exists a normalization of the T-products which
satisfies (N), (N) and also (N0)-(N3)). The compatibility of (N) and (N)
with (N0)-(N2) is obvious, but the compatibility with (IN3) requires some
work which is done in the next two subsections. The proof of (N) is then easily
completed (sect. 3.1).

But a general proof of (N) is impossible, since it is well-known that there
exist anomalies in certain models. If solely massive fields appear and if the
scaling degrees (29) of the individual C-number distributions appearing in (N)
are not relatively lowered'®, we can give a constructive proof of (N) (sect.
3.3). More precisely we show that the so-called 'central solution’ of Epstein and
Glaser, which is a distinguished extension ¢(¢) € D'(R¥) of to € D'(R* \ {0}),
satisfies (N) in this case.

3.1 Proof of (N)

The nontrivial part in the proof of (N) is the compatibility with (N3). The
keys to show this and the compatibility of (N) with (N3) (see sect. 3.2) are
the following two Lemmas:

Lemma 1: Let V € Py, p,¢b € G and f,h € D(R*). Then the following

13We explain what we mean by this expression for the example of the identity Oty =
ta  (ti,t2 € D'(R¥)). According to (28) we naively expect sd(t1) + 1 = sd(t2). We say
that the scaling degree of ¢1 (or t¢2 resp.) is relatively lowered if sd(¢1) < sd(t2) — 1 (or
sd(t2) < sd(t1) + 1 resp.).

A relative pre-factor m® (m = mass), a > 0, indicates a relatively lowered scaling degree.
Let Oyt = m®ts and we assume that ¢1 and 2 contain no global factor m® (b € R\{0}). Then,
for dimensional reasons, the scaling degree of t2 is relatively lowered: sd(t2) =sd(t1) +1 — a.
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identities hold true within D(R*, Py):

a! oV
b a—b
) Ayy*h= f%();b; x 83 O IA, yxh  (45)
pE a
! bé)V (a=b) A
fz Dpwxh=F3 D s SOy kb, (16)
e 4Pego<b<a !

where again a! =[], a,,!
Proof: We first prove (45) for |a] =1, i.e.

Apyxh=f [0" q:w*tha—a“Aw*h] (47)

0eg 0eg

It suffices to consider the case in which V is a monomial. The proof goes by
induction on the degree of this monomial. The case V = 1 is trivial. Let
V = xW, x € G, W € Py. By assumption W satisfies (47). Inserting now
V = xW into (47) and using this assumption most terms cancel and it remains
to show

prh=F>" Z—ZW(‘)“AW * h. (48)

0eG 0eg

The Lh.s. is equal to fWAguy 4 *h and the r.h.s. to fWO*A, 4 xh. Obviously
these two expressions agree.
To prove (45) for arbitrary |a| we proceed by induction on |al:

fZ a“aa Ay yp*xh=

peG
fZ[(a“%m@wm
@EQ 14

oV oV
Y a9 aﬂaba JOVIA, *h+(8b%)8‘L8(“‘b)A%w*h]:

peG 0<b<a

2(0V) ..,
A, =
Op a5 2 *h]

+e, ! ov a+te; —
f Z Z M(ab—)a( ten ”’Aw * h, (49)

| —b)!
b 0<hitaren) bl(a+e,—0b)! dp

where e, = (0,...,1,...,0) with 1 at the p-th position. First we have used (47)
(with V replaced by 9*V) and in the second equality sign we have inserted (45)
(which is the inductive assumption) and 0* ® 1 applied to (45) (cf. (9)).

The proof of the second identity (46) is completely similar. One simply has
to replace the internal derivatives 9* ® 1 by external ones 9* ® 1. In particular
the validity of the equation corresponding to (48) relies on Aé"'x,w =0*Ayp.
O
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By means of Lemma 1 we will prove
Lemma 2: Let V,W € Py, x,%,x € G and f,g,h € D(R*). Then

OA" (Vg W)

LAY
0 o
peg 4
1% . ow
DAL (G 9B W)+ ML (Vo G f Bk ) (50)

veG

Proof: Using the explicit form (36) for A* the Lh.s. of (50) is equal to

. a(5<a—b>v
chﬁ,w;a l ! Z b' a_ dp )W(ﬁbg)f

a peg 0<b<a

+(5(“_b)V)a—¢(3bg)f]A¢,n * h. (51)

Again by means of (36) the r.h.s. of (50) can be written as

b!
ZZ xwa ‘a‘ Z bl(a —b Z cl(b—c)!

@ ped 0<b<a 0<ce<b
=y OV . . a—b)y IW
@ b>%)W(8 9)O"IA, . xh)f + (D ”)V)8 (0°9) f (D% 1)), (52)

Due to (46) the expressions (51) and (52) agree. O

We now come to the proof of (N), i.e. we show that there exists a normaliza-
tion of the T-products which satisfies (N0), (N1), (N2), (N3) and (N). Let
the T-products fulfil the first four of these normalization conditions to all or-
ders. In a double inductive procedure we assume that (N) holds to lower orders
< n and for all T-products to order n + 1 of sub-polynomials. More precisely,
the second induction goes (for each fixed n) with respect to the 'polynomial

degree’ d which is the sum of the degrees of the polynomials Vi, ..., V,, € Py in

To(Vigh @ ... @ Viugn): A< |Vi|+ ...+ |Via|. Note [99V| = [V| = |§9V|. By using

(N3) we want to show that the commutators of the Lh.s. and of the r.h.s. of
(N) with T3 (kh) agree. The commutator of the Lh.s. is equal to

8”‘/ 8W
Zé[ n+1( (p ) (8” ) 830 ]g(A%m*h)@Wlfl@m) (53)
! ZT"+1 ((5VV)WQ © Wlfl ®...® 8{;}::1' fj(Aw,n * h) ® )} (54)
J

To compute the commutator of the r.h.s. of (N) with T} (kh) we use again (N3)
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and in addition Lemma 2. We obtain

z%:g[ nﬂ( aV)W+(a” )%Z]Q(Aw*h)@mfl@...) (55)
]

+ZTn+1([ VIWg@Wifi ® .8 Vijj(Aw*h)@...) (56)

< L, 02V oV oW W,
H %@<i>Tn([Ax,w([w—8XW+ S a9 L) (5)
M=

oV
+AX”¢)(8 I/I/g7 a aw

HOY S @ (AL (G W ) e Wi e

: ) . 0
m,j (m#5) x, G

= fm(A cpn*h))}®W1f1®...m...> (58)

8 .
e ® al@]fj(Aw *h) @ )} (59)

Due to (N) for subpolynomials we have the following equations:
(second term in (53))=(second term in (55))4+ (second term in (57))
and (54)=(56)+(58)4(59).
To get the equality of (53)4(54) and (55)+(56)+ (57)+(58)+(59) it remains to
show:
(first term in (53))=(first term in (55))+ (first term in (57)). (%)
To verify this we insert (47) with 0" ® 1 replaced by 9" © 1 into the first term
in (53) and the original (47) into the first term in (55). The remaining terms in
(*) cancel by means of (N) for subpolynomials.

From the just now proved result we conclude that (N) can be violated by a
C-number only:

T2 (0 V)YWg@Wifi ®...) = T (0"V)Wg @ Wi /1 ® ...)
@ 3y, W )
—t Zl Z ( 3 Wy, —— B f ) Q@Wifi® m) =
m=1ypeg
(QUT1(("VIWg @ Wi f1 @ .)|92) — (T (9V)Wg @ Wi f1 ©..)|Q)

— Zl Z~(i)<Q|Tn( (gVW% 8;[; fm) @Wif1 ® m>|Q>
m=txpey

def

= (g, f1, s fn)- (60)

Due to causal factorization of the T-products and the validity of (N) to lower
orders < n, the possible violation a(g, fi, ..., fn) of (N) must be local

a(g, fi, .. fn) = /dxdxl Az, Z Co0%(x1 — 2,y oy Ty, — ) g() f1(21) - fr (T1),
|a|=0
(61)
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with unknown constants C, and

W sA((QI T 1 (B V)W, Wi, e, W) |Q)) — 4. (62)

After the finite renormalization

QT 1 (" VIWg@ Wi fi ©..)|Q2) —
QT 1 (V)W @ Wi f1 @ ..)[Q) — alg, fi, ) (63)

(N) holds true. By construction (in particular (62)) this renormalization re-
spects (NO). From the definition (60) of a(g, fi,...) we see that (63) maintains
(N1), (N2) and the permutation symmetry of (Q|Ty1((8*V)W, W1,...)|Q).
However, in general (63) violates (N3), namely in the cases in which T}, 1 (8" V)W, W1, ...)
appears on the r.h.s. of (N3).!* So we everywhere repair (N3) by a chain of
finite renormalizations of T-products of order n + 1 with polynomial degree
d > V| 4+ W]+ [Wi]| + ... + |[W,|."> It is obvious that this can be done such
that (NO), (N1) and (IN2) are preserved. The validity of (N) up to order n+ 1
and polynomial degree |V|+ |W| + |Wi| + ... + |W,] is not touched by these
renormalizations. So the inductive step is finished. O

In other words, the compatibility of the renormalization (63) with (IN3)
follows from the following general observation: (N3) determines the operator-
valued map T}, completely in terms of the C-valued map (Q|T;,(-)|Q2) : D(R*, Py)®" —
C. However, (N3) does not give any relation among the vacuum expectation
values of the T-products, they may be arbitrarily given. Hence, renormaliza-
tions of the vacuum expectation values of the T-products are not in conflict
with (IN8). We will use this second way of argumentation in the following.

3.2 Compatibility of the master Ward identity with (N3)

We start with T-products which fulfil (NO), (N1), (N2), (N3) and (N) to
all orders. We use the same double induction as in the preceding subsection:
we assume that (N) holds to lower orders < n and for T;,41 restricted to the
elements of D(R*, Py)®"t! with a lower polynomial degree.

By means of (N3) we are going to prove that the commutators of the Lh.s.
and of the r.h.s. of (IN) with 71 (xh) are equal. For the Lh.s. it results

v
= [TnH (550" 9(Bpnrh) @WLSH ®..) (64)
@
pEG
= oW,
+3 T (Vorge Wifi ©.. @ 8—¢lfl(AW xh) ® )} : (65)

=1
14 The cases of (N3) in which Tn_'_l((él:V)W7 W1, ...) appears on the Lh.s. remain true,
because only the C-number part of Ty, 41 ((0¥ V)W, W1, ...) gets changed.
15The vacuum expectation values of these T-products remain unchanged; solely the operator
parts get renormalized.
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By using again (N3) and in addition Lemma 2 we compute the commutator of
the r.h.s. and obtain

’LZ{ n+1 V)g(A¢7K*h)®W1f1 ® ) (66)
peG SO
A(@V)geWifi®..o 83% Bpexh)®.)  (67)

n
+2.T
1=

+1

S T o ). B )9

=1x,9€g
ov 0w,
+A>V<w(a 95 8000 = f (A m*h))} ®W1f1®...7h...) (69)
8V oW,
+ ) Ta(AY Y 0w " fn) @ Wifi ® ...
1 (i#m)
...m...®%—Zflﬁ(A%n*h)®...))}. (70)

The validity of (N) for sub-polynomials implies
(65)=(67)+(69)+(70).
It remains to prove
(64)=(66)+(68). (xx)
After inserting (47) into (66) this equation (x*) takes the form of (IN) for some
sub-polynomials, which holds true by the inductive assumption. O
As in the case of (N) (60)-(62) we conclude that the operator identity (IN)
can be violated by a local C-number a(g, fi, ..., fn) only:

(g, f1,eoes ) E QT 1 (VO g @ Wi f1 @ )| +
(U1 ((0"V)g@ W1 f1 ® ...)|Q)

#Y S @i (A (G B ) e win e e @

m=1x,%€g

The aim is now to remove a(g, f1, ..., f») by finite renormalizations of the vacuum
expectation values (|T(...)|2) on the r.h.s.. Such renormalizations are not in
conflict with (IN3) (see the end of the preceding subsection). So we have proved
the compatibility of N with (IN3).

We discuss the possibilities to remove a(g, f1, ..., fn):

(A) The finite renormalization

QT2 ((0"V)g @ Wi fi®...)[Q) —
<Q|Tn+1((auv)g ® Wlfl &® )|Q> - Cl(g, fla )a (72)

does this job and is compatible with (N0)-(N3), (N) and permutation symme-
try. However, this procedure works only if 0¥V # 0 and if sd(<Q|Tn+1 OV, Wy, ...,
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sd((QTn41(V,W1,...,W,,)|Q)) + 1. In case that the latter does not hold one
gets in conflict with (NO). This happens e.g. for the axial and pseudo-scalar
triangle-diagram, see (90). In many important applications of the MWI V' cor-
responds to a conserved current (i.e. ¥V = 0), for example V = 1)y, or if V
is the free ghost current (cf. sect. 4.2 for both) or the free BRST-current (sect.
4.4).

(B) If (72) does not work one tries to satisfy (IN) by renormalizing also
(QT41(V, W1, ...)|Q) and eventually (Q|T, (A;,w (...), Wl) |2). This method
does not ensure success. In detail one proceeds in the following way:

(B1) a(g, f1,...) has the form (61) with w sd((QTns1 (V, W1, ..., W) Q) +1—
4n. Using symmetry properties (e.g. Poincare covariance, permutation symme-
tries) of the r.h.s. of (71) the constants C,, (we use the notation of (61)) can be
strongly restricted.

(B2) One works out the freedoms of normalization (30) of (Q|T,+1(V, W1, ...)|Q),

(Q|T0s1 ((8¥V), W1...)|Q) and eventual (Q|T,, (A”(...), Wl...> Q) (the second is
only available if *V # 0) which respect (N0)-(N2), (N) and permutation
symmetry. Renormalizations of (Q|T, (A”(...), W1> |Q) are also restricted by

the validity of the inductive assumption for (N).

(B3) One then tries to remove the remaining a(g, f1,...) by using the freedoms
which result from step (2).

Because the restricted a(g, f1,...) (step(1)) and the free normalization poly-
nomials (step (2)) depend strongly on (V,W1,...,W,,), one has to treat each
combination (V, W1, ..., W,,) separately and this gives quite a lot of work. This
method was used in [11] to prove 'perturbative gauge invariance’ (which is equa-
tion (148) with j; = ... = j, = 0) for SU(N)-Yang-Mills theories. To restrict
a(g, f1,...) sufficiently a weak assumption about the infrared behaviour was
necessary. (However, if this assumption would not hold, the Green’s functions
would not exist.)

3.3 Proof of the master Ward identity for solely massive
fields and not relatively lowered scaling degree

We return to the end of sect. 2.2 and set

w(to) < sd(ty) — 4(n — 1). (73)
A possible extension t € D'(R* 1) of t5 € D'(R*™= 1 \ {0}) which respects
(NO) is given by (cf. [5],[28])

), h) % (10, ™)), Wh e DRAD) (74)
where
. w(to) 20
R () e h(z) — w(z) Z E(é)(‘h)(O)7 w € D(R*~Y), (75)

la]=0
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and there exists a neighbourhood U of 0 € R*"*~1) with w|y; = 1. A change of
w alters the normalization of t(*). For w(tg) < 0 we have h(*) = h in agreement
with the fact that the extension is unique in that case. Because there is no
Lorentz invariant w € D(R*"~1) the extension () is not Lorentz covariant
and one has to perform a finite renormalization (30) to restore this symmetry
(see the second paper of [11] and [6]). To avoid this one is tempted to choose
w = 1. But A(®=Y is not a test-function. However, if all fields are massive
the infrared behavior is harmless and Epstein and Glaser [18] have shown that
one may indeed choose w = 1 in this case. The extension ¢(¢) 4l 4 (w=1) i5 called
"central solution’ (or better ’central extension’ in our framework) and it was
pointed out that it preserves nearly all symmetries [18], [13], [32] 6.

We are now going to show that the central extensions fulfil the MWI provided
the scaling degree is not relatively lowered for the individual, contributing C-
number distributions (a precise explanation of the latter expression is given

16Epstein and Glaser have proved that one may choose w = 1 for the method of distribution
splitting. In this footnote we show how their result applies to our extension procedure (74).
From Epstein and Glaser [18] we know to € S’(R*»~1 \ {0}) and hence t(*) € §'(R* 1)),
so we may use Fourier transformation. Epstein and Glaser have proved that in the massive
case the Fourier transformation #(*)(p) (and therefore any extension (30)) is analytic in a
neighbourhood of p = 0. Then they define the central extension ¢(¢) by

9% (0) =0  Vla| < w(to). (76)

The Fourier transformation of t(*) reads [28]

w(to) 4
1)) = o) = 5 710" (fow)(0). (77)
la]=0 "

Note tow = (27)~ Zfgxw € C, i.e. 9% (fow)(0) exists. Using the definition (76) of the central
extension we now find

w(to) 4 w(to) o
1) = 1) = D2 P @ 1)(0) = do(0) = > T (0%E0)(0). (78)
la|]=0 " la]=0 "

We see that we may set w = 1 in (77) and hence also in (74), and that this choice is the
central extension.
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below in (87), (88)). We define £/(¢), ¢(¢) and tb”;(;)w to be central extensions:

/dm day.day (21 — 2, oy 20 — 2)g(@) f1 (1) ()
QT 1((0V)g @ Wi fi ® ... @ Wi f) | (79)

/dm A 2O (21 — 2y oy 2 — 2)g(2) f1 (1) o fr ()
(QUT 1 (Vg @ Wifi @ . @ Wi f)| Q) (80)

Z/dm dxy...dz, tb”;(;,)w(xl — Ty My Ty — L) -
b
(08) (2 — 2)g() 1 (21) - fr () =

v oW, ) .
<Q|Tn( ;w(a—xg,wfm)®W1f1®...m...®ann)|Q>(), (81)

where we have taken the definition (36) of A* into account!”. The corresponding
non-extended distributions are

t, toe D'R™\{0}) and t}, .0 € D' R™ D\ {0}). (83)

In the preceding subsection we have learnt that the validity of (N3) reduces
the proof of the MWI to the vacuum sector (see (71)). So we only have to show

—0"t (1, ey yn) = T (Y1, s yn)

n
+i DS (B 1 Yy ity Yo = Yin) O (i), (84)
m=1x,9€G

where
ooy . oy (85)

By causal factorization and induction we know that this equation is fulfilled by
the corresponding non-extended distributions (83). Setting y = (y1,...,yn) We

TFrom (36) we see that <Q\TR(A“() ® Th) |)(€) is of the form

S H(f1 9. @09 fn® ... ® fa) =
b
Z /d;r day...dxp ty(T1 — Ty o0, Ty — T ) (O°8) (@, — ) g(2) f1 (1) fr(Tn),  (82)
T

Eb c D’(R4n), ty € 'D/(R4(n_l)).
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obtain

w(to) a
—(27190). 1)) = (tow). [0"h(y) = Y L@ m)(0)]) =

la]=0

w(to)+1 Y

(to(y),(‘)”[h(y)— > E(é“’z)( )])=
la]=0
w(to)+1 ye
(). 1w~ > L@n))
|a|=0

+ZZ DONE: (tbwo Yoy oo T Yo — Y )OS (Yo, [ (y)

m=1x,Y€eg
w(t0)+1 a

- Y Lemo)).

la]=0

If the scaling degree is not relatively lowered, more precisely if
w(ty) = w(te) +1

and

W(tz;x,w;o) = w(to) +1- |b|a Vba VXﬂl) S gv

(86)

(87)

(88)

then the terms in the final expression of (86) are the central extensions. For the
tg-term this is obvious. To verify this statement for the ¢}, . -terms (we omit
the indices v, x, % in the following) it suffices to consider the term m = n and

test-functions of the form h(yi,...,yn) = h1(z1, ..., 2n—1)h2(2,) where

def
2= (215 2n) = (Y1 — Yny oy Yn—1 — Yns Yn) = : Ay, A€ SL(n,R).

Then we have

w(tp;0)+|b] ye
My)— D L)) =
|a|=0
w(te0)+Hbl
(@ ha)(z) = D L ((AT9)" (s ® ha))(0) =
|a]|=0
W(tb;0)+‘b| La
(m@ho)(=) = Y ZH(0"(h ©h2))(0)

la|=0 ’

where AT denotes the transposed matrix and we have used y® - (A79)* =
(Ay)* - 0. We set a = (a,a,) and z = (Z,2,). Then the last term in (86)
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can be transformed in the following way:

“J(tb;O)‘i“bl a
ol

(tb;O(yl — Ynror U1 — Yn)O"0(yn), [y) — Y ‘Z
laj=0

(@"m)(©0)]) =

Y

Wty Hl g

(00 (2)0%6(z), [r (2)ha(z0) = 30 20" h)(0)(0° ha)(0)]) =

||+ Jan|=0 A Q- z
w(tei0) _g
(=D (@) (0) (0 (), 11 () = Y- S (@"h)(0)]) =
la|=0
(4 (2)0%6(0), 1 (2)ha(z0)) =
(tgc) (Y1 = Yns oo Yn—1 — Yn) 00 (yn), h(y)> : (89)

Y

Summing up we find the assertion (84) if (87) and (88) hold true, otherwise
we have over-subtracted extensions. Note that this proof works also for t§ = 0
and hence (¢ = 0. Obviously this method fails for extensions ¢(*) (74) with
w € D(R*™V), because additional terms ~ §”w appear in (86).'* O

In case of the axial anomaly we set j%; def PyryOep, jH def PyH*p and jr def iy,
and have

AT (2 2y, o) = (AT (%, 5% 57) (@, 21, 22)| ),
f”“’\T(C)(x,xl,xg) = 2mg””<Q|T3(jmj’\,jT)(m,ml,xg)m)(c) (90)

for the AV V-triangle diagram. The corresponding distributions for the AAA-
triangle are obtained by replacing j*, ;7 by jA, 5. All ¢, -distributions vanish.
One finds w(t(®)) = 1 and w(#©) = 0 < w(t'©)) + 1.1° Hence, the present proof
(86) does not apply.

4 Applications of the master Ward identity

The main success of the MWI are its many, important and far-reaching conse-
quences.

4.1 Field equation

Let us consider the pair (g, x) of symbols (corresponding to massive or massless
free fields which fulfill the Klein-Gordon or wave equation) that is studied in

18For the method of distribution splitting the central solution in momentum space can be
obtained by a dispersion integral [18],[13],[32]. In [13] this dispersion integral has been used
to prove gauge invariance of QED. The present proof (86) is a kind of z-space version of that
procedure, which yields a more general result. In addition, it has the advantage that it is not
necessary to treat the cases of different external legs individually.

19 According to power counting one expects w(f(®)) = 1, but the (w = 1)-terms are propor-
tional to the spinor trace tr(75p1u~/“~/>‘p21,7”~/7p3p7ﬂ) =0.
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appendix A20 and let W1, ..., W,, € Py. We assume that W7, ..., W,, contain only
zeroth and first (internal) derivatives of x. By applying twice the MWI and
using the explicit expressions (294)-(298) for §* we obtain

Toi1(p@+m)g@Wif1 ® .. @ Wy fr) =
_T"“((({)HSOWMQ QWifi @ e @ Wi f) +m*Tt1(pg @ Wif1 @ .. © Wi f)
oW,
—ZZZ ( o (0", awf)®W1fl® .. ®an):

m=1yeg

iy (BT,

mf )OWLfI ® ... ® ann)
m=1yeg

(25,
—izn:(i)CTn(a(?W 50" 9) o @ W1 © i © W, fn) -

<8Wm
ow,

)T, ngm®W1f1®...m...®ann)

m=1

(91)
This is the normalization condition (N4) of [7] and [3]. It is equivalent to

Tn-‘rl(@g OWifi®. & Wn.fn) =

— oW,
YN TMA®..® a—JflAi’*” *g® . @ Wofn) + ..., (92)

I=1¢yeg

where the dots stand for the terms in which (g is not contracted. We see from
this formula (92) that the normalization condition (N4) can always be satisfied
without getting in conflict with (N0)-(IN3), even if anomalies are present. Note
that the final result (on the r.h.s. in (4.1)) is independent from the normalization
constant C' which appears in the intermediate formula. This must be so, because
the Feynman propagators AF G L n (92) do not contain this constant.

Generalizing Bogoliubov’s idea [4] we define the interacting field Ay, belong-
ing to A € D(R?, Po) and to the interaction £ € Py in terms of the T-products
by

. d
Ayr & S(gL) 17|>\:05’(gﬁ +AA) =

20For simplicity we choose € = 1 in (286).

R ((Lg)®™; A) = Th(A) + O(y), (93)

3|N§‘
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where the ’totally retarded products’ R,11(...) (also called 'R-product’) are
defined by

Rai(h © -9 Ac NS S ()P (e AT (@51 A)) @A) (94)
IC{1,...,n}

and we have used (18) and (19). Similarly to the S-matrix (18), the interacting
fields are formal power series. In the particular case A = W f, W € Py, f €
D(R*) we write W,z (f) instead of (W f)4z. Following [7] the condition (4.1) can
easily be translated into an identity for R, 1(Wif1 @ ... @ Wy, fn; 0@ +m?2) f).
The latter implies the field equation

@ +mi)ee = =o(57) .+ 0l(55m), b (95)

where g is a test function.

The calculation (4.1) can be carried over to external derivatives by using
(N) instead of (IN). More precisely let W, W1, ...,W,, € Py and let us assume
that Wi, ..., W,, contain only zeroth and first (internal) derivatives of x. Then
we obtain

Tos1((B+m*))Wg@Wif1 @ ... @ Wy fy) =

P> > (H)Tn (A’gﬂ%w(Wg, aa%fm) Q@ Wifi @ .. ® ann)
m=1¢eg

#3085, (Vo T ) O WA © e © Wa) =
m=1yeg

_ Wi,

> 00,0

i Z %

1
1 ((@W) 5@, © W1 @ i @ ann). (96)

(+)
(£)T (W (0,9) fm @ Wif1 ® ... @ ann)
()T,

m=1

In the first equation we have twice applied (N) and in the second step we have
inserted the explicit formulas (294)-(298) and (41) for §* as well as the definition
(36) of A, In the special case that no derivatives of x are present, the last two
terms on the r.h.s. vanish.

4.2 Charge- and ghost-number conservation

We consider massive or massless spinors 1, 1) € Py fulfilling the Dirac equation

and in particular the matter current j, d:efﬂ'y,ﬂ/) (which_is conserved). We as-
sume Wy, ...,W,, € Py and that no derivatives of 1) and ¥ are present. Charge
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conservation is expressed by the following Ward identity (N5) (charge) which
is an immediate consequence of the master Ward identity (IN)

~T0i1(ju 0 g @ Wi fi @ oo @ Wi fn) =

e . dj ow,, )
zmz:l[(i)Tn (A;uw@(a(ﬁiﬂw)g, me) QWifI ®..00... ® ann>
Din W A
+(£)Th (A%W’w(ﬁ‘(ﬂj'lyu)% me) QWifi®..1M...® ann)} _
ZT”<W1f1®"'®@%—w%)gfm&..@ann). (97)
m=1

In the second step we have used the formulas (302)-(303) for 6#. Each monomial
W is an eigenvector of the operator (w% - w%) with eigenvalue: (number of

+ in W) minus (number of 1 in W), which we call ’spinor charge’. That this
Ward identity can be satisfied by choosing suitable normalizations which are
compatible with (N0)-(IN4) has been proved in [7] for the case that W1, ..., W,
are sub-monomials of the QED-interaction £ = A“E’y,ﬂ/).

We turn to models which contain pairs (4, u,) of massive or massless, scalar,
but fermionic ghost fields, e.g. non-Abelian gauge theories (see appendix
A for the anti-commutators and Feynman propagators of the free ghost fields
Ug, Ug € Pp.) The free ghost current

k=i (a0 iiq — 0" gl (98)

is conserved, because ug, U, satisfy the Klein-Gordon or wave equation. Let
Wi, ..., W, € Py and we assume that only zeroth and first (internal) derivatives
of u, and 4, appear in Wy, ..., W,,. Similarly to (97) the MWI (N) implies the
following Ward identity (N5) (ghost):

~Tnt1(kp0*h @ Wi f1® ... @ Wy fn) =

zn: Tn(Wlfl 9.0 [(ua% — Cy, g

oW 191%%
- m L m
Uq, 8ﬂ_a + Cuaa Uq 8(8Hﬁa)>hfm
~ W oW,
m o m
+(1+Cuu.)<(a ua) hfm'f'uaa(auu(l)

(0 ug)
@D )| @ @Wafa),  (99)

oW,
9(01uy)

m=1

(0"h) fm

3 8”m ~ 8”m
(0", ) —— — - "
(8 U’a) a(auﬂa) hfm uaa(a“ﬁa)

where the normalization constant C' appearing in (295), (298) is specified by a
lower index u,. Every monomial W is an eigenvector of the operator

def 0 0 . 0 0

1€ . 1 _ __ 7y P
Oy = tagg— + (0"a) g ~ laga — (9"a) 5

o (100)
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and the eigenvalue is the ghost number g(W):
O,W = g(WW,  g(W) € Z. (101)
The identity (99) expresses ghost number conservation correctly if and only
if
Cu, =—-1, Va. (102)
With this normalization (N5) (ghost) takes the form

~Tni1 (kR @ Wifi @ ... @ Wy fr) =

> 9W) T (Wifi @ oo @ Won frnh @ .. @ Waf) (103)

m=1

for monomials W1, ..., W, € Py. That the normalization condition (N5) (ghost)
(with C,, = —1) has common solutions with (NO)-(N4) has been proved in
[3] by using the method of [7] appendix B. (A slight restriction on Wiy, ..., W, is
used in that proof).

Remark: The (free) ghost charge @, is defined by

Q, % / T )) (104)

(N5) (ghost) implies the identity

Qg Tn (W1f1 ®..8 ann)] - (i g(Wm))Tn (W1f1 ®..0 ann) (105)

as can be seen by a suitable choice of the test-function h in (103). For the
details of this conclusion as well as for the existence of (), see the corresponding
procedure (120)-(123) for the free BRST-current.

4.3 Non-Abelian matter currents

The aim of this subsection is to derive the identity (5) from the MWI. Let

. def — )\a a
i Gy Qe (106)

(we use matrix notation for the spinor structur) and
[)\a; Ab] = 2ifabc>\c; (107)

where (fabe)a,b,c are the structure constants of some Lie algebra. We assume
that the masses of the spinor fields are colour independent

(170" — m)pa =0, Va, (108)
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which implies
gk = 0. (109)

We denote by (A, ), the gauge fields and by (uq, 4 ), the corresponding fermionic
ghost fields, and consider an interaction of the form

L=jtAc + L1(A u,0), (110)

where £4 (A, u, @) is a polynomial in the symbols A, u, & and internal derivatives
thereof. QCD fits in this framework: the quark fields v, are in the fundamental
representation of SU(3).

To apply the MWI we need

‘ juy . OJ he o
YAk ) = L e = it (1)
Py

((302) and (303) are used), which gives

) Ojay , OL ) i
A ) = i oaneAui! (112)
X9
by contracting with A,. So the MWI for T (gL ® ... ® gL ® j+0,, f) implies
Ry 1((9£)%™1j10uf) = inRns1 (9L)% V5 faveAnv il f9), (113)
and hence
o g Oul) = (fabeAvne )gc(f9), (114)

which corresponds to the covariant conservation of the interacting classical cur-
rent.

To formulate (5) we need the time-ordered product Tgz (W1 f1®...QW,, frm) of
the interacting fields W1 g2 (f1), ..., Wi g2 (fm), which is defined by generalizing

(93) (ct. [4], [18])

Ty (Wify ® oo @ Wi frn)

dm G
- 2 _ _ >\ —

L) Gndny iy M= =m0 9L ; Wi

Z ;— (GO Wif1 @ .. @ Win fin) (115)
with?!

Ri(91Vi @ 0. © gV Wiy @ oo ® Wi fr)

> (O (@ierg V)T (@e109;V5) © (7, [ Wh)- (116)
IC{1,...,n}

21The connection to the notation (94) reads: Rn1 = Rny1.
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By using (109), (111) and (112) the master Ward identity yields

_Rn,Q((9£)®n§jgauf b2 jll)/h) = Rn,l((9£)®n§ Z'fabcj’cjfh)
+inRn—12((9L)% "™ V; facaAer i fg @ jih) (117)

which gives

Ty (G5 0uf @ o' h) = ifavedc g (FP) = Tor(facaAerja fg @ jih).  (118)

Due to (114) this is the formulation of (5) in the framework of causal pertur-
bation theory. In the simple case that the gauge fields A, are external fields
(which implies £1(A,u, %) = 0) and the spinor fields are massive (m > 0), the
proof of sect. 3.3 applies, i.e. the central extensions fulfil the MWI. (Note that
no factor m appears in (113) and (117), which indicates that the scaling degree
is not lowered. )

4.4 The master BRST-identity

We consider free gauge fields A%, a = 1,..., N, with mass m, > 0 in Feynman
gauge and the corresponding free ghost fields @, u, with the same mass m.
For each fixed value of a and p the field A¥ is quantized as a real scalar field
satisfying the Klein-Gordon or wave equation, i.e. in the formalism of appendix
A we set p = A¥ = x, e = 1. The free ghost fields fulfil the same algebraic
relations as in sect. 4.2 and in appendix A. For each massive gauge field A%,
mg > 0, we introduce a free, real scalar field ¢, with the same mass m,, which is
quantized with a minus sign in the commutator, i.e. we have ¢ = ¢, = x, ¢ = —1
in the formalism of appendix A. (For the Fock space representation of these free
fields see e.g. [33].) There is no obstacle to include spinor fields in our treatment
of BRST-symmetry (sects. 4.4 and 4.5), see [7], the last paper of of [11], [14]
and [20].
The free BRST-current (cf. [23],[14])

jr et > (0- AL + mada) 0t — 0*(0- AY + Mada)tia] (119)

a

is conserved, because 0; A7, u, and ¢, fulfill the Klein-Gordon equation with
the same mass m,. We will see that the corresponding charge

QY [ #an(), (120)
z9=const.

is the generator of the BRST-transformation of the free fields and Wick mono-
mials. Qg is nilpotent,

2Q3 = [Qo, Qo]+ =0, (121)

because [(0rA], + Mada), (0,A) +mpdp)] = 0. Without the scalar fields ¢, the
charge Qy would not be nilpotent, if some gauge fields are massive. So, a main
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purpose of the the scalar fields ¢, is to restore the nilpotency of Q. (For a
rigorous definition of Qg, with 4-dimensional smearing with a test function and
taking a suitable limit, see [7] where a method of Requardt [31] is used.)

To obtain the master BRST-identity (i.e. the (anti)commutator of Qo with
arbitrary T-products (2)) we compute

Tn-‘rl(juaug QW fiv.® Wn.fn) (122)

by means of the MWI (N). Thereby we assume that W1, ..., W,, have an even or
odd ghost number (no mixture). From this result we shall get [Qo, T (W1, ..., Wy,)]
in the following way: let O be an open double cone with supp f; C O, Vj =
1,...,n. Following [7] (appendix B) we choose g to be equal to 1 on a neighbour-
hood of O and decompose 9*g = b* — a* such that supp a* N (V_ +O) = () and
supp b* N (V4 +O) = (). Then we apply causal factorization of the T-products:

_Tn+1(jlt(8ug) QWi f1i®...® W”f") =
T (jua)Tn(Wif1 @ . @ Wy fo) F Ta(Wifr @ .. @ Wo fu) Ta (jubH) =

[Tl(juau)an(Wlfl ®...Q ann)]:F + Tn(Wlfl K ...® ann)Tl(jua“gg' )
123

The last term on the r.h.s. vanishes because of 9"j, = 0. Since T, (W1 f1 [
e @ Wy fn) is localized in O, we may vary a* in the spatial complement of O
without affecting [T4 (jua"), Trn (W1 f1®...)]+. In this way and by using 0*j, =0
we find

[T1(jua”), Tu(Wif1 @ .. @ W fo)l5 = [Qo, Ta(Wif1 @ . @ Wi fr)]2 - (124)

(see [7], appendix B for details of this conclusion).

We start the computation of (122) with the simplest case: n = 1. We
assume that the symbols in W carry at most a first (internal) derivative (no
higher derivatives) and give the calculation in detail

DG ewn=i ¥ n(al, (P D) )
X eG / X v

The explicit results for the A* with a non-vanishing contribution are listed in
appendix B. Thereby Ca, (Cia, resp.), Cp, and C,, mean the normalization
constants C'(Cy resp.) in the cases ¢ = A¥ = x, p = ¢po = x and ¢ = Uq, X = Uq.
In the present context they may depend on the colour index a. Inserting (305)-
(316) into (125) we obtain

~Ta(5,(0%) & W) = i3 [(0" ) T + (070" ua) 5 S
_(87"42 + ma¢a)g—ﬂwa - (81/(87"42 + ma(ﬁa))%
oW oW
+maua?% + ma(auua)m} gf
+H (@79)f + H (879%g)f + H (ng)f) (126)
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by means of T ((§°V)Wg) = T1((0*V)Wg). (The terms which are not written
out depend on the normalization constants Cy,,Co,,Cy, and Cia,.) On the
r.h.s. of (126) we use gf = f and (9%g)f = 0,¥|a| > 1. We end up with

ow ow

Qo T )} = i1 ([(0"ua) 5 + (070" a) 5

oW oW 191%%

- A a®Pa) 7— — (0, (0: A7 aPa)) 57 =~ alla 37—

(87' a + m ¢ )aua (8 (8 a + m (b ))8(ayua) + mql a¢a
oW

H1a(Outta) 5511 ) E a0 (W)) (127)

where we have the anti-commutator iff W has an odd ghost number. We point
out that the result is independent from the normalization constants Cy,, Cy, , Cy,
and Cya,. The result (127) is the well-known free BRST-transformation of a
Wick polynomial W — so(W) (cf. [11]) which we have obtained here with quite
a lot of calculations. Note that in our framework sg is a derivation sg : Py — Po.

However, the advantage of the present method is that it can be used to

compute commutators of Qg with T-products of higher orders. For n = 2 in
(122) we obtain

TG0 ) o Wiy o Waf) =i 3 [Ta(a (g, ) 0 Wa )
X, YEG
+HE)Wh, fr) = (W, )] (128)

where (+£) is still a sign coming from permutations of Fermi operators. We
insert the expressions (305)-(316) for the various A*. For given f1, fo we then
choose g as in (123), hence gf; = f; and (0%g) f; = 0,V|a|] > 1. It results

oWy
0AY
1 ~ 1 ~ oW
+[(Ca, + ot 2C14,)(0"0puq) — (5 +2C14,)0uq + CAa,miua]m
o Qv 1 AV ao 1 AV Ao 8W1
+[=C14,(070"u,) + (5 +2C14,)(0"0%ua) + (2 C14,)(0"0 ua)]a(agAZ)
owW; ~

8,&(1 + [_(1 + Cua)(aV(aTAg + ma¢a)

oW
+Cu, (0,0 A7 + mada)) 552

[Qo, To(W1f1 @ Wafo)l+ = i[Tg([(i(@”uG) + Z(é”ua))

_(a‘rAg + ma¢a)

8W1 = an
aa™q a 1 vta ™ vala/ 9 . \
+mau 96, +ma[(1+ Cy,)0vuq — Cy,dpu ]8(8,,¢a)}f1 ®W2f2>

W1, f2) = (Wa, f2)]]- (129)

To simplify this expression we insert the value (', = —1 which is required from
ghost number conservation (99)-(102). By means of (N) we replace the external

34



derivatives by internal ones

[Qo, To(W1 f1 @ Wafa)l+ = [T2 (SO(Wl)f1 ® szz)
13 (GO W11, Wafa)) | + ()| (W, f1) = (Wa, )] (130)

where

e 3 oW, 191%
G(U(W1J01,VV2J”2)d=f — Z{—A“ ( A;fh 81/)2f)

weg 4
a8 oGt I G )
G+ 200085, (g gy g 7
(5= 200085 o G e G )
5+ 200008 G e it )
G = Cua)bhe, agﬂ)fu 8;22 f2)
(14 Co )AL o (G 1 G2 1) (131)

Note that G()(-,-) is not invariant with respect to the exchange of the two
arguments. Now we assume that so(W;) is a divergence, i.e. that there exists a
(Lorentz) vector (W!,)),—o,....3, W € Py with

Jv
so(Wj) = i0"Wj,, j=1,2. (132)
By means of the MWI (IN) we shift this derivative to the test-function
[Qo, To(W1 f1 @ Wa fo)l+ = [—iT2 (W{yaufl ® W2f2)

T3 (GUWa W1, Wafo) ) | + (&) [(Wa, W, 1) = (Wo, W3 £2)], - (133)
where
G((Wh, W) f1,Wafa) = GR (Wi f1, Wafo) + GB (W] f1, Wafa),  (134)
with

. , 8W,, OW.
GO Wafo) 30 AL (S22 52 2). (135)
X Y€EG

If we only know that sq(W7) is a divergence, our final result reads

[Qo, To(W1f1 @ Wa fo)]l+ =
ATy (W1,0% 1 © Wafs ) + T3 (G((Wa, W], ) fr, Wa f2))

() | Tals0(Wa) fo © Wify) + T1(C (Wafo, Wi 1) (136)
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instead of (133).
The (n = 2)-calculation generalizes to higher orders n > 2 in a straight-
forward way: let Wi, ..., Wi, V1,..., Vi € Po with so(W;) = i0"W/,, Vj =

Jvo
ok and fj,h; € D(R*). For simplicity we assume that each polynomial
Wi, ooy Wi, Vi, ..., Vi has an even ghost number, otherwise some additional,

obvious signs appear in the following formula. Setting m % — k we obtain

[Qo, Ty (Wi f1 ® ... @ Wi fr @ Vihy @ ... ® Vi b )] =
k

=—iY T,(Wifi® .0 W,0"fi®@..0 Wfr @ Vil1 ® ...)
=1

+Y T(Wifi® .. @Vih @ ... @ s0(Vi)hu ® ... @ Vinhun)
=1

+ Z Tt (GUWL, W) LW fr) @ Wi f1 @ deie @ Wi fie @ Viby @ )
l,r:l(l;ﬁr)

+ZZ n— 1 VVl,VVl)fl,Vh )®W1f1®f®V1h1®f)

I=1r=1

+ T 1 (GV (Vohe, Wif)) @Wi 1 ® .l @ Vi @ .7

3
=

m
+ Y Taa(GH Vi, Vihe) @ Wifr @ oo @ Vihy @ ol @ Vighia),
l,r=1 (I#r)
(137)

where [ or # means that the corresponding factor is omitted. We call this
equation the 'master BRST-identity’. It is a consequence of the master Ward
identity. Hence, the master BRST-identity is also a normalization condition.

So far we have not spoken about the interaction £ = Lj; the master BRST-
identity is a condition on T-products of arbitrary factors. Now we require that
the interaction is sg-invariant in some sense. The requirement soLg = 0 is too
restrictive, it is not satisfied for physically relevant models. So we impose the
weaker condition that soLg is a divergence:

Soﬁo = z‘&”’ﬁl,,. (138)

The requirements that

(a) the master BRST-identity becomes particularly simple, and

(b) can be satisfied to all orders
for T-products involving the interaction are good criterions (among others) to
restrict Lo further. We will make (a) explicit by the formula

G((Lo, L1) [, Log) + (f < g) =0. (139)

(b) means that anomalies (in the master BRST-identity) may not occur or must
cancel. It is a hard job to work this out. For example it is well-known that in
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weak interactions the axial anomalies cancel only if the numbers of generations
for leptons and quarks agree.

For an interaction £ fulfilling (138) and (139) the validity of the master
BRST-identity for [Qo, Tn(L, ..., £)] Vn € N implies

[Qo, 5] =0, (140)

where S is the S-matrix in the adiabatic limit,
def .
S= hm1 S(gL), (141)
g—)

provided this limit exists [19]. Hence, S induces a well-defined operator on the
physical Hilbert space Hphys = f;’; 83, which is unitary if £ = Lo and (N2) is
satisfied [19], [14], [15], [20].

Having determined the interaction by using (138), (139) and other (quite ob-
vious) requirements, we will show that the validity of the master BRST-identity
and of the ghost number conservation (N5) (ghost) suffices for a local con-
struction of observables in non-Abelian gauge theories. This is a generalization
of the corresponding construction for QED in [7]. In particular we will obtain
an explicit formula for the computation of the nonlinear term in the BRST-
transformation of an arbitrary interacting field.

4.5 Local construction of observables in gauge theories

For massive gauge fields the procedure is more involved. So we first treat mass-
less gauge fields and afterwards give the modifications for the massive case.

4.5.1 Massless gauge fields: determination of the interaction

Since we are considering solely massless fields (m, = 0, Va), the scalar fields ¢,
are superfluous. So we set ¢, = 0, Va.

First we determine the interaction £y by the following requirements (cf.
[36], [17], [20], [15] and [33]):

(A) There exist £; € (Po)®, j = 0,1,..., M which satisfy the ladder equa-
tions

SOE?L..M] = ia“3+1£?i'i‘ujuj+la i=0,1,..,. M—1, soLy =0 (142)

(B) £, is a polynomial in the gauge field A% and in the fermionic ghost fields
Ug, Ug, & = 1,..., N, and internal derivatives of these symbols; each monomial
has at least three factors.

(C) L; has UV-dimension < 4.

(D) L; is a Lorentz tensor of rank j.

(E) £; has ghost number j:

9(Lj) =3 (143)
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(cf. (101)). Thereby we take into account that so increases the ghost number
by 1. We conclude that the ladder (142) stops at M < 3 for trilinear terms.
(F) unitarity (for Ly only): L = Lo.

Following [36] we make the most general ansatz for £;, j = 0,1,2,3 which
satisfies (B)-(F) and insert it into (142). The calculation excludes quadrilinear

terms in Ly. Using F*# df 9w Ar — 91 AV the most general solution for Ly reads

1 - . v
E() = gOfabc[§Aap,Abchyu - uaauubAcp,] - Z<90I<1 + al/K27 (144)
where fqp. must be totally antisymmetric and go € R is a constant. This

implies that the colour index takes at least NV > 3 values. The K; are trilinear
polynomials with ghost number (j — 2). We assume that the colour tensor in

K;,j = 1,2 is also totally antisymmetric (i.e. K; = hjbcgoa 30(2)30(3) with a
totally antisymmetric 7). Then one finds
K1 = gohly uaiipiic, KY = goh?, Al uyi,. (145)

The most general solutions for £;,j > 1 contain trilinear terms only. Assuming
again that solely totally antisymmetric colour tensors appear, we obtain

1 - . v : v
‘le = gOfabc[Aauuchyu - Euaubayuc] - ZSOKQ + gohibcau(uaAbAg)v

vp 1 v : 5
Lot = gO§fachanbFC " —igoso(h e Al AR
+gohty, [uaupd” A* + 200" up AP — g"* (uqupOrA) — 2uaOxupA)]
LY = gohdy [0 uaund ue + g™ uaupdu), (146)

where h3,h* are totally antisymmetric. Note that the divergence 9, of the
h*-term in £ vanishes. To simplify the formulas we choose

h]

abc

=0, Vj=1,234. (147)

h* = 0 is equivalent to £5” = —L5" and also to L3 = 0.

The requirements (A)-(F) used so far do not involve T-products, they are
of first order perturbation theory. We now restrict Lo further by (139), which
can be interpreted as a requirement for second order tree diagrams, see (151).
More precisely, we will work with the generalization of (139) to the ladder (142):
in order that the master BRST-identity (137) implies the important equation
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("generalized perturbative gauge invariance’??)

Qo Tn(Ljs f1 ® .. ® Lj, f)] =

—i Z(—1)J’1+~~+jlflTn(£j1 [®.®LY 10,1 @ ... ® Ly, fn), (148)
=1

we require

G((‘Cj7 ‘CjJrl)f? ‘Ckg) + (_1)]kG((£k7 ‘CkJrl)gv ‘ij) = 07 jv k= 07 ]-a 27 37
(149)

Vf,g € D(R*), where we set £, = 0. Or, with the simplification (147) (which
will always be used in the following), j and k run only through the values
j,k =0,1,2. In the present case of solely massless fields this requirement can be
fulfilled. It restricts the interaction £ further and determines the normalization
constant Cy,. Namely, using the simplification (147), one finds by explicit
calculation that the requirement (149) holds true if and only if

Cy, = —= Va, (150)

and the fupe fulfil the Jacobi identity [36}.23 Hence, the fub. are structure
constants of some Lie algebra. The total antisymmetry of fu;. implies that this
Lie algebra is isomorphic to a direct sum of Abelian and simple compact Lie
algebras, see e.g. [33]. We point out, that the Lie algebraic structure is not put
in, it is a consequence of our requirements.

22In [3] this identity is called the normalization condition (N6), in [15] it is called ’gen-
eralized (free perturbative operator) gauge invariance’. The importance and usefulness
of this identity has also been pointed out in the earlier paper [17]. The particular case
j1 = ... = jn = 0 is the ’'perturbative gauge invariance’ (or ’free perturbative operator gauge
invariance’) which has been proved in [11] for SU(NV)-Yang-Mills theories. In [16] it has been
shown that this perturbative gauge invariance implies the usual Slavnov-Taylor identities.

23The Jacobi identity and (150) are required even from the particular case
G((Lo,L1)f, Log) + (f < g) = 0. This was demonstrated in [36] by reversing the calcu-
lation in [11]. The computation of the Lh.s. of (149) is lengthy. The straightforward way uses
the definitions (131) and (135) of G(!) and G(®). To shorten the calculation one may choose
Cia, = 0 = Ciu,, because the terms ~ Ci4,,C1u, must drop out. This follows from the
fact that Lo (144), £1 and L2 (146) do not contain symbols with second or higher derivatives
and, hence, the r.h.s. in

T (G((L5, £511)f, Lkg) + (“1*{(G f) = (ki g)}) =
[Q0, To(£5f @ Lrg)llategs +3(T2(£410.F @ Lrg) + (1), ) = (k,9)} ) la1egs (151)

(cf. (133), ...|4—1egs e€xpresses that we mean the terms with 4 free field operators only) does
not contain the constants Cy4, and Ciy, (according to the definition(291)). However, even
with this simplification, it seems to be faster to compute the r.h.s. of (151) (by using the
techniques of [11], [14]), instead of the straightforward computation of the l.h.s.. Note that
the derivation of (151) uses the MWI for tree diagrams only and, hence, (151) holds surely
true.
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Remarks: (1) If we do not use the simplification (147), but assume that K
and K5 are ~ fupe,

K, = _iﬂIQOfabcuaﬁbﬁcv Kg = 62g0fabcAgubﬁcv 617ﬂ2 €eR (152>

(instead of (145)), we obtain
(61, 32) € {(0,0), (12,1), (—12,0), (1,1)} (153)

from the particular case (j,k) = (0,0) of the requirement (149) (additionally
to (150) and the Jacobi identity), where C,, = —1 (102) is used. Note that
the first two solutions in (153), and also the latter two, are obtained from each
other by replacing u by v& and @ by (—1yu) in Lo, v € iR\ {0} arbitrary.

(2) By using N4 (92) we obtain for the interacting F-field (F*¥ o —
oY A

Folge(@) = 0" A7 p(x) = 0V Aq g (2) = 2Ca, 909 (%) fabe(Ay A)gr(x).  (154)
We see that the nonlinear term is due to the non-vanishing of C4, and that it
agrees with the usual nonlinear term iff C4, = —%, in agreement with (150).
4.5.2 Massless gauge fields: local construction of observables

In [7] a general local construction of observables in gauge theories and
of the physical Hilbert space (in which the observables are faithfully rep-
resented) is given. This construction relies on some assumptions which can be
fulfilled in QED [7]. We are now going to generalize the latter result to the class
of interactions we have selected in the preceeding subsection, which includes
non-Abelian gauge theories. Thereby we assume that ghost number conserva-
tion (N5) (ghost) and certain cases of the master BRST-identity (137) are
satisfied.

As in [7] we start with the local algebra of interacting gauge and ghost fields
(93)

FO)E N\ {Wee(f) | f € DO), W = A¥, u, 4, ...} (155)

(the dots stand for polynomials in A*, u and @), where O is a double cone and
g(x) =1, Yz € O. In [5] the crucial observation has been made that a change of
the switching function g outside of O, transforms all interacting fields € F(O) by
the same unitary transformation?*. Therefore, the algebraic properties of F(O)
are independent of the adiabatic limit g(z) — 1, Vx. Hence, we may avoid
this limit, which saves us from infrared divergences. It seems that a consistent
perturbative construction of massless non-Abelian gauge theories can be done
only locally, i.e. without performing the adiabatic limit, due to the confinement.

The field algebra F(O) contains unphysical fields. The central problem in
gauge theories is to eliminate the latter, i.e. to select the observables, and, in

24 An alternative proof of this fact is given in the second paper of [8].
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a second step, to construct (physical) states on the algebra of observables. We
proceed as in [7]: roughly speaking we will define the observables to be the
BRST-invariant fields. Thereby, we will define the BRST-transformation § as
the (Zo-graded) commutator with the (modified) interacting BRST-charge Q,¢
of Kugo and Ojima [22]. But in contrast to this reference we do not perform
the adiabatic limit. The latter causes the complication that Q4. does not agree
with Qo; the main difference between the present formalism and [22] is that Qg
is a non-trivial formal power series, i.e. there are non-vanishing coefficients to
orders n > 1 (cf. [7], [15]).

The current belonging to Q. is the interacting BRST-current }Z From our
experience made in QED [7] we know that j7 should have the following prop-
erties:

(a) to zeroth order it agrees with the free BRST current j# (119),

(b) it is conserved up to (first) derivatives of the coupling constant’ g: 9,5 () ~
(0g)(x).

Unfortunately, (b) does not hold true for the interacting field jor (93)-(94)
where j,r is constructed in terms of T-products satisfying the MWI (N): from
(125)-(126) we get

T3(j"*0uf @ Log) = —iT1(LY fOyg) + iT1 (MY (Dy f)g), (156)
where
v def v 1 8£0 § 8£0
M" = — L7+ (3C1a, + 2)8uua 300 Aer) + U A (157)

However, the wanted conservation property can be achieved by a change of the
normalization of T,41(j*, Lj,, ..., £;,): motivated by

so(kH) = 4# (158)

(where k* is the (free) ghost current (98)) and generalized perturbative gauge
invariance (148) we define

Toir (G © L f1 @ oo ® L, ) [Qoy Tra (' f © Ly f1 @ . ® L, )5

i Y ()T G (R © Ly f1 @ e ® LY 10, fy @ o ® L, f). (159)
=1

By means of (158) and (148) we find that Ty, 1 (j*, L}, , ..., £;, ) factorizes causally
(14), e.g. Tn_,_l(j,ﬁ___, ) = TH_l(j,Em, )T (L., ...). In addition it is sym-
metrical in £j,,...,£;, and fulfills the normalization conditions (IN1), (N2)
and (NO). Hence, Tpy1(5", L)y, ) — Tny1(5*, L;,,...) is an admissible finite
renormalization of T-products (solely the extension to D, is changed), which
however violates (N3) and the MWI (N). To compute the divergence of (159)
with respect to j# we first apply (IN5)(ghost) (103) to all terms on the r.h.s.
(where we use g(£;) = j) and afterwards generalized gauge invariance (148). In
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this way we obtain

To1(10uf @ Ly f1 @ . ® Ly, fn) =

=1

T (L 1 @ o @ LY (D) i @ @ L, f))- (160)

Conversely, this current conservation identity (160) implies the generalized per-
turbative gauge invariance (148) by proceeding similarly to (123). We denote
by Rni1(L, ..., L;j) (where £ = Lg) the R-product (94) which is constructed in
terms of Ty (L, ..., £) and Try1(j, L, ..., £), 1 < k < n. Then, the identity (160)
implies

Rp1((£9)®"; "0 f) = inRn((Lg)*" ™5 LY fO,g). (161)

Analogously to (93) we define

ROEDY génﬂ((ﬁg)@";j’*f), (162)

n=0
and this interacting BRST-current has the wanted conservation property
T2 (0uf) = =LY 4 (fOug). (163)
The difference (551; — jie) (where j7'. still denotes the interacting field con-

structed in terms of T-products satistying also the MWT and (N3)) is immedi-
ately obtained by applying the master BRST-identity:

Joc(F) = doe(F) = (GO (K, £9)ge +i(G((L, L1)g, K f))gc. (164
The interacting BRST-charge operator is now defined by
Qe ™ /d4x B (2) gz (), (165)

where £ = Ly and h* is a suitable test function (see [7] and subsection 4.5.4).
Qg is a formal power series and the construction is such that the relations

Qg = Qy, (Qqgz)o = Qo, (166)
hold true (where (...)g means the zeroth order) and that Q. is nilpotent
(Qgc)?* = 0. (167)

The latter property is proved in subsection 4.5.4 by using current conserva-
tion (163) and generalized gauge invariance (148). We point out that the
conservation of the BRST-current (163) and the construction of the nilpotent
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BRST-charge (165)-(167) use the master BRST-identity for T,,(Lo, ..., £o) and
T.(L1, Lo, ..., Lo) (Vn € N) only.

The BRST-transformation § of the interacting fields W,z (f), f € D(0), is
then defined by the commutator with Q4. (or anti-commutator if W has an odd
ghost number)

SWoe () [Qoc, Woe ()5, f € D(O). (168)

We extend § to a graded derivation F(O) — F(O). The local observables are
selected by the definition [7]

A(0)= ) (169)

We are looking for states on A(O) which take values in C (by which we
mean the formal power series with coefficients in C), because the elements of
A(O) are formal power series. Thereby, we call a € C positive, if there exists
b € C with a = b*b, where * means complex conjugation. The positivity of our
states is understood in this sense. In [7] it is shown that A(Q) can be naturally
represented on the cohomology of Qg

def ker Qg
Hopys = ——9= 170
phys ran Qg[; ( )

and that the induced inner product on Hpnys is positive definite. Hence Hppys
is a pre Hilbert space and we interpret the elements of Hp1ys as physical states.
Positive definiteness of the inner product on Hpnys is proved in two steps: first
in zeroth order by explicit determination of —=—=%. Then we have proved that
positivity is stable under perturbations [7] ('deformation stability of BRST-
quantization’).

The master BRST-identity (137) yields also an explicit formula for the
BRST-transformation of the interacting fields € F(0O), by which we will
see that the definition (168) agrees with the usual BRST-transformation. (In
addition this ensures the existence of non-trivial observables.) For this purpose
we note that the master BRST-identity and the requirement (149) imply the
following relation

Qo, Tn1(Lofi® ... 0 Lofn @W )5 =

—iY To1(Lofi ® . @ LYOLfi @ ... ® Lofn @ WF)

=1
~iTpi1(Lofi @ ... ® Lofrn @ WLO"f)

n

+ 3 T ([G((Lo, £0)Jes W) + GUW, W, Lofi)] € Lofi @ e ® Lo )
k=1
(171)
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where we have assumed so(W) = i0"W/. Equation (171) translates into an
identity for the R-products (94)

[Q07 Rn+1(£0f1 ®...&Q l:ofn7 VVf)]$ =

~iY Rn1(Lof1® .. @ L10yfi @ ... ® Lof; W)
=1

—Z'Rn+1(£0f1 X ...R L:Ofn; W,fc’?”f)

n

+ 3 Ru(Loft @ oo ® Lofus [G(Lo, £1) i W) + GUW, W) f, Lo fi)]).
k=1
(172)

In subsection 4.5.4 it will be shown that this identity implies the BRST-transformation
formula

g(WgC(f)) = [Qgﬁv Wg[l(f)]:F = - é%(auf)

Fi(GUL L9 WI) + GUWW) L Lg), .. fEDO),  (173)
where £ = Ly. The term in the second line is the nonlinear part of the BRST-
transformation. In case that W is a single symbol we find that [G((L, £1)g, W f)+
G((W,W")f,Lg)] is quadratic in the symbols (because £ and £; are trilin-
ear), in agreement with the usual BRST-transformation. (To prove (173) it
will be shown that the terms [(Qqz — Qo), Wy (f)] cancel out with the terms

—iy S Riuy1(Log ® ... ® LD, @ . WF).)
If we do not assume that soW is a divergence we end up with

S(Wye(£)) = (s0W)ge(f) +i(GU W, Lg) + G((L, £1)9, W f)) . po (174)
instead of (173). We choose W = k*, compare with (164) and find
{Qqc Ky} = jgg- (175)

Introducing the interacting ghost charge
u def 4 m
Qye = [ Az h"(2)k, 4o (), (176)

where h* € D(R?') is chosen in precisely the same way as in Qgz (see sect.
4.5.4), it results

{Qor, e} = Quc (177)

as in [22].

Examples: In most of the following examples the computation of G(!) and
G® gives less work than it seems, because only very few terms contribute. We
use the values C,, = —1 (102) and C4, = —3 (150) without further mentioning
it.
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(1) BRST-transformation of Ay . (h):

GW(Log, Alkh) =0, G (AlR, Log) = —ZgofabcAg‘uchg,
GP(Ly1g, ALh) = ZgofabcAﬁucgh, G (g™ ugh, Log) = 9o fabe Al uchg. (178)
Therefore,
S(AY (1)) = —itta e (9") + igo(Fare Afue) g2 (g1). (179)

Taking g|supp » = 1 into account the last term takes the usual form igo(fape AL tc)gz (h).
We see that G(l)(A’;h, Log) # 0 gives a non-vanishing contribution to the non-
linear term in (179). This shows that the distinction of internal and external
derivatives and in particular the appearance of the external derivative in the
definition of A* (36) is crucial to obtain the correct BRST-transformation.

(2) BRST-transformation of ug g2 (h):

G(l)(ﬁog,uah) =0, G(l)(uah,ﬁog) =0,

1
G (Ly1g,uqh) = — 590 abcttstiegh,  G(Oh, Log) = 0. (180)
Hence,
_ i
$(uage(h)) = —§go(fabcubuc)gﬁ(h)- (181)

(3) BRST-transformation of g g2 (h):

GV (Log,iah) =0, G (igh,Log) =0,

G (L1g,iah) =0, GP(=8,A%h, Log) =0, (182)
where we have used g"”% = 0. So we obtain
8(tagre(h)) =iAg ;2 (Ouh). (183)

(4) BRST-transformation of F;‘;C(h):

G (Log, F'h) = 0,

1
3 +3C4, )gOfabcAZUc(auh)g - (M A V)7

1 ~
GO (Lrg, Fi"h) = (5 +3C14,)90 fabe[0" (A uc)gh + Afuc(9"g)h)
—(u = V) + gofare F} ucgh,  GP(0h, Log) = 0. (184)

GO(FI™h, Log) = (

Now we apply the relation (31) (which holds obviously also for the R-products;
cf. the remark at the end of sect. 2.4)

Ryi1(Log @ .. fapcO" (Afuc)gh) = —Rpy1(Log @ .. fabc Apuc0t (gh)). (185)
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Hence, inserting these formulas into (173), the terms ~ (4 +3C14,) cancel and
it remains

3(Fy e (1) = igo(faveFy  uc)ge (h). (186)

(5) BRST-transformation of (3, Fi*FF7)gc(h) (we do not write >, but
always perform this sum):

G lag P LN <0
GO (FM FPTh, Log) = {( 4 3014, )90 fabe [FP™ AL un (8" h)g + (9P EPT) AL uchg]
—(u =)+ {wr) < (1)}
GO (Lrg, FLFL) = (5 +3Cra,)g0 fare FY70* (Afuc)gh + FY" Afuc(@g)h)

(1 = V) + gofarc FETFf¥ ucgh} + {(,v) < (p, 1)}, GP(0h, Log) = 0.
(187)

The term ~ FFugh in G (Lyg, FFh) drops out because fup. is totally anti-
symmetric. Inserting these formulas into (173), the terms ~ (3 +3C14,) cancel
again due to (31). So we obtain

S((FFEP)gr(h) =0 (188)

and, hence, the corresponding equivalence class (cf. (169)) is a non-trivial ob-
servable.

(6) Due to the requirement G((£;, £;+1)f, Lxg)+(=1)7%{(4, f) < (k,9)} =0
(149) we can easily write down the BRST-transformation of £; 4z, j =0,1,2

8(Loge(h)) = —iLy 4 (O, h),
§( lfgﬁ(h)) = 29[)( )
(‘CZgC( ) =0. (189)

Remark: Having determined the interaction £y we can explicitly write down
the interacting field equations by means of (95): with the simplification (147)
they read

DA,u,agL', - gOfabcaV [g(Au bAl/ c)gﬁ] -

_gogfabc(AZFuu c)gﬁ + gogfabc(ubauac)gﬁv (190)
OUq gr = _gOfabcau[g(Aguc)gﬁ]v (191)
Dﬂag[; = —gogfabc(Agauﬂc)gc. (192)

They hold true everywhere, g needs not to be constant. In the classical limit
I — 0 interacting fields factorize, (VW)gz(z) = Vye(x)Wye(x) (see [9]), and
hence (190)-(192) go over into the usual Yang-Mills equations.
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4.5.3 Massive gauge fields

To simplify the notations we consider the most simple non-Abelian model,
namely three massive gauge fields, m, > 0, a = 1,2,3 and no massless fields.
However, as far as anomalies are absent, our method applies also to general
models with arbitrary numbers of massive and massless gauge fields and spinor
fields. We will find the well-known result that with the fields A¥ u,, 4, and
¢a (@ =1,2,3) only, a consistent construction of the model is impossible, more
precisely generalized perturbative gauge invariance (148) for second order tree
diagrams cannot be satisfied [14]. We will solve this problem in the usual way:
besides the scalar fields (¢g)q=1,2,3, we introduce an additional real (free) scalar
field H, the 'Higgs field’, with arbitrary mass mpy > 0, which is quantized
according to

@ +m3)H =0, H* = H, Ap = —Dmy (193)

and H commutes with all other free fields.

To determine the interaction £y we require the same properties (A)-(F) as
in the massless case. The only modification is that £; is now a polynomial in
AR g, Ug, o, a = 1,2,3 and H and internal derivatives of these symbols (again
we solely admit monomials which have at least three factors). Proceeding as in
the massless case we find the following particular solution of (A)-(F):

»CO = gO{fabc[Aa /,LAb VaVAg - uaa'uﬂbAcp,]

+ dabcA5¢bau¢c + eabcAZAb M¢C + habcﬂaub¢c
1
+ lap[——(—HALOugp + (0, H)AGdv) + AG Ay H

b
2

— Hitguy — — A H oy + pH? + tH*}, (194)
2ma b
1 ~ v
‘le = gO{fabc[Aauungu - §uaubayu5] + 2eabcuaAb ¢c
+ dabc[ua¢bay¢c + chZ¢buc]
1
+ lab[m—ua(¢b8”H — HO"¢y) + A% upH}, (195)
b
Euu _ fabc o
2 = QOTuaubFC ; (196)
L3=0, (197)

where fup. € R is totally antisymmetric, l,, € R is symmetric and

2 2 2

mg—l—m%—ma my —mg
dabc = fach7 eabc:fabch
blltc c
2 2 2
m,+m. —m
habc = fabca—va p,tGR. (198)

2me
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The most general solution for £y differs from the particular solution (194) by a
coboundary —iso/K; and a divergence 9, K} as in (144). In addition one has the
freedom to add terms with vanishing divergence to £1 and Lo as in (146). It is
a peculiarity of the present model, that the total antisymmetry of f,. implies
the Jacobi identity, so that we obtain

fabe = €ape (= structure constant of SU(2)) (199)

by absorbing a constant factor in gg. So far we could set l,, =0, p =0, t =0,
in other words the Higgs field H is not needed to satisfy (A)-(F).

Now we come to an interesting complication of the massive case: the re-
quirement G((L;, Lj11)f, Lrg) + (=1)7%{(4, f) < (k,9)} = 0 (149) cannot be
satisfied! To save generalized perturbative gauge invariance (148) we require
instead the following weaker condition: there exist Nj, € Po, j,k = 0,1, 2 such
that

G((Ly,Lis1)f, Lreg) + (—1)*G((Lr, Lrs1)g, L f) + s0(Njk) fg

= _i[NjVJrl,k(al/f)g + (_1)jkN]l’/,k+1f(al/g)]7 ja ke {07 1, 2}7 vfmg € D(R4)a
(200)

where N3 = 0= N3, k=0,1,2, and that the finite renormalization

To(Lif @ Lig) — TN (L;f © Lag) S To(L,;f © Lrg) + Ty (Njifg)  (201)

maintains the permutation symmetry of 7> and the normalization conditions
(N1), (N2), (NO), and preserves the ghost number: [Qq, T4 (£, f ® Lig)] =
(4 + k)TN (L;f ® Lig) where we take g(L£;) = j (143) into account (cf. (105)).
This requirement can only be satisfied for ¢ = 0 in (194). Hence, the G-terms
in (200) are 4-legs terms and, therefore, we may restrict the N;; to be 4-legs
terms, too. In other words the N;; are sums of monomials of degree four in
AE g, Ug, P, a =1,2,3 and in H (without any derivative), which are Lorentz
tensors of rank (j + k) and satisfy

9(Njk) =3 +k, k=N Nj = (=17 Ny ;. (202)
These properties imply
Npy=0=Nis,  Nyp=0, N =—N" (203)
If (200)-(201) is satisfied we indeed obtain
Qo T8 (L 1 @ L fo)l5 = —i( T (L4, 11001 @ L f2)
TN (L, f1 © £, 1100 2)), (204)
by using the master BRST-identity (133).

Turning to arbitrary orders n > 3 we look for a sequence of T-products
(TN)en (in the sense of sect. 2.2)

n
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- which satisfies the normalization conditions (N1), (N2) and (INO),

- which agrees as far as possible with the given sequence (T, )nen that satisfies
all normalization conditions (also (N3), (N) and the MWI (N)),

- and for which T (£, L) is connected with T2(L;, L)) by (201) for all j, k.
For this purpose let B = {Ly, L1, L2, B1, Ba, ...} be a (vector space) basis of Po.
Due to causality (14) the renormalization terms 77 (N, x fg) in (201) propagate
to higher orders. More precisely we define

(5]

N def 1
Tin(Brg1 ® . @ Brgi @ L, L © .. @ Ly, fn) = m§=:0 ; 2mml(n — 2m)!

0" 1y o o) Titn—m (Bry 91 @ . ® Bry gt © Nijoy o fr1 fr2 @ ..
- ® Njﬂ(Z'm.fl)7j7r27nf7\'(2’ﬂ7,71)f772m ® ‘Cjw(szrl)fﬂ(Qerl) ®...® Ej?rn fwn)a (205)

where By, , ..., By, € B\ {Lo,L1,L2} and ™ (j1, ..., Jn) is the sign coming from
the permutation of Fermi-operators in (£;,, ..., L;,) — (Lj1s -, L) We ex-
tend this definition to D(R?, 750)®(l+") by requiring linearity and (permutation)
symmetry. Obviously this (T),cn solves our requirements. The formula (205)
is a particular (simple) case of Theorem 3.1 in [30], which is a precise formulation
of a formula given in [4]. For later purpose we mention that the T"-products
(205) satisfy (N5)(ghost), because the T-products do so. In particular we have

Trﬁ-l(kltaug ®LH[1®..® Ejnfn) =
S HTN(Lj fL® . ® Ly fig ® . ® L, f)- (206)
=1

But in general the T™-products violate (N3) and the MWI (IN).
To obtain generalized perturbative gauge invariance to orders n > 3 we
additionally require

G((Lj, Lit1)f, Neag) + GV (Niag, L f) =0, 4.k 1€{0,1,2}, Vf ge DRY,
(207)

and
G(l)(Nk,lfa Nr,sg) = 07 ka la r,s S {Oa ]-7 2}; vag € D(R4) (208)

Then, applying the master BRST-identity (137) to [Qo, TN (L, /1®...QL;, fn)]+
and taking (200), (207) and (208) into account, we find the wanted (modified)
generalized perturbative gauge invariance®®

[Qo, TN (Lj /L ® ... ® L, fo)lF =

—i Y (1) TN (L 1 @ ® LY 00 fi @ @ L, f) (209)
=1

25For j1 = ... = jn = O this is the formulation of pertubative gauge invariance for massive
fields in [14], [34] and [20].
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The particular case j = k = | = 0 of the requirements (200)-(201) and (207)
has been worked out for general models in [14], [34] and [20]. We specialize
these results to the present model:

(1) The second order requirement (200)-(201) is very restrictive: its restric-
tion to j = k = 0 is satisfied if and only if the following relations (a)-(e) hold:
(a) the masses agree?S

mdéfml = mo = m3. (210)
(b) fabe satisfies the Jacobi identity. (In our simple model this is already known
(199), but in the general case the Jacobi identity is obtained only at this stage
here, similar to the massless case.)
(¢) The H-coupling parameters take the values
Km

= 6w, t=0, (211)

lab 9

where k € {—1,1} is an undetermined sign, and p is still free. In particular we
see that the Higgs field (or another enlargement/modification of the model) is
indispensable.

(d) The constants Cy,, Cp, and Cy have the values?”

1

CAa = _5; C(bu = _]-a Vav CH = -1 (212)
(e) The polynomial Ny o reads
m2 3 3
2 H 242 2 2 4
Noo = ig2{ o [(; $*)? +2H (;%] + AH* Y6 (21 — ), (213)

where A € R is a constant which is undetermined so far.

(2) The third oder requirement (207) fixes the remaining free parameters p
and A (which are the parameters of the H-self-couplings): the particular case
j=k=1=0of (207) holds true if and only if

2 2
m3, m?3,

L S . 214

= 16m?2 (214)

The Ca, Cu, C4- and Cy-terms in TN (Lo, Lo) and Npg correspond to the
quadrilinear terms in the interaction Lagrangian of the conventional theory (the
latter are also of order g3). With this identification our resulting interaction
agrees precisely with the SU(2) Higgs-Kibble model, which is usually obtained
by the Higgs mechanism. Here we have derived it in a completely different way
(cf. [14], [34], [20] and [15]).

26For general models (210) is replaced by more complicated mass relations, see [14], [34],
[20].

27We recall that Cu, = —1 has already been used in the derivation of the master BRST-
identity.
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By inserting the explicit expressions (213) into the definition (131) of G (., .)
we verify that the fourth order requirement (208) holds true for k = = r =
s = 0. We strongly presume that the requirements (200)-(201), (207) and (208)
can be fulfilled for all values of j,k,l,r,5.28 In the following we assume that
this conjecture holds true and that the master BRST-identity is fulfilled. In
particular we will use the modified generalized perturbative gauge invariance
(209).

From the time ordered products (T)V),, we obtain the corresponding anti-
chronological products (7.Y),, by (20). In terms of the T - and T™-products we
construct the totally retarded products (RY, ), (94). The generating functional
of the latter is the interacting field Aévﬁ or W;\é(f) (93). Similarly to the original

R-products, the R -products have retarded support

supp Ry () (@1, oy @n3 ) © LW, ooy y)lye € y + Vo, VI (215)

The proof of this support property uses only the causal or anti-causal factoriza-
tion of the TV- and TV -products (see [18]). The replacement Ayz — Aévﬁ(f) is
a finite renormalization of the interacting field.

The field equation for 4,0375 (where ¢ € Py corresponds to a free field without
any derivative) differs from the one of ¢4.: instead of (95) the master Ward
identity implies

@+ m)efi(o) = —g@)(5) @
5@ (522) @ + 0l () @) 210

where we use that g o contains no derivatives. The additional term corresponds
to the contribution to the Euler-Lagrange equation of that quadrilinear terms
(in the conventional Lagrangian) which belong to Ny ¢. The contributions of the
quadrilinear terms belonging to the C4, C,, Cy- and Cg-terms are contained
in the first term on the r.h.s. of (216). For example the contribution of the
gé A*-coupling (which belongs to the C4-terms) is contained in the gg AF-term
in (190), because F,- (154) has a nonlinear term ~ go(AA)yz. The latter is
indeed ~ Cy4 in our framework.

The construction of the interacting BRST-current j'g[; (162) must be modi-
fied correspondingly. We define

TNAG*f @ Lo f1 © . @ Ly, fn) Qo TNk f @ Ly fr @ . @ L, fu)5

i (=1 TN (R @ Ly i ® . @ LY 0, f1 @ @ Ly, f)- (217)
=1

TN, L, ,...) has the same properties as T(j, Lj,,...) (159), in particular it satis-
fies causality (14) and the normalization condition (NO). Hence, T'(j,Lj,,...) —

28 Additionally we expect that these requirements determine N1,0,N1,1 and N2 uniquely,
similarly to Ny, o.
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™ (4, Ly, ...) is a change of normalization. The divergence identity (160) holds
true also for (TN, TY), because TN (k*, Lj,,...) fulfills (N5)(ghost) (206)
and TN(L;,,...) satisfies generalized perturbative gauge invariance (209). Let
R,’:/+1~(£, ..., L; j) be the R-product (94) which is co?structed in terms of TN (L, ..., £)
and Tlﬁrl(j,ﬁ, o, L), 1 <k <n. Then we define jévﬁ”(f) similarly to (162), re-
placing R, 11(...) by Rn+1( .). Analogously to (163) we then find that this
interacting BRST-current is conserved up to terms ~ dg, more precisely

Joc"Ouf) = =Lz (f0.9). (218)
The interacting BRST-charge is now defined by
def
Qor = /d4 W (@) e () (219)

instead of (165). As in the massless case the construction can be done such that
Qévﬁ fulfills (166) and is nilpotent (167) (see subsection 4.5.4).

We turn to the BRST-transformation of the interacting fields € F(O) (155).
Let so(W) = i9"W/,. The formula (171) is violated by the non-vanishing of
G((Lo,L1)f, Log) + (f < g). It must be modified:

[Qo, TX ,(Wf®Lof1 @ ... ® Lofn)] =
q:zz e (Wf®Lofi ® .. ® L0, fr ® ... ® Lofn)
—iT (W 0" f @ Lof1 © ... @ Lofn)

+ T (IG((Lo, £2)fies WF) + GUW W) Lo fi)) @ Lofi @ o ® Lo ).

(220)

for W & [{Lo, L1, L2}] (the [...]-bracket denotes the linear span) and, for sim-
plicity, we assume that W’ € Py does not contain any derivative of ¢, or H.
This assumption ensures

G((W,W')f,Noog) =0,  Vf,ge€DR?), (221)

as can be seen by inserting the explicit expression (213) for Ny into the defi-
nition (134) of G(.,.). Moreover, one finds

G(l) (NO,Oga Wf) = 07 Vfa g € D(R4)7 (222>

by inserting (213) into the definition (131) of G™"). Analogously to the derivation
of (209), the proof of (220) is a straightforward application of the master BRST-
identity to [Qo, T, (W f ® Lof1 ® ...)], which uses (200), (207), (208), (221)
and (222). As in the massless case (220) translates into a similar formula for
the R-products, which yields the BRST-transformation (see subsection 4.5.4)

W) QN Wh(NF = W (8, f)
+i(G((L, £1)g, W) + G(W, W) [, £g)) . [ € D(O). (223)
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For W € [{Lo, L1, L2}] the G-term in (220) is absent ((220) is replaced by (209))
and, hence, there is no nonlinear term in the BRST-transformation (223), as in
the massless case (189).

4.5.4 The interacting BRST-charge

In this subsection we recall the details of the construction of the interacting
BRST-charge from [7], and prove the properties (166) and the nilpotency. Fi-
nally we show that the identity (172) ((220) resp.) implies the BRST-transformation
formula (173) ((223) resp.) for the interacting fields. We deal with massive
gauge fields, however, the massless case is included: in all formulas it is allowed
toset m =0, $ =0 and H = 0 (which replaces TV by T etc.).

For simplicity we assume that the double cone O (155) is centered at the
origin. Let r be the diameter of O. The question is, how to choose g and h* such
that Qévﬁ (219) satisfies (166) and is nilpotent. From the requirement (Qé\]ﬁ)o =
Qo and the fact that @y annihilates the Fock vacuum, we conclude that h*
must have unbounded support, due to the Reeh-Schlieder theorem. At least for
massless fields, it is hard to avoid a volume divergence in [ d*z h#(z)jN T)j, g (T).
To get rid of this problem we proceed as in [7]: we embed our double cone O
isometrically into the cylinder R x Cp, (the first factor denotes the time axis),
where Cf, is a cube of length L, L > r, with metallic boundary conditions?’
for the free gauge fields A,, and Diriclet boundary conditions for the free ghost
fields wu,, 4, and the free bosonic scalar fields ¢, and H. (It turns out that
the corresponding interacting fields fulfil the same boundary conditions, see
appendix A of [7]). If we choose the compactification length L big enough, the
physical properties of the local algebra F(O) are unchanged.

The inductive construction of the T-products and, hence, of the interacting
fields is also not changed by the compactification [5]. We assume the switching
function g to fulfil

gx)=1 Ve e OU{(x,2)||zo| <€} (r>e>0) (224)

on R x Cf, and to have compact support in timelike directions. Now we choose
W (x) 2 58 h(z), where h e D([—e, €], R), /dmo h(zo) =1.  (225)
Then

ngcdif/dxo (x0) 3 Pz 0o () (226)

is well-defined, because (xo, &) — h(xo) is an admissible test function on Rx Cy,.
(Q2:)o = Qo holds true, since (yffgﬁ)o = j, is conserved. From the conservation

of the interacting current, 8“]“ gﬁ( x) =0 for x € [—¢, €] x Cf, we conclude that

29This means that for every index a the pullback of the 2-form F, vanishes at the boundary.
Or, we require for every free gauge field Aq, a = 1,..., N, the same boundary conditions as
for the electromagnetic potential A in [7], appendix A.
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éVL is independent from the choice of h. By (N2) and by the fact that h and

g are real-valued we obtain Qévﬁ* = _f]VL.
It remains to prove the nilpotency. For this purpose we first show
or = Qo+ L1,z (H,g) (227)
where
- def [0
H(z) = H(zo) = / dt [=h(t) + h(t — a)] (228)
— 0o

and a € R is such that the support of (xo,Z) — h(xg — a) is earlier than the
support of g:

o < Yo, Vaxo €supph(-—a) A Yy with 37 € C, with (yo,¥) € supp g.

(229)
In particular we will need
H(y)dg(y) = 0g(y). Yy & ((supp HUO) + V_), (230)
O N (supp (HAg) +V_) =10 (231)
and
OH (y)dg(y) = 0. (232)
Proof of (227): From our definitions we immediately obtain
N = / a4z TN (@) =0, H(z) + guoh(zo — a)]. (233)
]RXCL
Due to (229) and the retarded support of the R-products (215) we have
supp (jlivgﬁ — ju) Nsupp ((zo, &) — h(zg —a)) = 0. (234)

So the contribution of g,0h(zo — a) to (233) is Qo, and by inserting (218) into
the 0, H-term we obtain the assertion (227). O

The formula (227) manifestly shows that Qévﬁ converges to Qg in the adia-
batic limit g(z) — 1, Va, provided this limit exists. For pure massive theories
this limit exists indeed in the strong sense [19]. So, in the adiabatic limit
of a pure massive gauge theory, one has the simplification that the BRST-
cohomology is given in terms of Qg (cf. (140)-(141) and [15]).

In the following proofs we will use Proposition 2 of [7], which is a formula
for the (anti-)commutator of two interacting fields:°

(W-(), VIE(W)]5 = RY.(W,V))(f,h)  RY.(V,W)(h, f), (235)

30This formula, the retarded support of the R-products (215) and some further, quite ob-
vious requirements can be viewed as the defining properties of the retarded products. They
determine a direct construction of the R,41 (n € Ng) by induction on n. If wanted, the
T-products can then be obtained by reversing (94), see [35], the second paper of [8] and [10].
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where

RN.(W,V)(f.h) Z z%n+2 (L)%™ @ W f; Vh). (236)

Due to the retarded support (215) of the RN-products we call Révc (W, V)(f, h)
the retarded part (and :FR!];Z(V, W)(h, f) the advanced part) of [ng\é (f), VQJZ (h)]+

Proof of ( gﬁ)z = 0: Generalized perturbative gauge invariance (209) implies
the relation

[Qoy RY(Lf1 @ e @ Lfr1; L4 )]+ :—zZRN Lfi®

=1
@ LYY L@ @ L LY ) — RN (Lf1 @ . @ Lfn_1; L8570, ). (237)

Due to £4” = —L£5" we may require
TN, ..., L, L) = —TN(C, ..., L, LE5M). (238)

This is an additional normalization condition, which is compatible with the
other normalization conditions. Similarly to (N2), it can be satisfied by anti-
symmetrizing in p < p a TN (L, ..., £; £4”) which satisfies the other normaliza-
tion conditions. The corresponding RY (L, ..., £; £47) is then also antisymmetric
in u < p and, hence, we have Eévg’y = —Eévg’zp

By means of (227) and Q3 = 0 we obtain

2(Qh2)* = [@uz: Qucl+ = 2(Qo, L7 ) (HOug)+ + (L1352 (HO,g), L7 )5 (HO,ug)] 4
(239)

Using (237) and (236) we obtain

2(Qo, L1 (HOu9))+ = =2iL3 [ (9,(HD,g)) — 2RI (LY, LY) (D09, HO,ug).
(240)

In the first term the (0,H)(0,9)-part vanishes by (232) and the H0,0,g-part
is zero because of (238). In the remaining second term we first take (230) into
account and then apply (235)

2[Qo,£iv;z<H8ug)] = —2RN.(LY, L) (HD,g, HO,g)
— (LN (HD,g), L7/ (HO,ug)]+ (241)

Inserting this into (239) we see that Qf]\]ﬁ is in fact nilpotent. O

Proof of the formula

[Q Wik ()5 = =Wyt (D, f) +i(GU(L, £1)g, W F) + GUW, W) £, Lg)) .,
(242)
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for the BRST-transformation of the interacting fields: the T-product
identity (220) can be translated into an identity for the R-products

[Qo, RN ((Lf1 @ . ® L W) =

—iY RN (LH® . @LYOfi @ ... ® LEn W)

=1

—iRN(Lf1 @ . ® Lfn; WO f)

+ Y RY(Lf1© ke ® LIt [GUL L2 fis WF) + GUW, W) E.LF)]),
k=1
(243)

similarly to (172). For W € [{Lo, L1, L2}] the G-term is absent, because (243)
is then derived from (209). Keeping this in mind we treat the cases W &
[{Lo, L1, L2}] and W = L; simultaneously.

Let f € D(O). Using (227) we obtain

[e )

Qe Wi = 3 100, BY, (L @ .
n=0
e ® LW )]s + (L0 (HL9), Wi (1] (244)

By (243) and (236) the first term is equal to

—iWN (0, ) +i(G((L, L1)g, W f) + G(W, W) f, Eg))]gvﬁ — Ry (LY, W)(Bu, f)-
(245)

We turn to the second term in (244) and use (235)

(£, (HD,9), Wor ()5 = Rz (LY, W)(Hdyg, ) F Ryr (W, LY)(f, HD,g).
(246)

The second term vanishes due to the support properties (215) and (231). Be-
cause of (230) we may omit the factor H in the first term. Hence, we find that
[E{Vgl’ﬁ (Ho,g), Wg]\[[: (f)]x cancels out with the last term in (245) and it remains
the assertion (242). D

5 Taking anomalies into account

5.1 General procedure and axial anomaly

We recall that we understand by the expression ’anomaly’ any term that violates
the master Ward identity (IN) and cannot be removed by an admissible finite
renormalization of the T-products. The aim of this section is to take anomalies
into account in the formulation of the MWI. This has consequences for the
normalization condition (N): We want to normalize T'((0"V) @ W1 f1 ® ...) such
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that (31) holds true: in the special case W = 1, V, W1, ..., W,, € Py the r.h.s. of
(N) should agree with the r.h.s. of (IN). Hence, we will take the anomalies into
account also in ().

We proceed inductively with respect to the order n. Since we are not aware
of a general proof that second order loop diagrams (i.e. n = 1 in (N)) are
anomaly-free3!, we start with that case. We set

—a (9. /) E TV g W) + To((0"V)g @ W)

ov oW )
+iY ( Xw(a 955 f)), V,W € Py. (247)
X, YEG

For later purpose we let V, W € Py (not only V,W € Py as in the MWI (IN)).

Due to causal factorization of the T-products we know that ag )W (g, f) is local.

Therefore, there exists a unique bg)w(g, f) € D(R*, Py) with3?

2)v 2)v
A (9, ) = L6 (9, ). (248)
(m+1) (m—+1)
Let us now assume that we have already defined Ay W, W and bV Wi W, €

D(R*,Py) for all m < n. We then set

n ef v
—a(w*é, w, (9 f1, A F) E T (VO g @ Wif1 @ o ® Wi f)

+Tn+1((8”V)g QW fi®.® ann)

D0 S (A (G T ) 8 WA © it 9 W)

k+1)v
+Z Z (i)Tn-i-l—k(b%/Ww),l, LW, mk(gafmﬂ'“?fmk)

k=11<m1<...<mp<n

SW1f1 ® oottt © ann), (249)

where V, W1, ..., W,, € Py and the possible signs (£) come from the permutation
of Fermi operators. By causal factorization and the definition of the (b(*+1)),

we conclude that agb{;,ll)w (g, f1,---, fn) is local and, hence, that there exists

a unique bg/;rvll w, (5 1y [n) € D(R*, Py) with
C7’§/n1—/li_/11)7 LW, ,,L(gvfla"'afn) - (bgLI—/Ii_/ll) ,L(gafla"'afn))' (250)
Obviously

b D(RY, Py) O+ — D(RY, P),
V@ Wi ® o ® Wafn — B 0 (g, 1y f) (251)

31In our proof of charge conservation (N5) (charge) (which is given in appendix B of [7])
vacuum polarization plays an exceptional role, even to second order: our general argumenta-
tion does not yield 95T (ju(z )Jl,(y)) = 0, an explicit calculation was necessary.

32Remember T1 (D(R%, Py)) = T1(D(R%, Po)) and that T is injective on D(R%, Po).
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is linear and symmetrical in all factors except the first one. As a consequence
of the normalization condition (IN3) the b(nJr1 w, ViWi, L W, € Py, n
fixed, are not independent. For example let V be a sub-polynomial of V'’ and
W}, a sub-polynomial of W}, Vk =1,...,n (V =V’ and W), = W] is admitted).
hen bg}l;rvll) # 0 implies bgy,t},, W £ 033, However, the b‘f;rvll) W, are
independent for dzﬁerent n, because the violations of the MWI coming from sub-
diagrams are taken into account in (249) by the terms 22;11 S ()T k(D (L)@
Obviously the b*) (249)-(250) depend on the normalization of the T-products.
We assume that the latter fulfil (N0)-(N3) and (N) in the following modified
form:

(N) T (("V)Wg@Wifi @ ... @ Wy f,) =
Tor1(0"VIYWg @ Wif1 @ ... ® Wi fn)
Z Z (s (ZVWQ’ ag; Jm) @ Wif1 @ . @ W f )
X,p€

k+1)v
+Z Z (:t)Tn+17k<b§/—{l_V7il7 7ka(gvfm1a"'afmk)w
k

=11<m:<...<mp<n

SWLf1 @ .ty it ®ann), (252)

where V, W, W1, ...,W,, € Py. Note that the sum over k in the last term runs
here up to n. Setting W = 1 and using the definition (249)-(250), we in fact
obtain (31) (even for V,Wi,...,W,, € P), which is the main reason for this
modification of (N). In sect. 2 this implication relied on the validity of the
MWTI (N). This assumption is not needed here to get (31).

Also the modified (N) fixes the normalization of the T-products of sym-
bols with external derivatives in terms of T-products without external deriva-
tives, namely by the following recursive procedure: For a monomial W =
I, 9. € Po, @r € Py, al® € (No)%, we define [W| = 3, [al®)| where
la(®)| = a(S) + ...+ a(s). Let the normalization of T,,(Wh, ..., W,,) with || +
w+ W, =0 (ie. Wl,.. W, € Py) be given for all n € N. Then the de-
termination of the b(n) _w, and of the normalization of T, (Wh, ..., W,) with
(Wil + ... + |W,| > O goes in a double inductive way: one makes a first in-
duction Wlth respect to the order n and for each fixed n a second induc-
tion with respect to |Wi| + ... + |W,|. More precisely let T;(W1,...,W;) and
bg/lv)l,...,w, be given for all [ < n and Wy,....,W; € Po, and also for | = n+ 1

if [Wi|+ ...+ |[Wni1| < d (d € N). Then we determine by (N) (252) the
normalization of the T, 1 (W1, ...,Wyhy1) with |Wi| 4+ ... + [W,y1| = d (this

33To see this we consider the (V',Wj,...,W/)-diagrams in which the additional fac-
tors of V', W{,...,W/ are external legs. By amputating these external legs we obtain all
(V, W1,...,Wp)-diagrams. (N3) requires that the non-amputated and amputated diagrams
are equally normalized.
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step does not take place for d = 0, because T},4+1 is given in that case). More
precisely we use (N) for [V| 4+ |[W| 4 |Wi| + ... + |[W,| = d — 1. Note that
all b*+1) and all T-products which appear in this case on the r.h.s. of (N )
are inductively given. Finally, from (249)-(250) we obtain the b(nJr1 _w, With
[V|+ |[Wi| + ... + |W,| = d. Again we point out that thereby all terms which
appear on the r.h.s. of (249) are inductively known.

To formulate the modified MWI we specialize to the case V, Wy, ..., W,, € Py.
Let us consider the set 7 of all sequences of T-products (7, )nen which satisfy
the requirements of sect. 2.2 (in particular causality and the normalization
conditions (N0)-(IN3)) and the modified (N). We now define

A((To)nen) € 0w, Y(To)nen € T, (253)

where b("*1) is the restriction of b+ (251) to D(R*, Py)®"*!. The image

A(T) of this map is model dependent and it is usually hard work to get in-

formation about A(7). If the zero-sequence (i.e. 0L (0,0,...)) is an element

of A(7), which means that the model is anomaly-free, we are in the situation
of sect. 2.4: the MWTI is then the normalization condition which forbids all
(T)nen which are not an element of A~1(0). If 0 ¢ A(7) we choose a suit-
able (usually as simple as possible) b € A(T) and the master Ward identity is
then the normalization condition that solely sequences (Ty)nen € A71(b) are
allowed.

We illustrate this by the example of the axial anomaly. Let Py be the linear

space which is generated by £ Aug*, ja, j= (cf. (90)) and all sub-monomials
thereof. According to Bardeen [1] the most simple b € A(7) reads

BIED =0, Ynt1#£3, V,Wh, . W, € Py,
DY s ua (90 f1. f2) = CE 9207 (D, 1) (01 f2).
b L 19, fio f2) = Ce 207 g, (F1 A, )0r (foApz),
O o (g i fo) = B3 L (9, f27f1) = Cet1 1207 g0, (f1 A, )0r fo,

3 3
b;A)ajA,jA(g7f17f2) 3 EA)j](gvflan) (254)

and bgi)VV11W2 = 0 for all other (V, Wy, Ws) € (Py)*3, where C is a well-known,
fixed, complex number. Then particular cases of the MWI read

Ty (10 f © Lg1 © ... © Lgn) = 0,
Tn+1(j1’18“f ® Egl ®..® ,an) - 2an+1(j7rf ® 591 ®...R »an)

+ Y CERTTL L (£O,(gmy Ay )0 (Gma Apy) ® Lot @ .ty g @ L),

1<mi<ma<n

(255)
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which imply
jg[j(auf) = 0;
‘ ‘ C o
492 (Oud) = 2 g () = G @ (P Fri)ge (), (256)

where we assume g(x) = go = const., Vz € supp f.
Non-vanishing anomalies b(mH) w,, are not an obstacle to fulfil the normal-
ization condition (N4) and hence the field equation (95) (see sect. 4.1), because
(92) still solves (N4) (4.1). But the axial anomaly appears as an additional term
in the charge conservation (N5) (charge) (97) and in the generalized perturba-
tive gauge invariance (IN6) (148) and hence also in the master BRST-identity, if
axial fermions are present. However, for the non-Abelian gauge models studied
in sects. 4.5.1-2, we expect that the master BRST-identity and ghost num-
ber conservation can be satisfied, and that therefore our local construction of
observables works. But this remains to be proved.

5.2 Energy momentum tensor: conservation and trace anomaly

We follow the procedure in [27]. Classically the canonical energy momentum
tensor is the Noether current belonging to translation invariance (in time and

space). Turning to QFT we consider a real, free, scalar field ¢ of mass m > 0.

(In the formalism of appendix A we set <pdefxdef ¢ and choose € = 1.) The free

canonical energy momentum tensor reads

1
Ol = 04006 — 59" 60,6+ Lo m? S, (257)
and this tensor is conserved due to the Klein-Gordon equation: 9,057, = 0.
Now we add an interaction of the form
L= \p*. (258)

The interacting canonical energy momentum tensor is not simply the interacting
field belonging to ©f%,, . it has an additional term

9cangL‘,(f) 9Ocang[:(f) + gHVﬁgc(gf). (259)

Let W1, ...,W,, be polynomials in ¢ (without any derivative). Applying twice
the definition (249)-(250) we obtain the relation

(ngl ® ® ann ® ('_)Oca,na f) =

k=1

_Al(fagla' - 9n +ZZ< ngl® ®Wkay(gkf)

- © Waga) + Az (f,91, 0 90) ) (260)
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where

def &
Al(fv g1, 7gn) = Z Z T(bg‘t}) WingseoosWen s (fa Imys - ';gm])

Ocan?
J=1mi<...<mj

®W1g1 X mlmj ® ann)7

n—1
def +1)v
AQ,k(fagla"'agn) = Z Z T(bgj[/t’];[/mly (gkf7gm17' '7gml)

W,
=1 mi<...<my (m;#k)

®W191...m1...ml...®ann). (261)

In [27] it is shown that there exists a normalization (which is compatible with
(NO) - (N3)34) such that —A4; +i > ;_, A2, = 0. In the following we use this
normalization. Then the identity (260) and (259) imply

Ol g2 (Ouf) = =Ly ((079) f)- (262)

The energy momentum tensor is only conserved in space-time regions in which
the coupling ’constant’ g is constant, in agreement with the fact that translation
invariance is broken by a non-constant g.

Unfortunately the trace of the canonical energy momentum tensor does not
vanish, even for free fields. Following [27] and references cited therein, we assume
m = 0 (and still £L = A\¢*) and introduce the improved energy momentum tensor.
In (interacting) classical field theory it is defined by

G)class pu def def @chss puyo_ % [8p(¢c1assav¢class) _ g;wap(¢classap¢class)], (263)

imp can

where ©¢a581V i given by the same formulas (257)-(259) as in QFT. This im-
proved tensor is conserved and traceless. The latter relies on the field equation.

Now we are going to construct the corresponding tensor in QFT. We apply
the definition (249)-(250) to T'((¢0” )" f®...) and (N) (252) to T'((¢p0"d" ¢) f®
...). So we obtain

_T((¢8V¢)8Hf QWi ®...® ann) = ((8H¢8V¢).f QWi ®...® ann)
FT((¢9"0" $)f © Wigr @ ... @ Wagn) + A V0 (fg100g0),  (264)

where
1 d f k+1
g;: ),HV,,(fagla' agn = Z Z (bésdt¢)7lel7 LW, m,k(fvgmla"'agm;c)
k=1m1<...<myp
Q191 ® ..M. Mg... ® ann) (265)

Here we have normalized T'(0" ¢, Wy, ..., Wi, ) according to (92) (N4), which
implies

k+1
T | (266)

3480 far no external derivatives are present. Hence, (N) plays no role.
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(there are no anomalies for tree-like diagrams, cf. sect 2.4). Hence, there are
no T (b +1) . )-terms in the application of (N) to T((¢p0"0"¢)f @ Wigi @ ...).
In particular it follows

T(¢p0"0"d)f @ WigL ® ... @ Wygn) = T(08"0"$) f @ Wig1 @ ... @ Wgn).
(267)

from (N). For the interacting fields the identity (264) implies

—(00"9)gc (0" f) = (8" 90" $) g (f) + ($0"0"0)grc (f) + A (f),  (268)

where

r(n L.,

def o= .y n-r n—r)y (1)
A”” lof ZZ Z (- g£)®( ))A( +1>£“ (fy g, 9)- (269)

r=1

Without further knowledge about b;%t(lﬁ) Z £ We cannot interpret ALY (f) as an

interacting field and A4 (f) needs not to be symmetrical in 4 < v.*> By means
of (267) we find

(60" $)gr (0" f) = (60" $)gc (0" f) — AF”(f) + AgH(f)- (271)
Now we define the improvement tensor

D) = (60" 0)ge (0" f) + 9" ($0,0) 42 (9 f). (272)

By using (271) we find that it is conserved up to anomalous terms (i.e. terms
which violate the MWTI)

Loz Ouf) = AG"(Ouf) — AgH(Ouf)- (273)

35Due to (NO) the anomaly a%t;)z = Tl(b%t};g ) has the form

f;f;iiﬁ ,,,,, c(f9,9) = /dfvf(fv)/dyl---dykg(yl)---g(yk)
{PL7 (01 O1)0(y1 — oy yg — )
D i d()dyn) : PYY (01, Ok)S(y1 — @,y Yk — )

J<i
+ D ow)ew)Blyr)blys) : LY 8y — @,y — )}, (270)
J<I<r<s
where P}, (01, ...,0k) is a polynomial of degree m in the partial derivatives 9y, ... ﬁyk, and
the expression in the {...}-bracket is symmetrical under permutations of y1,...,yx. P4 irs 18
~ gM¥ and, hence, symmetrical in y < v. But, eg. for k = 2 the terms (018405 +

020507)0(y1 — x,y2 — @) and (- 3 (y1) : 095+ : #*(y2) : OHO)o(y1 — w,y2 — )
have not this (@ < v)-symmetry and their contributions to agfat;)g 2Ouf,g,9) —

gbkat; c....cOuf,g,...,9) and hence to I””(Buf) ALY (B f) — AgH (8, f) (273) do not van-

ish.
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To compute the trace, we first mention

T(((bé”au(b)f QWi ®...® ann) =
oWy,

39 2 fgm @ ... ® Wign) (274)

n
ZZ TWig1 ® ... @ p——
m=1

which is a consequence of (N) and (266). Therefore,

(604 0,0)gc (f) = —(q%

From (272), (268) and (275) we obtain

)oc(fg) = =4Lgc(f9)- (275)

gfﬁgg(f) = —(0"00u) g (f) + 4L (fg) — Ay () = Ol o () — AL L)
(276)

The improved energy momentum tensor is defined analogously to (263), namely

v def v v

Gfmpgﬁ(f) G)gangﬁ(f) - glg[j (f) (277)
Our results (262), (273) and (276) yield that it is conserved and traceless up to
anomalous terms:

O geOunf) = O ye(Ouf) = 5 (A (Ouf) = A (0uf)

= L, 9)f) ~ (AL D) — AL OLF))
e?mpp,gﬁ(f) = Agp,(f) (278)

In the literature ([27] and references cited therein) it is shown that the anoma-
lous terms can be removed by suitable normalization in one of the two equations
n (278), but not simultaneously in both. Usually one puts the priority on the
conservation and allows for a trace anomaly. The latter breaks the dilatation
invariance and gives rise for anomalous dimensions of the interacting fields.

Remarks: (1) In the case m > 0 the scaling degree of certain terms is
relatively lowered, e.g. in the term ~ m? of ©47  (257). Hence, it is possible
that the central extensions violate the MWI, our result of sect. 3.3 does not
contradict the appearance of the trace anomaly.

(2) We are going to show that the trace anomaly is of order O(g?) for the
interaction (258). We have to verify that (260), (264), (267) and (274) can be
fulfilled without any anomalous terms A to first order in g. Due to (N3) we
have

To(8°9pd°0°¢, ¢*)(x,y) =: 02" p(x)p* (y) :
+4(Q, To(0°0°¢, ) (w,y)92) : 0*¢(x)9* (y) -
+4(Q, To (0D, §) (w,y)Q) : 0" () 6° (y) -
+6(Q, To(0°00°0°¢, ¢°) (2, 1)) : ¢*(y) : -
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For the tree diagrams (279), (280) and (281) the MWTI holds true. An anomaly
must come from the loop diagram (282), which is the two-legs sector. We define

the normalization of (Q, T(¢pd"*d” ¢, $*)Q) by (264) with .Afg) " = 0. The
(4 < v)-symmetry (267) holds, because all tensors of rank two are ~ g"” or
~ ptp”, where p is the momentum belonging to the relative coordinate (x — y).
The T-products on the r.h. sides of (260) and (274) have four legs for n = 1
and W, = L = \¢*. Hence, it remains to show that there exits a normalization

such that
O, To(04 60" 6, 67w, 9)92) = ZOL(O, To(@ 00,6, %) (2,4))  (283)
(which is (260)) and

85 <Qa T2(¢au¢v ¢2)($, y)Q> = <Qv T2 (5‘u¢5‘“¢, ¢2)($, y)Q> (284)

(which is (274)). An explicit calculation shows that this can in fact be done3°.
m

6 Conclusions

The justifications to require the master Ward identity (as a normalization con-
dition for the time-ordered products) are the following facts:

- In the classical limit ~ — 0 the MWI becomes an identity which holds
always true [9].

- The MWT has many, far-reaching and important consequences (see sect.
4) which we would like to hold true in QFT.37

- It seems that the MWI can nearly always be satisfied: it is compatible with
the other normalization conditions (sect. 3), and many consequences of the MWI
(e.g. the field equation, charge- and ghost-number conservation, conservation
of the energy momentum tensor and perturbative gauge invariance ((148) with
J1 = ... = jn = 0) for SU(N)-Yang-Mills theories) have already been proved
in the literature (sect. 4). The only counter-examples we know are the usual
anomalies of perturbative QFT.

7 Appendix A: Feynman propagators

Let ¢, x € G be the symbols corresponding to two massive or massless free fields
(without derivatives) with the same mass and which satisfy the Klein-Gordon

36The C-number distributions in (282) for b = 0 and the relevant values of a and c have
essentially been calculated in the second paper of [11] (sect. 2 and appendix C).

37We discovered (or invented) the MWT by searching for a local construction of observables
in non-Abelian quantum gauge theories. (In [7] this construction is given for QED). We
succeeded provided several normalization conditions are fulfilled, see [3]. In order to prove that
the latter have a common solution we looked for a universal formulation of these normalization
conditions - and found the MWI.
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or wave equation
@+mYe=0, @+mA)x=0, m>0, (285)

and obey Bose or Fermi statistics. We assume that T1(¢g), g € D(R?*) (anti-
Jcommutes with all free fields except T (xh), h € D(R*) and the same for ¢ and
x exchanged. The non-vanishing (anti-)commutator is given by

Ay =€Dp, (286)

where D,, is the (massive or massless) Pauli-Jordan distribution to the mass m,
€ is a sign which depends on (¢, x) and we have extended the notation (22) to
anti-commutators. For a bosonic real scalar field it is x = ¢ and for a bosonic
complex scalar field we have y = ¢*. In case of the fermionic ghost fields of non-
Abelian gauge theories ¢ and x must be different: ¢ = 4,4, ¥ = uq, € = 1 where
a is the colour index. Alternatively one may also set ¢ = ug, X = g, € = —1.
Spinor fields will be treated later.

According to our definition (33) of the Feynman propagators and the nor-
malization condition (NO), Aga% oy contains undetermined local terms if and
only if

wdéfsd(Agago,abx) —4=-2+ |a| + |b| >0, (287)

namely
AL on, = (=1D)[0°0" D] + Y~ ClePoe], (288)
|e|=0

where DI is the massive or massless Feynman propagator and the C’éa’b) eC
are constants. We give an explicit list of the undetermined terms for the lowest
values of |a| + |b]:

Abugovy = —€[(0"0" D], + CgH8)], (289)
Aoy oy = AL pugey = €[0"9” D}, — igw’&] (290)
_Aguav@,axx = Ag&,o,auavx = G[WayakDZ
+C1g" NS — (% +2C1) (g™ 076 + g" 9M9)] (291)
Abugvorgy = —AL gugvory, = €l0#0"0 D)

—%(g””(‘)’\é + gMrav s + grramo)], (292)

where we have taken account of Poincare covariance, symmetry with respect to
exchange of Lorentz indices and

F 2AF F
Aaa’ﬂtp,abx = —m Aaa@’abx = Aaa (293)

©,0bax”
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With these formulas and (@ +m?)DE = § we compute % def 8“A§’w - Ag“x,w
(34):

o =0, (204)
5 g = €Cg™s, (295)

" 1 v L
53”90»( = ezg” 3, (%u%x = €, (296)

1 1
Oy = €l=(C o 5 +2C0)g™ 05 + Cag""0"6 — (5 +2C1)g" 03], (207)

8 oo = —e(1+C)0"5, (298)
3
08,0, = €307, (299)
1 1
0 or s, = €l(—5 + CLIIT8 + (5 +2C1)g7 06 — Cm?g™ 0] (300)

For spinor fields with mass m > 0 obeying the Dirac equation we have

A,z =—(i7"0u +m)Dy, (301)
and find
" .
o =i, (302)
" .
5@%#& = —0. (303)

8 Appendix B: Explicit results for A* used in
the application of the MWI to the BRST-
current

Let j,, be the free BRST-current (119). We assume that each symbol in W € Py
carries at most a first (internal) derivative (no higher derivatives). Then the
following

5 (O W

X0 8—Xg7 % )a Xﬂ/’ S g; (304)
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do not vanish:

oW 1 oW
. = —_(O* -

oW
% “ -
A5 azomag (0" 1)9, 5530 f)
oW

' -
u— u (0, Av)
(Cac + 5 +2014)(0"0a) g5y of

X = 0-A7 : AgTAg,Ag ((3“ua)

(O = () ]

9(0,Ay)
oW oW

(305)

—C14,[(0°0" ta) 5m—r 9.f + (0"t1a) 5 (0% 9) f]

9(07 AY) a0 Al
oW

+(% + 2C1Aa)[(5”agu")mgf

00 G (00,

T oW
X = auua : Agﬂua’ﬂb<(a-,—Aa + ma¢a)gv 8—’&,})'](.) =

- ow
—(({LAQ + ma(ba)a—%gfa

ow
(0 up)
ow

_(1 + Cua)[(élf (a‘rA; + ma¢a))mgf

(Bvg) f,

Ag#ua,auﬂb ((aTAZZ— + ma¢a)g7 f) -

ow
+(0- A7 + ma%)m

oW
— AT - ﬁ/“' _ - —
X a,U«aT a * (‘%&-AZ,AZ( UaF, 8A1b/ f)

3 - oW oW
ow 1
A5, 47,07 ay (—Uag) Wf) = (5~ Ca.)-

ow ow

(0"9)11,

[(51/50%)%%” + (50%)(

9(07 A¥)
- l1%
T200ua) 55, A7)

ow
2
+CAa,maua78(aTAg)gf7

@9 f m%mgm
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oov A7) T a(am an)
oW

S (00 0) ] = (5 + 200, (Bu) s

(306)

(307)

(308)

(309)

) 0"9)f
af

(310)



ow
X = Uq : Al (= (0u(0: AT + mata))g, 8_mf) =0, (311)

ow
Aﬁa,a,,ab (_(8#(87"42 + ma¢a))ga mf) =
Cua(au(a‘rAg +ma¢a))%gﬂ (312)
X=bui AL (Ouua)a g ) =0, (313)
ow ow
zﬁ$a¢L¢b((3uua)g,Eﬁgﬁg;gf)::-—Ckm(8uua)5f5;$;59f(314)
. ow ow
X = Oua Aﬁ)u(ﬁa’% (_U'aga T%f) = ua%gfa (315)
. ow
bt (U 5 f) =
x oW w
(]‘ + C¢a)[(aVua)a(ay¢a) gf + Uq 8(8y¢a> (al’ )f]ﬂ (316)

where we have used the explicit expressions (294)-(300) for the ¢* and the
definition (36) of A*.
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