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This meeting was organised within the framework of the TERA and AUSTR.ON 

medicaJ studies. The ultimate aim of these studies is to design a dual-species 

synchrotron (protons and light ions) for cancer therapy treatment and research. 

The slides coJJected in this volume were produced quickly to ensure a full 

circulation of infonnation. Consequently, it has not been possible for the authors to 

provide the same degree of rigour in checking that a fu11 publication would receive. 

Since these notes do not constitute a publication please consider them as confidential. 

The talks entitled Simple theory of slow extraction from a synchrotron, Hardt 

condition for superposition of separatrices, Achromatic transfer from electrostatic 

septum to magnetic septum. Emittance of the slow-extracted beam, General rransverse 

strategy. LAttice considerations and Feasibility of a phase-displacement acceleration 

system and a micro-bucker transfer system for 'feeding' the resonance were the 

products of much discussion and common effort between the members of the TERA 

and AUSTRON groups. The deeper thought in the Hardt Condition and the lattice is 

thanks to M. Benedikt. 

The TERA and AUSTRON teams would like to thank the invited speakers who 

contributed their special eltpenise and knowledge to this infonnation meeting. 

PJ. Bryant 
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NOMENCLATURE 

• Right-handed, curvilinear coordinate system (x,s,z) for 

the beam: 

z, Vertical 

Closed orbit 

s, Direction along beam 

x, Horizontal 

{y = the general transverse coordinate, i.e. x or z}. 

iv 

• Subscript 0 denotes a parameter evaluated at the origin, 

on the central orbit or at rest 

• !1 (0- 1 %), o (0- few %o), 'd' (infmitesimal changes). 

• < .. >denotes an average over a distribution. 

• (X,X') and (ZZ') [m112
] normalised coordinates. 

• Ax, Az normalised particle amplitude(= ~(il+Y' 2) 

• Ex, Ez geometric emittance (lcr) 1t [m rad]. 

• En.x En.z normalised emittance ( 1 cr) 1t [m rad]. 

{ 7t should always be apparent) 

• O'x, crz standard deviation of a distribution [m] 

• £ 1 longitudinal emittance [eV s] 

• E total energy [eV]. 
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• T kinetic energy [ e V] 

• p momentum [GeV/c] 

• ~{=vic), 1 (= mlmo) usual relativistic parameters. 

• e electronic charge [As] 

• (b, Qz machine tune values. 

• Q'x, Q'z machine chromaticities (dQyl(dp/p))o 

• ~X' ~z, ax, 0-z "fx, "fz, J.is, J.lz, Dx, Dz, D'x, D'z optics 

parameters with their usual definitions. 

• Dn.x, Dz.n, D 'n.x' D 'z.n normaJised dispersion functions. 

• M transfer matrix. 

• To, Tr revolution period [s] 

• fo,fr revolution frequency [Hz] 

• ilo, Or angular revolution frequency [rad s·1] 

• S normalised sextupole strength [m-112]. 

• Is magnetic length of sextupole. 

• H perpendicular distance from the side to the centre of 

the stable triangle in normalised phase space. 

• a.H angle of H measured anticlockwise from X -axis. 

• H Hamiltonian 

• Bx, Bs, Bz components of magnetic induction [T] 

• p radius of curvature [m] 

• Bp magnetic rigidity [Tm] 

• A number of nucleons in an ion (mass number) 
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• n number of charges on an ion 

• k2MAD normalised sextupole-gradient coefficient for the 

MAD optics program. 

• 1C driving term for a nonlinear resonance 

• C machine circumference. 

• Zr Transverse coupling impedance. 

• ES Electrostatic septum. 

• MS Magnetic septum. 



Feb.1996 

PROGRAMME 
Tuesday, 13th Febnuary TRANSVERSE ASPECI'S 

PS Auditorium 

10.00-10.15 lmroduction (P. Bryant) 

10.15-J 1.15 Simple theory of slow emactioa from a synduaaon (S. Rossi) 

11.15-11.45 Break 

11.45-12.05 Hardt condition for superposition of separalric:es (M. Pullia) 

12.05-12.30 Achromatic uansfcr from clcctroStl1ic ICpbDn tomqnetic sepblDl (M. Benedikt) 

12.30-14.00 Lunch 

CN Amphitheater Bldg 31, 3-005 

1 4.00-14.30 Emiaancc of the slow-cxtr'ICU:d beam (M. PuDia) 

14.30.15.15 General transverse SU'IlCg)' (P. Bl)'llll) 

15.15-1530 Discussion 

15.30.16.00 Break 

16.00-17.00 Lattice considerations (M. BcncdiJa) 

1 7.00-17.1 5 Discussion 

Wednesday, 14th February LONGITUDINAL ASPECI'S 

PS Auditorium 

09.45-10.15 Stochastic and other means of rf acceleration to 'feed' the resonance CR. Cappi) 

10.15-10.45 'Empty-bucket' stabilisation of the spill (R. Cappi) 

10.45-11.15 Break 

11.15-11.45 General longitudinal strategy. CR. Cappi) 

11.45-12.15 Phase displacement acceleration (in general) (E. Ciapala) 

12.15-12.45 Feasibility of a phasc-dtsplacement acceleration system and a mi~bucket tranSfer 

system for ·teedmg · th~ resonance (M. Crcsccnti) 

12.45- 14.00 Lunch 

PS Auditorium 

14.00-14.30 Be~tron accc:lc:rauon mto the resonance (C. Steinbach) 

14.30.15.30 SPS extraction expcnencc and spill control (M. Gyr. K.. Comelis) 

15.30-16.00 Break 

16.00 Discussions. 

• •• 



Feb. l996 

CONTENTS 

Bibliography 
... w 

Nomenclature 
. 

VI .. 
Programme Vl1 

Contents vw 

1 Introduction 1 

2 Simple theory of slow extraction from a synchrotron 7 

3 Hardt condition for superposition of separatrices 38 

4 Achromatic transfer from electrostatic septum to 
magnetic septum 57 

5 Emittance of the slow-extracted beam 74 

6 General transverse strategy 97 

7 Lattice considerations 109 

8 Longitudinal aspects of slow extraction (combined notes on 
Stochastic and other means of rf acceleration to 'feed' the 
resonance, "Empty-bucket" stabilisation of the spill and 
Genera/longitudinal strategy) 127 

9 Phase-displacement acceleration (in general) 149 

10 Feasibility of a phase-displacement acceleration system 
and a micro-bucket transfer system for 'feeding' the 
resonance 170 

1 1 Betatron acceleration into the resonance 184 

12 SPS extraction experience and spill control 190 

13 Resonant extraction in the SPS 208 

14 Tentative machine parameters 222 

15 Index. 225 



Feb.l996 

INTRODUCTION 

(slow extraction from synchrotrons 

for cancer therapy) 

presented by 

P.J. Bryant 

February 13th and 14th 1996 

PS,CERN 

1 Feb.l996 2 

AIMS 

To prepare for the design of a medical synchrotron capable 

of delivering protons and light ions for cancer therapy. More 

specifically, it is hoped thai the next two days will expose the 

problems and explore the possible design choices concerning 

resonant extraction using a third-order resonance. 

Tile performance of medical synchrotrons is critically 

dependent on the extraction, so this is the natural place at which 

to start a study and from which to set criteria that will determine 

the rest of the design. 111e present programme is designed to: 

• Review tbe underlying theory and physics of slow extraction. 

• To collect simple analytical expressions that can guide 

numerical computer design work 

• To identify the design choices that need to be made and the 

various solutions that are available. 
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WISH LIST 

Uniform spill (for precision of the delivered dose). 

Narrow momentum spread (control of width of Bragg peak, 

especially in the case of a passive scanning system). 

Constant momentum at extraction (for spatial stability of final 

beam spot, in case dispersion 'leaks' into delivery system). 

Switchable spill (for economy or beam and for controlling the 

delivered dose). 

Weakened dependency on power supply stability. Slow­

extraction systems are very susceptible to power supply ripple. 

111e resonance acts like a magnifyins glass that magnifies all 

imperfections. Since this machine will be dual-species and the 

protons may require only 20-30% of the maximum field 

stabilily will be of even more importance. 

Equal emittances, or a SlnlteiY for usina unequal emittances 

(equal emittances are usually specified for gantry optics). 

Feb.l996 4 

Moving the resonance 

E. large,llp/p small E. small,llp/p large 

\ ..... 
1""~·~, .. ') ........... ~·"""·~--- ·i 1"1' ~~ 

(A) (B) 

Spiral pitch vlriel durina aweep MornaHnl of eatncted tJe... •lfies 

Untronnlty dqJends on dNAI.4 Unlfonnlty depeadl on dN/dp 

Movins the beam 

E. larse.IJplp small E. small, 6plp lup 

,,->J-~ 
(C) (D) 

Momencum of e11traceed beam vlria Momentttm or eatnlded ............ ... 

llld riiOiilel .... ~ .. ..... 
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Use of a transport mechanism 

Slack is kepl 
aparl rrom 
lhe resonance 

~p/p 
or Q 

Transporl medlanis111 lhal 
provides a low density. high · 
velocity transport or the beam 

TECHNIQUES 

5 

Some of the above schemes imply the need for a stack with 

a wide momentum spread (say 6%o) and a very uniform 

distribution of particles in momentum space (the resonance acts 

like a magnifying glass that exaggerates all imperfections). 

Two rf techniques will be useful to satisfy these needs: 

Bunch rotation on the unstable fixed point to develop the 

momentum spread and &he application of rf noise to homogenise 

the stack. 

Feb.1996 

LOOKING FOR CLUES TO: 

Which should move, the beam or the resonance? 

How con the beam be moved? 

How can the resonance be moved? 

What beam transport mechanisms can be used? 

What are &he implications for &he injection scheme? 

What are the implications for the rf acceleration system? 

Positions for the electrostatic & magnetic septa? 

How should the sextupoles be deployed? 

How should the lattice be customised? 

Can the extracted emittance be adjusted? 

How can the extracted current be adjusted? 

THE STARnNG POINT 

' 

11le advance of the separatrix over 3 turns (the so-called spiral 

step) at the radial position of the electrostatic septum It 
. . 

somewhat arbatrarily set at I 0 mm. 

• The simple explanation for this number Is that ror 0.1 mm teptum 

thickness and a 10 mm api1'1115tep the heam los!l should be close to ICJIJ. 
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Simple theory of slow extraction 

frotn a synchrotro11 

Sandro Rossi 

3rd-order resonance slow extraction for medical synchrotrons 

Cern, 13-14 February 1996 
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NORMALISED SYSTEM OF COORDINATES 

Calculations are greatly simplified by using normalised 
coordinates: the betatron oscillations are represented by a 
circular motion in the normalised phase plane, such that their 
amplitude and phase can be easily evaluated. The distance 
along the equilibrium orbit is denoted by s and the radial or 
vertical component of the displacement from the reference 
orbit is denoted by x, the betatron oscillation Is expressed by: 

x(s) = a.Jp(s)cos[p(.r)+ 8] 

where P(s) is the betatron amplitude function, and 

d.r 
Jl(S) = J IJ(.r) 

the betatron phase function with a and a arbitrary constants. 
This expression is reduced to a hannonic oscillation If we 
introduce the normalised variables: 

..t(s) 
X(.t) = ~p(s} 



J 
ds 

J.l(s) = P<s) 

In this new system the betatron oscillation is described by: 

X= acos(J.l + 0) 

9 

and the trajectory in phase space becomes a circle; deriving X 
with respect to the variable J.l: 

. dX 
X =-=-asin(J.l+O) 

dJ.L 

Real phase space 

x' 

X 

Normalised phase space 

X' 

X 

The emittance is the same in both systems and is given by: 

I 
The normalising matrix N is expressed by: 

while its inverse is: 

I (I 0) N=.Jjia. p 

N-' =-1 ( p 0) 
.Jii -a. I 

10 



It 

The matrix for the transformation in the real phase plane 
(x, x') from an azimuth s,to an azimuth .r2 is: 

.JP1P2 sinJ.L 

J~.!_ ( COSJ.l-U 2 S j rtJ.l) 
P2 I 

where J.l=J.l(s2 )-~t(J 1 ) : fl 1 = n (J1). rtc . The matrix for the 
transfonnation in the nornwli.,cd phase plnnc is: 

M =( cosJ.l sinJ.l) 
12 -sin J.l cos J.1. 
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FIELD IN A SEXTUPOLE 

From Maxwell equations, assuming that the magnetic field 
has, to a good approximation, only transverse components 
and being interested only in the field inside the vacuum pipe, 
we can derive the vector potential ''A" for a magnet with 2n 
poles in Cartesian coordinates: 

A= l::A,. /,. (x,l) ,. 

with/" an homogeneous function in x and t of order n: 

f,.(x,z.) = (x+it)" 

The real tenns correspond to regular multipolea. the 
imaginary ones to skew multipoles as summarised In the 
following table. 

Vector potential solutions in Cartesian coordinate• 

Multlpole n Regular Skew 

quadrupoje 2 x2
-7.2 2u 

sextupole 3 x3-3xz2 3x2z-z1 

oclupole 4 x4-6x2z2+z4 4x,i:-4u, 
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For our calculations, it is useful to relate A,. to the field, for 
example, in the median plane using the Taylor expansion: 

:l A - - I (d(rt-l) Bl u rt-1 l (n-1) 
Bz:(z=O)=-;-= LnA"x = L(-~-i)• ·dx(n-h- x 

u X n=l n=l · 

so that: 

In particular, for a regular sextupole: 

so that: 

Sign conventions 

The following diagram shows the conventions adopted, i.e.·:·. 

• F-sextupole, if it focuses particle with x positive: 
• D-sextupole, if it defocuses particles with x positive. 

Focusing sextupole and coordinate system 

focusing 

s 

defocusing 

z t 
s 

N 

z 

F-sextupole 

X 

s 

... 

z 

14 
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Let us now calculate the kick given by a focusing sextupole to 
a particle moving at a distance x from the central orbit on the 
median plane supposing the length t .. of the sextupole to be 
negligible (thin-lens approximation): 

where the minus sign is due to the fact that a particle at a 
positive x is bent by the B field toward the origin of ads. 
Substituting the expression for the field: 

In normalised coordinates at the sextupole position, we have: 

16 

. l 
llX5 =SX I 

with S being the normalised sextupole strength: 

and K2MAD (m"3]: 

K2 [ -3] I (d2 ~~ ) (T -2 J 
MAD m = 333556· p

0 
[OeV I c) dx 

0 
m • 



LOCKING ACfiON AND ADDITION 
OFSEXTUPOLES 
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Let us go into detail analysing the effect of a sextupole treated 
as a thin lens. As shown in the following diagram the phase 
shift given by the sextupole is: 

AX. S 2 , Sa 
AJ.t = -cosJ.l=- X cosJ..L =Sa cos · J..l = -(cos3J.1 + 3cosJ.l) 

a a 4 

Supposing that we are close to a third integer tune, in three 
turns the second tenn in the last equation averages zero, while 
the first tenn is constant, since its phase is an integer multiple 
of 2Jt. From the figure it also appears that: 

&J AX' . sx2 . =S 2 • Sa . -=-smJl=- smJ.l- acos J.1SIDJ.1=-san)J.1 
a a a 4 

18 

where the last equality is valid close to the resonance. When 
the particle is exactly on resonance, the phase advancro.s by ·an 
integral number of 2Jt and the particle 'locks' onto the 
resonance, repeating again and again the same trajectory in 
phase space. The following figure is a pictorial representation 
of the situation, corresponding to the "fixed points - comers" 
of the last stable triangle. 

X' 

phase shifts 

3rd sextupole at 4JtQ 

1st sextupole at X=O: 
rnoeffect 

X 

2nd sextupole at 2JtQ 
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If we are close to resonance from the expression of phase 
shift, we have in the smooth approximation where ~ is the 
azimuthal angle: 

Sa 
6J.L = 2n6Q= 4(cos3Q~) 

~(>, ~W"""st;, ,#I J: L:Q.f5 • '1 
from which we deduce that the tune or the particle wanders 
within a band around the unperturbed tune Qo: 

So So 
<.A - - < Q<(!,+ ·· 1 8n 8n 

If the third integer tune value is not inside this band, the 
particle cannot be locked and it is stable, in other words at a 
.. tune distance" AQ from Qo the particles with amplitude: 

are stable. This fact gives the phase space stable triangles that 
will be discussed later. Replacing the inequality by an 
equality, we obtain the amplitude of the unstable fixed points 
and figure out that in the amplitude-tune space the resonance 
Is a straight line u shown In the following picture. The slope 
of the resonance line is related to the spread in momentum 
through the chromaticity. 

20 

Amplitude 

unstable region 

-- --~ 

beam 

f1Pip, Q 

Now, suppose that we have an azimuth distribution of 
sextupoles that can be expressed as a Fourier series in +: 

S(+ )= rs. tJtt 

introducing it into the equation of phase displacement and 
integrating around the machine~irc_u!Jifere~:-,..) 

~(T "6~ -t <iQ ~ 

S a ~l.Jit 
Ap.= l:J-• cos(3Q+)t ti+ :$ 

~ • 4 ~ :. f j~C ,_oru•sj-~- /(s-30),.>j Jcl fo ~>--~ ·f ss:Ba. 

we ~~lice that the integral is large and finite ir: 

3Q= s .::--, 
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that is in ~h~ addition of the sextupoles we have to consider 
the third harmonic or the sextupole distribution in betatron 
phase around the machine. Actually, since in the expression 
of S it also appears as a power or the beta function, and 
periodicities in the lattice structure can also drive the 
resonance together with multipole field patterns. 

Equating the sum or sextupoles to a virtual sextupole we 
have: 

S,m,,,1 exp(f'P .'< _,,,, ,, )= L_s, exp(j1J..l x .• ) 
' 

where J.lx.t is the betatron phase location or the i-th sextupole. 

By separating real and imaginary parts we obtain: 

Equivalent se.xtupole phase and strength 

(I) 

(2) 

22 

that is betatron phase and· strength of a single equivalent 
sextupole in the ring. 

First consideration 

From the previous equation (2) it is easy to show that for a 
distribution of sextupoles of equal strength and spaced by t\p 
we have: 

• cancellation of the driving term if L\f.1 = Jt/3; 

• reinforcement of the driving term if L\f.1 = 2Jt/J. 

Second consideration 

If the sextupoles are placed in a region of finite horizontal 

dispersion (Dx) they also affect the chromaticity i1Q'.,. of the 

machine: 

' i)Qx t, [ SF ~ /R ) SD ~{A ) ] (3) 
AQx a :l~ = 4 K2MAD .L,\Px Dx ,. + K2MAD .L,~x D. " 

u p 1t ""'' -· . 
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In general, it would be better to have the possibility of acting 
on the resonance and the chromaticity independently: 

• to drive the resonance, without affecting the chromaticity 

• put the sextupoles in a zero dispersion region; 

• to act on the chromaticity, without drivirr~ the re.wrrance 

• arrange the correction sextupoles with a phase 
difference .1J..l = n/3 between two consecutive ones. 

Third consideration 

Consider a lattice with a superperiodicity of 2 and with two 
sextupoles with the same absolute strength (S or K2MAo), but 
diametrically opposing [l\J! = QJt = (n ± l/3) Jt] each other: 

from (2) we have: 

from (3) and (4) we have: 

24 
\ 

• l, p [ Sl . S2 ] 
l\Q,=-4Jt 'D~ K2MAD +K2MAD 

so that if n Is even: 

• Sa=· Sz > only driving the resonance 

• Sa= Sz > only correcting chromaticity 

no independent action is possible with n odd. 
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PHASE SPACE TRAJECTORIES 

Let us consider the effect of a single sextupole supposing that 
the unperturbed fractional tune is close to one-third of an 
integer and that the sextupole represents a small perturbation 
so that we can add up the effects turn by turn independently. 
We calculate the increments M and M' on three turns 
starting from the exit of the sextupole. 

The total displacement and deflection after three turns: 

(~·) 

are the sum of: 

• 3 unperturbed turns plus a kick: 

(
cos3J1. sin3Jl:rx~) 
-sin3J1• cos3J1 Xo 

+ 

26 

• 2 unperturbed turns. a kick and another tum: 

+ 

( s(cos2J1• Xo ~ sin2J1• X0)2
) 

+ 

( . 
COSJ.l 

• • -srn Jl 

. . 
Sin J1 
COSJ.l • 

cos2J1• X0 + sin2Jl• X0 
-.sln2Jl.Xo+cos2J1• Xo+ s(cos2p• Xo+ .sin2p• x0)2 

• 1 unperturbed tum. a kick and 2 other turns: 

+ 

( s{cos tl• Xo ~sin Jl• Xo)2 ) 

+ 

(
cos2Jl• sin2J1•I cos Jl• Xo +sin Jl·Xo ) 
-sin2J.l• cos2J1• -sin tl• Xo +cos Jl• Xo + S(cos tl• Xo +sin p• XC,}l 
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Adding the contributions for: 

with n integer and j5QI << ~, we get: 

Spiral step and !ipiral kick 

. 3 ( 2 •2) LU' = -E X o + 4 S X 0 - X o 

where E = 6K SQ. 

Along the separatrices, for £ = 0, from the above equations, 
we can calculate the increase in amplitude of oscillation 

R = ~(X2 + X' 2
) in 3tums: 

Indicating with Res the position of the electrostatic septum 
along the separatrix, we find a relation that connect position 
of the septum, spiral step M and strength of the sextupole: 

28 

3 
·---a-S 

RES RF.S +AR 4 

To identify the trajectories in phase space, we deduce from 
the above expressions the invariant of motion choosina the 
time taken by a particle to make three revolutions u unit 
time: 

with: 

dX . 3 · iJH -=IJ.X=eX +-SX0X0 =--:-
~ o 2 ax 

Hamiltonian 

(I) 
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The above expressions (I) and (2) identify the invariant H as 
the Hamiltonian in the conjugate variables X and X'. 
Different values of H correspond to different trajectories in 
the phase space. 

lfS = 0: 

the expression of H becomes the equation of a circle, as it 
should be in nonnalised coordinates having eliminated the 
source of perturbation. 

lfS ~0: 

• the trajectories are symmetric with respect to the X-axis, 
since X' appears only in quadrature; 

• for small values of X and X', the trajectories are slightly 
deformed circles; 

• from expression (l) and (2) equating to zero we derive the 
coordinates of the fixed points: 
+ 0(0; 0) fixed point of first order (it repeats itself in one 

tum); 

• P J4e·o) 
'\.Js' 

p =( 2£ 2 £) 
2 · 3S; .JJs 

pl{ !;;~~) 
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fixed points of order three (repeat themselves in three 
turns). · 

The lines connecting the points P1 define a triangle that limits 
the stable, phase-space region (inside) from the unstable 
region (outside). These are called separatrices. ~ next 
figure shows the triangle for EIS > 0. 

particles in triangle 
are stable 

Phose spac~ at sutupole 
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The equations of the separatrices and the area of the triangle 
are easily calculated for the present configuration at the 
sextupole position. 

Equation of separatrices 

· I( 4E) X =Jj X-js 

x·=JJ -x~) J3\ 3S 

Distanc~ of side of triangl~ to origin of axis 

Stable emittance= (area triangle)!ft [7t m rad] 

32 

General equation of the separatrix 

The equations of the separatrices (A), (B) and (C), deduced 
earlier. are valid at the sextupole (single or virtual) position In 
the lattice. Let us generalise these equations with the help of 
the following picture. 

x· x·.., 
separatrix 

o,.· Aplp 

1 
X 

The line equation is given by taking into consideration the 
following points: 

• the anticlockwise rotation of the line by an angle a; 

• the displacement of the equilibrium orbit due to the 
dispersion (D,., D,. ') in the machine and Induced by the 
momentum deviation of the particle (Ap/p). 
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Applying the above transformations we get the general 
expression of the separatrix: 

It is more useful to express the equations of the separatrices 
(A), (8) and (C) as a function of the phase advance (L\J.l) 
between the sextupole position and the observation point, 
remembering that the phase advance determines a clockwise 
rotation. The separafrices at the sextupole posi tion are 
obtained from the preceding equation inserting: 

(A) ===> (l = 180° 

(B) ===> (l = 300° 

(C) ==> a= 420° 

and, rotating by AJ.l, we have at the observation point: 

(A): 

-(X -I\~ }os(t\tl)+( x·-v: ~ }in(t\tl)= H 

(8): 

-(X -D,.~ }os(AJ1+24<r)+( x·-v: ~ };n(t\t1+24<r) = H 

(C): 

-(X - D,. ~ }os(L\p.+l2<r)+( x· -o: ~}in (t\tl+l2<r) = H 
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Particle dynamics 

We want to analyse the movement of the particles along the 
separatrices; for this purpose we substitute their expressions 
in the equations (I) and (2): 

2£ 
X=-:Ls 

. I ( 4£) X--,;: X---- v3 3S 

dX • 3 . 
di=£ X0 +2SXoXo 
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First consideration 

The following figures show the sense of rotation of the 
particles in three turns and the direction of the outgoing 
separatrices at the sextupole position, depending on the sign 
ofE and S. 

S>O 

S<O 

I At sextupole position I 
BQ>O 

Above re~onnnce 
BQ<O 

Below resonance 

~----~------------------L------------------~ 
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Second consideration 

The parabolic expressions obtained so far become zero ·m 
correspondence to the point P1, thus showing that they are 
indeed fixed points. 

Third consideration 

The parabolic behaviour also shows that the movement of the 
particles on the separatrices in between the fixed points 
becomes slower and slower a.c; we come close to them. thus 
giving a concentration of particles in the corners of the 
triangle. On the contrary, the spiral step is increasing 
quadratically as the particle move away from the fixed points 
along the separatrices, as shown in the following picture 
where a stable orbit and the movement on the outgolna 
separatrices in unit time are indicated. 

... , 
···~ -~···· · · · 

• V' 

. I ... ., ,.,.. '·" Xlm1111 
I I 

&Q=O.OOI .0. ' 

t=iJ.OI2S7 . 
5=0.9639 (m' 111) 

. 
-. ·-------------.e-t....L----------.. -
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PHASE-SPACE REPRESENTATION OF A BEAM. (1) 

The motion In an accelerator Is parameterised by defining an 

equilibrium orbit f«?r each momentum and descrlbhlg particle 

motions (betatron oscillations) about this equilibrium orbit. 

Equilibrium orbits for momenta different from the ceniral orbit are 

parameterised by the dispersion function, D. 

Eauilibrlum orbits 

z 

(Ap/p)s 

X 

Positions and angles of orbits are given by 

.x(~ )=Ox~ and d.x =OX IJp Real phase apace 
Po cb Po 

X(~)=Dn,x IJp and dX =D'n x Ap Normalised phue 1JM1Ce 
Po dJl • Po 

{The conversion between the normalised and real phase llp8C88 WM given 

In the bask: lecture) 
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PHASE-SPACE REPRESENTATION OF A BEAM (2) 

At a given position in the machine the beam can be represented 

In phase space by a series of ellipses {circles In normalized 

phase space) centred around the dispersion vector (D,Dl6.p/p 

Real chase space 

Areas are emittance of 

betatron motion for 

each momentum 

x' 

) 
. ' 

------------------,~---+----r-~-----.- X 
_-/' 

/ 
/, / 

X' 

Normailsed chase space 

Areas In normalised 
~~--­phase space are stll 

equal to the emittance 

(6p/p)1 (6p/p)2 (6p/p)3 

X 
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PHASE SPACE REPRESENTATION OF THE·. 

RESONANCE (1) 

The circles that represent the beam emlltance In normalised 

phase space become triangles (of the same area) urlder the 

influence of the resonance. 

The resonance for particles of each momentum Is represented by 

a triangle corresponding to the last stable orblt and the 

extensions along the outward separatrlces. 

Each momentum has Its own triangle, 

because each momentum has Its own tune. 

Size of triangle depends on 

distance from resonance. 

Small triangles are closer 

X' 

The rotation of the triangles depends on the batatron phase 

advance from the resonance sextupole to the observation point. 
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PHASE SPACE REPRESENTATION OF THE 

RESONANCE (2) 

42 

For a monoenergetic beam wilh Increasing sextupole strength, 

the stable triangles shrink. The size or the stable triangles is 

characterised by H (see simply theory), which is proportional lo 

80/S. By Increasing the sextupole strength, particles with smaller 

and smaller amplitude gel extracted. 

X' 

~ Range of separatrices 

X 
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LOSSES AT THE ELECTROSTATIC SEPT-UM 

IN REAL PHASE SPACE 

X 

::.: ·_:~ 
. ' ~ -·-· . 
i ' . 

les 
s 

lea 

For particles starting at positions x, and x,, not all angles are 

allowed. In the first drawing, a particle with a divergence greater 

than (Xes - Xe)/les will hit the septum. A similar situation exlels for 

particles Inside the septum, except that the e~trlc field curves 

their orbits and modifies the forbidden angles. The fOibldden 

shadow realons are: 

x' 

X 

----~; ~------------------~-------
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LOSSES AT THE ELECTROSTATIC SEPTUM 

IN NORMALISED PHASE SPACE 

X 
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REASONS FOR THE HARDT CONDITION 

The Hardt Condition aligns the separatrices belonging to different 

momenta and amplitudes at the electrostatic septum to avoid 

particle losses due to the "shadow regions" shown above. while 

chromaticity and dispersion are finite. This then makes II 
I 

possible to keep the bulk of the waiting beam stable and to 

control the spill. 

If the chromaticity and dispersion were zero, then al~ triangles 

would have a common centre, but parllcles with d:Herent lniUal 

amplitudes would leave the machine along different separalrices 

and would arrive at the ES with different angles, leading to losses 

In the shadow regions. Due to the zero chromaticity the yya1t1ng 

beam could become unstable and the solll would be dlfflcull to 

control. 

In any other case. If the Hardt Condition Is not fulfilled, part~s 

with diHerent momenta and different amplitudes arrive at the ES 

with different angles, causing losses In the shadow regions. 

~ With the Hardt Condlllon fulfilled, all separatrices are 

coincident and collinear and aperture requirements In the 

electrostatic septum are an absolute minimum. 
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REVISION- EQUATION OF A SEPARATRIX 

Re-express the separatrix equation with H In terms of Q' and Aplp 

(X -o,.~)cos(u - 6~)+( X' -D~~)sin(a-6~)= H 

The momentum dependence of the separatrlx Is now apparent In 

each of the three main terms. Adjusting the momentum 

dependent terms In a way that they sum to zero, establishes the 

Hardt Condition.· 

• The above atSUr1'1el lhat lhe beam Is moved Into the resonance without 

changing bansvense beam parameters. The alternative of sweeping lhe 

resonance through lhe stack would requiTe an additional lime variation to be 

taken Into account. 
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HARDT CONDmON 

To remove the momentum dependence from the separatrix, the 

equation below must be satisfied. 

Dn cos(a-l1J1 )+ D~ sin(a-AJI.)=-~ Q' 

The above equation may appear very flexible, but there are some 

boundary conditions on the parameters. 

• The choice of the angle (cx-6J.t) Is restrained by the gGometry of 

the extraction. This will be discussed In Section A. 

• Q. and 0~ depend on the lattice design. This will be dlacussed 

In Section B. 

• Q' Is the main variable, but for machines wOOdng below 

transition energy the stability of a coasting beam Is Improved 

by making Q' negative. This will be discussed In Section C. 

• S has been set, somewhat arbitrarily, to give an lncreas~ of 

1 o mm In the amplitude of the separatrix over 3 turns at the 

electrostatic septum. This Is discussed In Section D. 

• Finally, numerical values will be discussed In Section E. 
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SECTION A 

SEPARATRIX GEOMETRY FOR EXTRACTION (1) 

Figures below show a logical layout In phase space for the septa 

and separatrlces with the extraction separatrlx at 45° and -45°. 

This foresees a goo phase advance between the septa, which 

maximises the effect of the electrostatic septum's kick. 

The other two separatrices are 120° apart In phase space. Thus, 

the extracting separatrlx could be moved by a maximum of 15° 

antlclockwlse before the preceding separatrlx hits the 

electrostatic septum, or 15° clockwise before the following 

separatrlx hits the magnetic septum. 

)(' X' 

X 

phase advance goo 

Kick goo later 
becomes a 
gap for 
magnetic 
septum 

X 

k 
WHAT VARIATIONS EXIST ON THIS THEME ? 
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SEPARATRIX GEOMETRY FOR EXTRACTION· (2) 

The alternatives to the layout on the previous page are limited. 

The first Is to accept a much smaller phase advance of say 40° or 

less. This situation may be Imposed by lack of space and 

requires much stronger electrostatic and magnetic septa. In the 

case of the electrostatic septum, this may have Implications for 

the reliability. 

The second alternative Is to allow a 27rf phase advance. 

)(' X' 

X X 
ES MS 

phase advance 2700 
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SEPARATRIX GEOMETRY FOR EXTRACTION (3) 

So far the kick of the electrostatic septum has been shown in the 

first quadrant only. In fact only the first and third quadrants are 

usable. In the second and fourth quadrants, the kick takes the 

beam back Into the septum wires. The use of the third quadrant 

gives one extra possibility. 

O.K. 

O.K. 

For Ideal working conditions, the 1st or 3rd quadrants must be 

used, with 90° or 270° phase advance between the septa, and 

with a tolerance of ± 15° In the separatrtx positions (for much less 

phase advance one must rely on very strong kicks). 
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STABLE-TRIANGLE GEOMETRY FOR 1ST & .3RD 

QUADRANT OPERATION 

Thus, for the Hardt condition there are only two walues 

for the phase term (a-41) I.e. 315±1s0 and 135:1:15°. 

--~-·- .,_ ______________ _ 
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SECTION B 

The normalised dispersion terms take a simple form In dispersion 

bumps, 360° achromatic arcs and regular FODO or doublet 

structures that are common In small machines. 

Dispersion bumps 

nn 

-· . . ·- n . .. . ··-·-

where, D =D 0 sin6Jl. n n, 
D' = D 0 cos8J.L. n n, 

Achromatic arcs 

The variations of Dn and D~ are very much the same as for the 

dispersion bump except that the curve Is less smooth due to the 

distributed dipoles. 

Regular FOOO and Doublet structures 

In these structures the normalised dispersion function takes a 

form close to a sine wave with a de oHset. 

The relative usefulness of these structures can be demonstrated 

by numerical calculations. 
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WHAT IS NEEDED OF THE (D,.,Dn' VECTOR .. 

The (On, On') vector moves the stable triangles for different 

momenta to superposition the separatrlces. 

The separatrlces that can be used are at 45°±15° In the first 

quadrant and at 225°±15° in the third quadrant. Thus. the most 

eHicient (On,On) vectors for corrections will be at 135°:t15° or 

315°±15°, i.e. approximately at rightangles to the separatrlces. 

Thus, for bumps, arcs, regular lattices etc. the favoured position 

for an electrostatic septum is on the downward slope of (O,D). 

but this Is the least efficient for providing space for the magnetic 

septum without crossing dipoles between the septa. 

Conect orientation for (D,.,D,.) 

s 
Correct orientation for (D,.,Dn) 

s 



. . 
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SECTION C 

STABILITY OF THE WAITING BEAM 

Since any fluctuation In the wailing stack will appear, greatly 

magnified, In the spill, the stability of the waiting beam is of prime 

Importance. 

Below transition, beams are Intrinsically stable longitudinally. 

The transverse stability is of more concern. The criterion for 

stability Is, 

IZ..I s F2 Eo 4aoYP 6fJrwt~m l<n - Q)TJ- Ql 
e IR Po 

where Ft Is a form factor (close to unity), Eo Is the proton rest 

energy, R Is the average machine radius (R/~ can probably be 

replaced by the average betatron amplitude function), I Is the 

current, n Is the azimuthal mode number and 11 Is the revolution 

frequency spread [(dfR)/(dplp)=1/f-111"2
). The mode to be 

considered will probably be n close to Q with n>O. This means 

that for maximum stability of the waiting stack Q' should be 

negative. 

LEAR works very IUCCessfully with positive chromaticity, but LEAR has an 

active feed-back system and works with very small emlttances achieved by 

cooling. Medical rtngs have larger emiHances, especially with multi-tum 

Infection. Octupoles may also provide some stability via an amplitude­

frequency ipread, but this dsiOfts the resonance Hne. 
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·. SECTION D 

SPIRAL STEP OR PITCH 

REVISION 

The motion in phase space over lime Intervals of 3 turns was 

derived as, 

11X3 =EX~ +~SX0X~ 2 

M] =-EX0 +~S(X01 - X~1) 
If the motion Is restricted to the vertical separatrlx X=-(213)(rlS), 

then 

If this vector Is allowed to rotate 90°, It changes from an angular 

step to a positional step given by. 

Solral steo 

AX)=O 

AX= £2- 3S X2 
s 4 

----~~- --~------------------~--------
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SECTION E 

NUMERICAL CALCULATIONS - STRATEGY 

• To determine S on the basis of a 10 mm projection of the spiral 

step onto the x axis at the electrostatic septum. 

• To use this value to determine the chromaticity via the Hardt 

Condition with whatever lattice functions are being proposed. 

• To determine the 50 corresponding to lhe last stable orbit for 

the maximum emittance in the waiting stack. 

Ffrsl, assume that the spiral step along the separatrix Is 

dominated by the second term, so as to eliminate the circular 

reference lo £. 

M= 3Sx2 
4 

SelllR= 0.01/(cos(+)..Jp] [m112
] where+ Is the angle between the 

separatrtx and the X axis and, Initially, X=0.031..Jp (m112].Then 

apply the Hardt Condillon, 

Dncos(a-AJl}f-DJasin(a-llJ.L)=~ 
s 

with (a-6J.l)= 135° or 315°. 

Finally, find the tune shift for last stable triangle, 

48F3rt 2 
EBam = Etasut:btetri~n&Je = s2 (8Q) tt 
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PARTICLE MOTION IN A UNEAR LATTICI; 

Particle motion in a linear lattice (containing only dipoles and 

quadrupoles) can be described with transfer matrices. 

Transfer matrix for an ·on-momentum particle 

The motion of an on-momentum (~) particle between two 

lauice elements I and 2 with a betatron phase advance J1 is 

di11cribed by a 2x2 transfer matrix M (Twiss-matrix), where 

• . ~-<·-.• , ..... ) .f,;i; .•••• 

~.[( .•• , .• , >·····<·· -·· ). .. 1 ~-<·-·-·· ..... ) 
The horizontal position and angle of the particle at element 2 Is 

then given by 

x2 = m11 ·x1 +m12 ·x' 1 

I I 
x 2 =m21 ·x 1+m22 ·x 1 
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Transfer matrix for a particle with momentum 

deviation 

The transfer matrix for a particle with a momentum error Bp is a 

3x3 matrix: 

"'13] 
"'23 

I 

with m11 , m12, m11 , m12 elemenl!; from lhe 2x2 matrix and mp, 

m2J depending on the dispersion function . 

The horizontal position and angle of the particle at element 2 

now depend on the momentum deviation lip 
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Expression for mu and mn 
Consider a particle with a momentum enor lip moving on t~ 

closed orbit belonging to lip. The horizontal position and angle 

of the particle at any position s in the machine is given by 

x(.r,&p )= o(.r) &p 
p 

and at elements l and 2 

x'(.r,lp).. u(.r) lp 
p 

By comparison with the transfer matrix M expressions for mu 

and mu are derived 

'"l3 .. o2 -01 ·~ 1'2 
{cosJa+«1·11np )-u 1·Jtt1-tt2 alnl' 

I I' I 

and 

'"21 =D 2 + ~{(1+«1«2 }-slnp+(a2 -a, ):os,a J-u •·J"• {COifl-a2 ~np) 
f,l,2 ,2 

or when using D,. and D' • 

'"13 =Ji;·(o112 -o,.1 <Oift-U ,.1·slnJ1) 

I 
'"ll =J-{u ,.1 -o112 -cx 2 +0111 (slnJ1+a2-cosp)-u ,. 1 ·(ceKJ~-a2 111tJ1)) 

pl 
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Effect of the Electrostatic Septum 

The electrostatic septum cuts off particles rrom the separatrices. 

Particles inside the septum are kicked by the electrostatic field 

by a certain angle cp. This difference in angle between particles 

inside the septum and those remaining on the separatrix 

transforms into n gap further downstream, where the magnetic 

septum is positioned. 

X' 

Electrostatic 
Septum 

X 

phase advance J.l 

x· 

Magnetic 
Septum 

gap 
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Compare the movement of two on-momentum particles from the 

electrostatic to the magnetic septum; particle A starts just in~l* 
the electrostatic septum. p~ticle 8 just outside. As the 

thickness of the ES is about 0.1 mm consider both particles to 

start at the same position XES. Both particles start with the same 

angle but particle A gets an additional kick 4p from t~ reptum. 

With the 2x2 transfer matrht one finds the positions of the 

particles at the magnetic septum 

particle A 

particle 8 

xMS =m, rxes +m12·x es +m11• 

x' MS=m21·xes+m22·x ES +m12• 

..rus=m,,·xes+me2·ies 

x MS=m2a·xes+m12·i ES 

Thus, the effect of the kick of the eleclroatatic septum seen at 

the magnetic septum &ives • difference in position and anafe or 
the particles 

r-~-bxus--=m-,-2.--AX-MS-=IIIn--.--, 

where Axr.ts is the gap for the thicker magnetic septum 
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To make full use of the kick provided by the ES: 

• 

• 
• 

look for n phase advance of 90°+n·360° (septa on same 

side of vacuum chamber) or 

270°+ n·360° (septa on opposite sides) 

look for reasonable values of PF.s and PM~ 

Generally, during the extraction process particles with different 

momenta ore extracted at the same time. (This is not the case 

when using a transport mechanism that cuts slices of particles 

with equal momenta from the waiting stack and brings them 

into the resonance.) 

Extracled beam 

The vertical uis 
Is betatron 
amplitude 

llp/p 
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If the Hardt Condition is futnlled, separatrices for particles with 

different momenta and amplitudes are superimposed! 

Therefore, all extracted particles reach the electrostatic septum · 

on the same separatrix. As the momentum spread is small 

(approximately 0.1 %) all particles inside the elec.trostatic 

septum get almost the same kick. 

Transfer from ES to MS for particles with q, ... 
Particle C starts just inside, particle D just outside the F.S 

x· / x· 
~ 

kick • [ _ particle C 

Electrostatic 
Septum 

X 

phase advance J.l 

Separatrix is aligned on origin 
by the Hardt Condition 

Hardt Condition no 
longer applies at MS so 
sepantrix moves away 
from origin 
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Using the 3x3 tranliifer matrix between the two septa, one finds: 

particle C 

particle D 

11le gap created by the ES is the same as for an on-momentum 

particle, but it appears at a different position and angle. The 

shift in position reduces the effective gap width for the 

magnetic septum. 

Feb.l996 

x· 

a, IIIII 

Geometric situation at the septa 

/ x· 

kick op r· ?ides A,C 

X 

Electrostatic 
Septum 

phase advance p 

A 

B 
Ala gap for Bp=O 

'' 

X 

c 
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EFFECTS OF NON-ZERO m13 AND m23 

A non-zero m13 causes a loss of space for the MS and has to be 

corrected with a stronger kick of the ES 

The extracted part or the hcam hccomcc; IOilf!Cr and requires a 

larger horizontal aperture in the MS 

A non-zero mn is leading to a bigger divergence of the extracted 

beam at the MS and also requires a larger horizontal aperture in 

theMS 

Note: At the ES any angle error will lead to losses, but at the 

MS there will be a small clearence of say I mm and angular 

spreads up to I mrad (approx.) will not lead to losses. For this 

reason, only the m13 will be considered further. 
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• 

• 

• 

MINIMISATION OF EFFECTS OF m13 

To fulfill the Hardt Condition, the ES must be in a region 

with dispersion (to date, we have only considered positive 

dispersion at the ES). Fullilling the Hardt Condition nxes 

the q,!p.,.. of the extracted beam and therefore it cannot be 

used to compensate the effects of a non-zero mu. 

The loss of space for the magnetic septum due to mu 

being non zero is proportional to ~PMS· Decreasing pNS 
reduces the inOuence of m13, but the gap created by the 

electrostatic septum is also proportional to ~Pus and 

becomes smaller. Overall the effective gap at the maanetic 

septum is reduced by decreasinJ PNS· 

The only effective approach is to reduce mu directly 
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MINIMISATION OF m1a 

1 Both septa In a bending-free dispersion region 

On 

phase 
1t 

In a bending frce -rcginn, the dispersion hchaves like a betatron 

oscillation and can therefore be described with a 2x2 tran!lfer 

matrix 

(D) {m11 m
12 XDJ 

D MS m21 mu D ES . 

Usina this transformation forD and D' it follows directly that 

m., and m21 are zero and therefore: 

The transfer via a dispersion reaion without crossing bending. 

magnets is always achromatic with respect to position and 

angle. 
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2 Both septa In regions with dispersion and 

bending 

Un 

>K phase 

The transfer element mu is given by: 

m,l=JPMS { Dn.us -q,.es i:Oifl-D n.ES 'linp) 
To make full use of the kick provided by lhe BS make the phase 

advance either ~+n·3WC' or p.=2700+ 11·36()0. 

for"= W ± n·3W it follows 

m•l=h{q,.MS-onP) 
and therefore to make mu=O 

Dn.MS =D n.ES Septa same side 9()0 I 
is required. Bul as shown in the presentation of the Hardt 

Condilion, one needs to work with a neaative D'a.ES 10m., can 

only be made zero by having neaative dispersion at the 

magnetic septum. 
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For ll- 270° + n·360° it follows: 

and therefore to make mo=O 

DnMs=-U n.ES Septa opposite sides 270° 

is required. In this case, m0 can be made zero by having a 

positive D,.,Ms and a negative D'n.ES just as required by the 

Hardt Condition. A disadvantage of this solution might be that 

the particles which are extracted have to be transported for a 

longer distance in the machine (e.g. crossing of sextupoles 

between the two septa would be more difficult to avoid)1 

• " a Mxtupole Is crossed (either resonance ar chromallclly) between 

the ES and the MS, then the,. Ia a variable c)ptlcal element In the 

eldrectlon channel. Any change In the 0' or resonance atrength all era 

1M iiJdrlldlon geometry 
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3 Electrostatic septum In a dispersion region 

and magnetic septum In a zero-dispersion. 

region 

Dn 

phase 
rt 

For DMS=O, the transfer element mu is given by 

mtl=-.JPMS {Dn.es-cosJl+D n.EB -tinp) 

Position the ES in a 1800 dispersion bump. If the bump was 

created by single kicks. D,. and D ',. cean be described as follows: 

D,.('6) = D,.,0 · sin'6 D,. ('6) = D,.,0 ·cos" 

and a simple expression for mil is derived 

m,l=-.JPMS ·Dno.es-tin('lt+Jl) 

m13=0 for ('6+p)=n·l80° 

coming out or. 
dispersion bump 

It is difficult to use n=l, since this gives exactly the position of 

the dipole which is closing the bump. To keep m1J sm•ll, the 

MS has to be positioned as close to the dipole as pos:;ib!e. For 

larger n. there is again the problem of transporting the extracted 

part of the beam through a larger distance in the machine. ' 
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4 Transfer for un-fulfilled Hardt Condition 

Fulfilling the Hardt Condition fixes the chromaticity and the 

Bp,... of the extracted particles. 

If one does not fulfill the Hardt Condition, the chromaticity can 

be used to adjust the Bp,... in a way that particles with different 

momenta arrive at the ES with different angles in order to 

compensate the effect of a non-zero mu. 

This method is used in the present PS slow e:ttlraction scheme. 

5 Transfers from zero dispersion regions to zero 

dispersion regions are always achromatic 

-. 
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CONSERVATION OF PHASE SPACE 

In a linear machine, the (x,x'), (t.l') and (Ap/p,t) phase spaces 

are uncoupled and independently conserved. 

The presence of a se'ltupole introduces two couplings: 

(A) Flntly, between (x,x') and (~/p,l). 

(8) Secondly, between (x,x') and (z.z'). 

(A) is an essential part of the mechanism of extraction and 

arises from the time variation of the positions of the 

separatrices, which .. cut" the phase space and "peel" off the 

particles from the waiting beam. 

(8) is an effect that couples the emittances of the two lnlnsverse 

planes. It can be minimised by making the vertical 

excunions of the particles small compared to the hurizontal 

ones <P~<<Pa at resonance sextupole). The effect ls due to 

the high-order and cross terms in the magnetic fields; (see 

basic theory lecture); 
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A GLOBAL VIEW OF THE EXTRACTED 

EMITTANCE (1) 

76 

Consider a coasting beam with a relative momentum spread of 

say llp/p = 0.005 and let this beam be driven into the resonance 

over say 500 ms. This is represented by the diagrams below, 

E~tlracled ~am 

Resonance lines 

The vertical uis is 
helalron amplilude 

tJbe horizontal ax Isis, primarily, the position of the 
!equilibrium orbit across the aperture, x, but 

It can also represent momentum, !Jp/p, If the 
dispenlon ls non-zero, or 
the tune, Q., If the cluomaticity is non-zero. 

The Hardt condition is arranged so as to give typically a Bplp 

for the extracted beam ofO.OOl. This is determined by the slope 

of the resonance line. Over the time of the extraction the 

separatrix acts like a knife shaving off the beam and the phase 

space. 
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A GLOBAL VIEW OF THE EXTRACTED·. 

EMITTANCE (2) 

The transverse (x.x') and longitudinal (Ap/p,l) phase spaces are 

jointly conserved as a phase-space volume. By virtue of this 

conservation, the effect of lhe extraction on the transverse phase 

space can be evaluated by considering the simple model below. 

flplp or stack 

waitlngstaclt 

~~-- Equal phase volume of 

spill 
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A GLOBAL VIEW OF THE EXTRACTED 

EMITTANCE (3) 

For the phase-space volumes, 

E •. s~aetr.(llp) Tre., = E •. ~n(6;') . Top;oo 
p StiCk ~PI II 

78 

Some order of magn itude numller~ would he. E •.•• Kk= 107tX Jo-t. 

[m rad), (~/p)uod.=0.005, Tre.=0.5x 10-6s. (l)p/p)~m=O.OOI, 

T.pn=500XI0-1s, so thai E,,sp;u= 50xl0-12nlm rad). 

When dealing with small numbers of particles in irregularly 

shaped regions of phase space, the statistical expression for the 

emittance, given below, might be more meaningful, but the 

above can still be used as a guide to the extracted emittance. 

Thus, the extracted emittance in the plane of the resonance will 

be extremely small. In fact, under ideal conditions (no noise), it 

will be quasi zero. 
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DETAILED ACTION OF THE SEPARATRIX· ·. 

Typically, a spill may last .500 ms and the revolution lime will 

be of the order of 0 . .5 JIS, so that the full spill would ~ake :ome 

1 06 turns of the machine. If the stack hu a Aplp of 0.00.5 and 

the extracted beam a liplp of 0.001, then the colla,Me of the 

stable triangle for one particular band of monoenergetic 

particles would take 106/5 = 2xl05 turns. It may take some 

particles as long as 100 turns to leave the machine, once they 

are unstable, but this is still very quick compared to the collapse 

time or the triansle. This means that the band of particles 

marooned outside the sepuatrix (unstable but not yet extracted) 

will never be wider than about I o-' of the full triangle height nor 

older than I 00 turns. Thus, the emittance of the band that is 

being extracted is about I o·6 of the original emittance, which 

agrees with the above. 

Particles 

shrinking triangle 
leaving 

the machine 
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EMITTANCE WITH A TRANSPORT 

MECHANISM (1) 

• Instead of slowly pushing the beam into the resonance, the 

waiting stack can be kept well away rrom the resonance and 

the particles delivered rapidly to the resonance in small 

"packets". This reduces the errectc; of power supply ripple. 

• By crosliing the resonance line fac;tc r. a larger emittance is 

"marooned" out~ide the c;eparatriJt and the cJttracted emittance 

increases. 

• An alternative view of the increase in emillance is seen rrom 

the diagram below. 

Spill has a fine structure (simila 

o a cyclotron) with a duty cycle. 

A, the active spill time is redu 

E..spm 
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EMITTANCE WITH A TRANSPORT 

MECHANISM (2) 

II 

The effect of the transport mechanism is to introduce a duty 

cycle into the spill. Since the active time of the spill is reduced, 

the extracted emittance increases. 

where 

Spill duty factor = nme to cross resonance region (i.e. reaion 

covered by the sloping I'CIOnance line) over the period between 

beam packets. 

EMITTANCE WITH RESONANCE WOBBLE 

Wobbling the resonance has the same effect as above. u It 

increases the rate at which the beam crosses the resonance. AI 

the resonance line advances it takes beam and when it retreats 

there is a pause in the spill. 

----~· ................................ .. 
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WHAT IS THE MAXIMUM EMITIANCE THAT 

CAN BE EXTRACTED? 

This can be calculated by considering the rather impractical 

case of a monoenergetic beam that is exactly on the resonance 

tune and is suddenly subjected to a sextupole field. TI1e beam 

then finds itself instantaneously silting on phase-space 

trajectories that leave the 11perture as shown helow. The stable 

triangle referred to earlier has collapsed infinitely quickly and 

left all the particles "marooned" and unstable . . 

Limiting phase-space trajectory 
for beam as it leaves aperture 

X 

H=~(X2 +X'2)+~3XX'2-X1 ) 
2 4 

(I) 

Put E = 0, (i.e. infinitely fast application or the resonance) and 

evaluate H at the point A or 8 on the limiting phase trajectories 

for tile beam as it leaves the aperture. 
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K 1t 2 21t 3 3 Jt) H0 = 3Aocos-A osin --A ocos -
3 3 3 

(2) 

Ho=±~~ 
4 

(3) 

For convenience the diagram is now rotated by 9Cf and X 

becomes X' and X' becomes X. One third of the beam leaves 

along each separatrix (see below). 

agnetic septum. - This is the 
transverse emittance 

X' 
rransller to 

tnu•a~ettc septum 

Electrostatic septum 
in the ES the beam no longer 

' the sextupole. All beam puse151 
nnr-niiiJn this aperture, but over the 

me of many turns. 

Substitute (3) in (I) and rotate by 9ff. 

AJ = :f{3X'X2 
- X'3) (4) 
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The transverse emittance is found by integrating between X11 and 

X0+l1R (the aperture of the electrostatic septum). Once the 

beam is as far out as the electrostatic septum X'<<X and the x·J 
term can be neglected. Thus, 

JX0•M( AJ } 2 3[ I I ] Area=2 --2 X=-A0 - - (5) 
Xo 3X 3 X0 X0 + f1R 

Now express the area as a fraction of the initial emittance, 

(nAo2
) and make the approximation (I +!l.R/Xu) 1=( 1-llR/Xu). 

Max. fraction of El that can be extracted= 
2

Ao ~ 
3n X0 

(6) 

111e spiral step AR has been set already to 0.01/.Jp (m112
) and Xo 

will be 0.03/.Jp [m1n) or very close to this value. If A0 is chosen 

as 0.01/.Jp (m1n] then the absolute maximum emjtlance that can 

be extracted under these conditions is just 2.4% of the oriainal 

hwn. 
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EMITTANCE CONTROL 

The emittance is important for the spot size at the patient and 

the optics of the gantry. J1Je preference is for equal tranncnc 

emiuances. but it seems lo be impossible to extract anywhere 

near equal endttances. 

So what methods do exist for controlling the emiuanc:e at the 

moment of extraction, or can the .. equal emittance crilerion" be 

relaxed, or what else can be done? 

At the moment of extraction 

In fact there is litde point in varyina the emillance between zero 

and say I%, but for the completeneu of the discussion it can be 

added that: 

(i) The spill time does enter into the emittance, but the spill time 

must be fixed accordina to the operatina plan for the machine 

and will not be an effective means of controlling emitiUce. 

(ii) The steeper the resonance line, the smaller the extracted 

momentum spread and therefore the lqer the exnctecl 

transverse emittance. But asain, the slope of the resonance line 

will not be a free parameter. This is set by the Hardt Condition. 

(iii) The use of a transport mechanism does introduce 10me 

flexibility, but it is not sure lhat a suitable mechanism exists. 
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Relaxing the 'equal emittance' requirement 

(llle rollowinz scheme is believed to huve been suggested by L. Teng, 

FNAL, and was reproduced by C. Carli.) 

The normal modes in the tran!ifer line preceding the gantry are 

rotated to match the gantry angle . 

If this i5 done in a bending-free region, the dispersion vector, 

which behaves like a betatron oscillation. ic; also rotated . 

This scheme has two advantages: 

(i) Unequal emittances can he used, just as if the system had 

normal optics 

(ii) It is no longer •necessary to start and finish with zero 

dispersion, which is dirficult in the limited space of the gantry 

with the large bending angles. The dispersion can now be 

launched from earlier in the transfer line (likewise, the focusing 

can be partially moved to the transfer line). This may reduce 

the number of quadrupoles and the length of the gantry. 

On tbe neeatiyc side, a straight section of transfer line must 

h11ve its quadrupoles mounted in roller-cradles, but it is 

relatively easy to rotate a quadrupole compared to a gantry. 

Moreover, a.Jc:Utional space may be required for the roiator. 
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NORMAL MODE ROTATION 

• Consider a section of bending-free 'transfer line with a 

betatron phase advance of 36011 in the x-plane and 18o" in the 

z-plane. The transfer matrix for lhe normal modea of this line 

will be: 

(

I 0 0 

0 I 0 
Mrotator = 0 0 _ 1 

0 0 0 

(I) 

• This line is rotated by a, which is set to be half the angle or 
the gantry, 2a. 

Rotator 

uadrupole lattice 

,=36ff and Aft&= 18d' 
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• Due to the rotation, the angles and positions of each particle 

in the beam will be resolved into the normal modes of the 

rotated section according to; 

u 0 sin a 0 
X 

('"~ u' 
• -s~na 

co sa 0 ~ina x' 

0 
(2) 

v Cll~(l z 
v' -sin a 0 co~a ' 

Roc z In 

• If now the gantry follow!> at an angle 2a ( ie. the rotator i!i at 

half the gantry angle) the normal modes are again re!iolved to 

give the overall transfer rnatri x 

(-· 0 lin a 
0 r 0 0 "l '~" 0 5ina 

-~· J 
0 c:aaa 0 5ina 0 I 0 0 0 cos a 0 

-llna 0 c:aaa 0 0 0 -1 0 -sin a 0 cos a 
0 -llna 0 coso 0 0 0 - 1 0 -sino 0 cos a 

(- 0 tl•a ·r· 0 sin a .;. ) -~· -· 0 tl•a 0 -a 0 

0 -· 0 ... a o· -c:osa 

-If• a 0 -a 0 slnu 0 --a. 

sin a cos a - c:osa. ll•a. 

tlnacosa ~-a•l•a -) 
-c:os 2 a - sln

2 
a 

0 

-IIIICICOICI +emil sin a 0 
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u 0 0 0 X 

u' 0 0 0 x' 
= (l) 

v 0 0 -I 0 l 

v' Gantry 0 0 0 -I z' Input 

Thus, the normal modes (x,x ') and (z.t') map directly into lhe 

gantry modes (u,u ') and (-v,-v') independent of the gantry anale. 

The rotator is optically very simple and could be 4 FOOO cella 

with 9ff phase advance in Qne plane and 4S0 in the other. 

OTHER CONSIDERATIONS 

If a rotator is used to match the normal modes lo the pntry 

angle, then the dispenio1_1 vector (D,D') would also be rolaeed 

and matched to the normal modes. 

----~·~ ................................ ... 
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CONTROLLING THE SPOT SIZE 

• At extraction, the beam has its original vertical emittance. 

Horizontally, it has quasi-zero emittance and is a line 

distribution about I 2 mm long when projected on the x-a:w: is. 

• A 'rotator' makes it possible for this large emittance ratio to 

be accepted by the gantry, independent of the gantry angle. 

• Despite the small horiwntal emittance. the ~pot size can ~till 

be controlled with 1ero c.Jic;persion at the patient. 

• The horizontal emittance has the form of a very thin "bar" 

that can be matched to the a:w:is of an ellipse at the input to the 

transfer line. This ellipse is transferred to the ganlry "nozzle". 

Providing the optical design is 'smooth', the "bar" will 

remain straight. By adjusting the ellipse size and the phase 

advance (i.e. the angle of the "bar") any spot size from very 

small to at least the original 12 mm can be obtained. 

x' 
x' dN/dx 

X X 

ltn transfer line 
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MONTE CARLO SIMULATION OF mE SWW 
EXTRACTION 

91 

A Monte Carlo simulation of the e~ttraction proc:ea hu been written wkh ·lhe 
following approdmations: 

I ) the accelerator is not considered in detail, It only appean In lhe 
one-revolution matrix In lhe normalised phase ..,.ce: 

( 
c:os(2rtQ) sin(laQ)) 
-sln(2KQ) cos(2aQ) 

2) only one sextupole (eventually the c:onespo11din1 virtual one) Is 
considered. Moreover, il is considered lo be 1 lhln lena, 1hat Is lis oniJ 
effect is • kick AX' • S·(X1 - Pa Z2!p.) and AZ' • -2 s ~ XZJ p •• where s Ia 
the normalised sextupole strenath and p. IIICI p. are lhe belabon 
ampliludea at lhe aextupole. 

3) the beam il Jenerlled ec:cordin& lo I JIUalan density probabiUlJ In lhe 
(x, x') and (z. .:') flhue spaces and with a ...tronn diatribudon In 
momentum of aalven wldlh. 

4) the beam can be -=celerated Into the resonuce by llddinJ a constant 6p to 
each particle at each tam. All the f*lklea JeC the wne !Jp. 

5) no ripples are c:onaktered at the moment 

6) the electrostatic 1epb1m (BS) Is considered lnltnlteiJ thin and no loaea are 
laken lnlo ac:c:ounL A .,.atkle Is considered to be extncted wbea hi X 
position at (the be1lnnln1 oO the ES exceeda the X c:oordlnaie or the F.S. 
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FIRST SIMULATION 

Input parameters: 

Alphabt 
Bet aUt 

Epsx 
Alphaty 
Betaty 
l!psy 
BetaBS 
On 
Dpn 
Mues 
MuESy 
PSpread 
Qx 
Qy 
Qpx 
Qpy 
s 
dppt 
xES 
Seed 

0.0 
7.0 
1.38e-6 x m rad (I o eminance = 40 %) 

0.0 
2.0 
I.JBe-6 K m rod (I o emillnnce = 40 ~) 
7.0 
7.405 
-7.405 
0.78539 
0.78539 
0.00 
2.3333333 
1.58 
-5.0 
-5.0 
-6.0 
0.0 
0.03 
l 

(to satidy the Ilardi condition) 
(to satisfy the Hardt condition) 

(nmnocner~clic llcum) 
(beam tm re~tmnncc) 

(no acceleration) 
(m, real space) 
(random number seed) 
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4000 particles have been used, allowin1 for a muimum number of 500 000 turns 
1be Ont putk:le 11 exlrlcted In 129 turns, while the last needs 112 994 turns. 
rr the emittance 11 evaluated uslnJihe statistical definition 

conslderin1 all the extracted particles, we get: 

~ •Initial emittance calculated on the generated distribution • 1.39 104 rt m rad 
r. • extracted emitlance = 3.57 ro·• = 0.0026 2a 

A detailed analysil shows that the exlnlded emittance varies during the spill 
from about9.4 IO"IIIhe beainnlna of the spill to 1.2 ro·• II the end. 
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Detailed imate of the eatracted beam: maaenta polnll repraeat the lint 500 
extracted particles; the blue pol nil represent the last 500 exii'ICCed a-ddel. 
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X I p(CI)da VI X. Where p(X) is the density or the extracted beam. This picture 
XEJ 

shows that the extracted beam is uniform. 
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I 

Bxlrlded current vs lime 

Feb. 1996 

Alphatx 
Betatx 
Epsx 
Alphaty 
Betaty 
Epsy 
BetaES 
On 
Dpn 
MuES 
MuESy 
PSpread 
Qx 
Qy 
Qpx 
Qpy 
s 
xES 

0.0 
7.0 
S.Se-6 
0.0 
2.0 
S.5e-6 
7.0 
7.405 
-7.405 
0.78539 
0.78539 
0.0015 
2.3425833 
1.58 
-S.O 
-S.O 
-6.0 
0.03 
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SECOND SIMULATION 

dppt 6.7e-9 
Seed 4 

The acceleration Is suc:h to brina all the beam 10 the resonance In SOO 000 lams. 
Nqlectlna the 37 putlclel out of the 4000 talelllted that showed a .. ..,.. 
behaviour endlna lhdr run In the 4th quiCirlnl (tee na.). the emittance of lhe 
extncted beam is 1.3 L of the oriainal one. 

.... 

·-

·- · .. 
••• ·~ 
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GENERAL 

•The present aim is to design to a second-generation medical 

synchrotron that has customised lnuice functions to perform specific 

tasks in different sections of the machine and to Implement KfiB 

energy variation and positional scannina. Fmt-generation machines 

are characterised by regular lattices with passive scauering systems 

for changing beam momentum and shape. 

•The natural startina point is the resonance extraction and the 

conditions it imposes upon the machine design. 

•Transverse and longitudinal problems will, in many cases, be treated 

separately, for convenience. 

The Initial questions are: 

How do we manipulate the resonance and the waiting stack? 

How do we layout the components for the resonant exlnlction7 

How do we adapt the lattice to achieve the desired result? 
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LAYOUT OF APERTURE 

•The resonance needs to be in tor ncar) the centre of lhe chumber to 

give a balanced aperture for the growth of the separatrices. 

•For negative chromalicity (Q' < 0) the wailing slack must he 

In outer lmlf of chamhcr. 
if below resonance 

In inner half of chamber, 
if nhovt: 1csonance 

•Approximate dimensiom slmultl he: 

!stack :.1 

•Extra aperture and a single passage through the "poor field" region 

might be needed between the electrostatic and magnetic septa. 

•It is likely that tbe separatrices (during tbeir final 3 turns) define the 

maximum aperture requirement. 

•The closer the ES is to the resonance, the shorter the separatrices, 

but the stronger the sextupole, which hu a number of disadvantages. 
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LAYOUT OF EXTRACTION ELEMENTs ·· .. 

Two principal possibilities exist: 

• Septa on the same side of the chamber (jnoer or outerl 

• Septa on OJlj!Oiile aldel of chamber 

ES~ 

'· 
27rl' 

MS 

• The electrostatic and magnetic septa will be at approximately equal 

distances from the centre line, since the electrostatic septum I• best 

positioned at the 4SO point on a "risina" separatrix and the 

magnetic septum at 4S0 on a "falling" separatrix. 
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1ST & 3RD QUADRANT OPERATION 

• Note: Anti-clockwise rolation =below resonance 

•Negative chromaticity rules out the two possibilities / 
for (a-~)=13S0 in 1st & Jrd quadrants (see earlier) 

Q'<O, O.K. 

lOS Feb. 1996 106 

Second Conclusion 

or the above two possibilities, the stack positioned above resonance 

in the inner half of the chamber with 9ff phase advance between the 

septa is prefened. This determines the lenn (a-L\p) for the Hardt 

Condition to be 31 S0
• 

The second choice is the stack below resonance in the outer half of 

the chamber, but with 27ff phase advance to bring the magnetic 

septum to the outside for easy extraction. This again determines the 

tenn (a-~) for the Hardt Condition to be 31 S0
• 

•Operation of the BS ln the 2nd and 4th quadrants wu ruled out by 

losses on the septum wires (see Hardt Condition). 

•The 27rf phase advance Is not ruled out, but has two unfavoured 

aspects: Fintly, it is more likely that it will be necessary to accept a 

sextupole between the electrostatic and magnetic septa, which puts a 

variable element into the extraction geometry if the resonance 

excitation and/or chromatic conditions are changed. 

Secondly, it feels, intuitively, that aperture will be lost for the 

stack by "encasing .. it between the two septa. However, that depends 

on the local lattice functions and may not be a valid objection. 
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BUILDING THE LATIICE 

Two things are now required of the lattice for 

extraction: 

• 
• 

To sntisry the Hardt Condition with negative chromaticity . 

To provide a 9011
, or 270°, achromatic transrer between the 

electrmaatic and magnetic septa. 

A number of candidate lattice types exist: 

107 

• .. Square" lattice. using the "comer" dipoles to create dispersion 

bumps on two opposite sides and dispersion-free straight sections 

on the remainins two sides. 

• The .. extended-dispenion-bump•• that increases the free space 

within the dispenion bump by addin& a central dipole. 

• Lattices that use two arcs separated by dispersion-free straight 

sections. 

• It appears to be very difficult to satisfy all of the "ideal optics 

conditions" completely. but workable compromises can be found. 

• Some discussion of the various lattice types can be found in the 

chapter Lattice Considerations. 
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THE FINAL STRATEGY 

• Start from a lattice with two 360"-betatron-phase-advance. 

achromatic arcs. joined on each side by two dispersion-free 

straight seetions. 

• Place the electrostatic septum in the second half of the arc where 

the Hardt Condition can be adequately fulfilled. 

• It is then necessary to relax the requirement of the achromatic 

transfer between the septa. 

• Analytic solutions do exist for crossins dipoles achromatie~~lly, but 

in seneral these require more phase advance (at least 27ff) than Is 

conveniendy available. Larp phase advances also increue the 

possibility of havins to include a sextu.,Oie between the septa. 

• The fint compromise is to search for a small mu tenn and to leave 

the m23 tenn free. 

• For the phase advance between septa. look for a compromise that 

fulfills the Hardt Condilion and creates a reasonable •• ror the 

MS while not creating i large mu. 
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LATTICE CONSIDERATIONS 

M. Benedikt 

February 13th and 14th 1996 

PS,CERN 
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THE RING 

• The underlying construction. 

• General features 

• The resonance extraction. 

The underlying construction 

• The design is based on two achromatic arcs (P,. and Pa = 

36011
, 18011 bending) that have been detuned and joined by two 

dispersion-free straight sections. 

• This type of arc is extremely useful at the start of 

matching in a symmetric structure, as it will accept any Twiu 

input values and return them at the exit, always wllh the nme 

phase advance. 

• A symmetric structure is preferred, since in genenl it 

requ~res fewer quadrupole families. 

• 111e arc was based on a FODO cell, in which the P was 

later split to form a FODOF with longer drift spaces after each 

pair of dipoles. One advantage is that the p. and Pa are quasi­

constant in these drifts. In the normal FODO. they vuy rapidly 

across drift spaces and tune changes can alter values at monitors 

etc. more easily. 
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• Alternatively, the arc can be described as a series of 

triplets, in which the ll. is kept small and the vertical focussing 

of the rectangular dipoles is used to limit the peaks of p,.. The 

smaller p. is important for the aperture as the D. maximum is 

large. 

INITIAL FODO ARC 

11.000 Horizontal & ver1•cel betatron empliludes (m( 

5.5000 - . - ··r- -
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SPLIT -FODOF·ARC 

15.000 Hortloneat & vertlc8l beta1ron .,.....fm) 
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FLEXIBILITY OF THE SPLIT -FODOF- ARC 

20.000 

.. 
f : 

,' I . ~ . . . . . . . 

Horizontal & vertical belahon amplitudes (mJ 

I: 
: I . . . . 

Horizontal & vertical dispersion functions (m) 

•' 'I 

I ' . . 

The above graph illustrates the ability of the 1: 1 mapping 

arc to return any input values at the exit. 
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15.000 

LATTICE FUNCTIONS 

Horizontal & vertical betatron M1pltudn (mJ 

·' .. ,. .. . : 
• • • • . . . . • 

~ • . 

" .. •• •• . . .. •• •• .. . . . 
• • . . 
• 
' 

~ 

I 

;t 
•' •t . ' • • • • • • • • ' . . . ' . ·\ . ' . ' . • • . : 

4 ~ ' 

' .. ~· 

'~ .. 
' ' • 
' . • 
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: . . + .. ·- .• 
I I 
L ... I 

t.OOO 

The lattice as shown has 2 quadrupole families. A third 

family may be introduced later to ensure adequate luning for 

space-charge dfects at injection. 

Q. = 1.66, Q,. = 1.58 

Q'. = -1.47. Q', = 0.44 
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GEOMETRY 

Horizontal Plan VIew (X·V planet 
Drawn on • 2.5000m square grid 

• I 

-~~ .... fit\ty I 

. . '1.-."r•l t " . 

I 
I 

- ··· j·· .. 

l .. ··--·~.HJOd.l~WIJlC~~~-

lJS 

2 superperiods, with mirror symmetry within a superperiod. 

Circumference is 71 m 

y, = 2.01 
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GENERAL DESIGN FEATURES 

•The two dispenion-free regions are reserved for the RF­

system(s), resonance seJttupole(s) and the magnetic septum. 

The Pz value has been reduced in these spaces to make the ratio 

with p. small cp;p. =0.33). This minimises the coupling 

between the two transvene planes (AX'=S·(X2-Z2PJP.)). The 

low value of Pz is maintained throughout the eJttraction septum 

to reduce the vertical aperture. In fac~ p. has its ovenll 

minimum for the ring at this position (a 2.8 m waist in the 

centre of the drift apace). Elsewhere, the Pais limited between 

15m and 4.8 m and p. between 13.7 m and 3.8 m. 

• At the centre of the arc, there ia a 9.2 m drift apace for 

multi-tum injection with a combinination of betalron and 

momentum stacking. For this reason Pal• small (4.4 m) and 0 1 

is large (7.75 m). 

• The electrostatic septum has a drift space of I. 7 m 

• The magnetic septum has a drift space of 3.8 m. Yrhich 

will mean that only relatively weak septa will be needed • 

...r-.. .................................. . 
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• The RF has a drift space of 3.8 m. 

• The chromaticity sextupoles fit naturally into the nrc. 

• There are 2 quadrupole families . The quadrupoles are 

low-field, straight-pole units. 

• 1lle very smooth Twiss functions avoid high quadrupole 

strengths. 

• 1lle dipoles are 1.4 T, rectangular magnets 1.85 m long. 

111e sagitta is ± 4.5 em, which could be accepted by widening 

the pole or by slipping the laminations radially to give some 

curvature. 

• &ch quadrupole triplet with its two dipoles has a central 

drift space for diagnostic, vacuum equipment and chromaticity 

sextupoles. 

• 111e lattice is very flexible and can be tuned over a wide 

range. This is important for the space charge at injection. 
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LAYOUT OF EQUIPMENT IN FIRST HALF .· 

OF RING 

15.000 Hortzont8f & vertical belelron emplludee lml 
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LAYOUT OF EQUIPMENT IN SECOND HALF 

OF RING 

15.000 
Horizontal & vertical betatron amplitudes fm) 

.~ .. . ' .. . 
'i 
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I.OOOO lbtzoutal & vet11ca1 clsperllon lunc11ons (ml 
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THE RESONANCE 

• Both septa are on the same side of the vacuum chamber. · · 

• The electrostatic septum is in the second hair of the arc in 

order to have D. positive and o·. negative. This allows the 

Hardt Condition to be satisfied in the most efficient wr.y. 

• The magnetic septum is placed in the following 

dispersion-free drift space. The phase separation of L~ septa is 

50n. which gives 80% of the maximum theoretical aap cpened 

by the kick of the ele<:trostatic septum. The phase shift or 5ff 

has been chosen u a compromise with the 4s' that reduc::ea lhe 

m11 term to zero. The terms in the transfer matrix quantify this 

balance: 

m12 = 8.6, which with a 2 mrad kick aives 17.2 mm 

m., = 2.9, which with 6plp =0.001 cull the aap by 2.9 mm • 

• Since phase advance between the septa is leu than 9fl, 

the separatrix hu been advanced in phase to make it 11101e 

perpendicular to lhe o • .o·. vector. 

• The Q'11 is negative (Hardt Condition), which ensure~ the 

stability of the coasting beam. Q', must be set neaative. 

-
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D'N VERSUS 0, FOR ONE SUPERPERIOD 
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EXTRACTION PLOTS AT ES AND MS 
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GENERAL CONSIDERATIONS FOR OTHER 

LATTICE TYPES 

Square lattice with two 180° dispersion bumps 

• 111e septa are positioned in the straight section in one 

dispersion bump on the same side of the vacuum chamber. 

• As there are no dipoles in between the septa the transfer 

is achromatic 

• The phase advance between the septa is small and 

therefore a much stronger kick of the electrostatic septum is 

required. 

• The Hudt Condition can be fulfilled but with positive 

chromaticity, which is unfortunate for stability. 

Feb. 1996 

"SQUARE" LATTICE 

Hortzontal Plan VIew (X·Y planel 
Drawn on a 2.!5000m equant grid 
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Q. = 1.66; Q1 = 1.S1 

Circumference = 71.8 m 

Phase advance ES to MS = 32° 
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Lattice with an extended dispersion bump 

• To increase the phase advance between the septa a 

dipole(s) is added to make a double bump. 

• The septa are positioned on either side or the central 

dipole(s) on the same side or the vacuum chamber. 

• As there is now a dipole(s) in between the septa the 

transfer is no longer achromatic 

• 1be phase advance between the septa is increased with 

respect to the .. square" lattice and the electrostatic septum kick 

is reduced. 

• It is difficult to rulfillthe Hardt Condition with negative 

chromaticity. 

Feb. 1996 

Extended dispersion bump lattice 

Horlzonlal Plan VIew (X-Y .-.1 
Drawn on a ~·~ ~,. gfld 

-l 
! 

Q. = 2.33; Q, = 1.58 

Circumference = 72 m 

i 
I 
0 
0 

! . 

Phase advance ES to MS = 77° 

I 
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' -i-1 
I 
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LONGITUDINAL ASPECTS 

OF SLOW EXTRACTION 

Combined notes on : 

Stochastic and other means of rf acceleration to 

'feed' the resonance, 'Empty bucket' 

stsb/1/sat/on of the spl/1 and General 

longitudinal strategy 

presented by 

R. Cappi 

February 13th and 14th 1996 

PS,CERN 
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PHASE DISPLACEMENT 

ACCELERATION 

presented by 

E. Ciapala, SL 

February 13th and 14th 1996 

PS,CERN 
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Longitudinal Phase Space 

• Parlicle mollon described by : 

r'j= 6T/6p 
T I' 

. .., ~v ( Eu nr • ami -sin I) 
211' • 

• For smaU ampUtudee w.r.t. synchronous partkle: 

For n'• ~v.,•!.AfJcosf, ---'live -stable motion 
• lii'E~1 ~""" 

• For large amplltudee : 

n• 11i • ...:;a_(sln f-sin I ) = 0 
cosf. • 

• See phase plane lrajeclories : 

=> Slalionary buckel 

:::> Moving buckel 
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Phase Displacement 

• RF bucket moving through a coasting beam (slack) results in an 
overall displacement in the opposite direction · 

• Particles cannot enter bucket and movP round to new 
energies. 

(Phase space density inside coasting beam cannot increase) 

• For bucket height <<slack 'width' the net displacement 
is the bucket area. 

• Illustrated in Figure and Simulation. 

• Scattering effect - Dependent on r 

• Motion complex, Solutions need computation. 

UsuaUy analysed by computer simulations of particle motion. 
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• > •Variation in Bucket Parameters ... 0: 0 
Cl .... D .. 

... .. 
,>l 

Assumption of constant bucket area during sweep not completely u 
::J 

D valid. .. 
c .... Change of real bucket area during the sweep will produce ... .. the same effects as RP noise. " • ... 
• u Special case : CERN lSR, r » r .. and ltl « I • .., 

& .. ... For the variation in area of a stationary bucket : 
0 

... 
~--A£ ::J 

0 

c -\_ 1E 
• ..c .. 

i.e. the area Increases with decreasing bucket energy , 
c: .. 
c: For fixed rate frequency sweep the real value of r •lin '· ... 

changes: .. . ... " ..cc ... .... ..a 
::J · ... 6r 6E 0 .. .. .. - ---1:1~ r E :1 ., 
... 0 

I.e. 1be real value of r Increases, resulting In a decreaslns u II ... .. . bucket area. ... . .. ., 
G...C 

G. 
The two effects are opposite an can be made to cancel out. .. 

... l:! 
0 

>- If a(r) is the ratio of the area of a moving bucket to a •1:1 • • .... c stationary bucket, then for approxbnately constant bucket ••-e• .. 0 
0 · ... through the sweep : .... 
u · ... • • . .., c 

~-~._6a(n ., 0 .... .. .. ...... -\ A,., a(r) 
..., . 

This satisfied for r = o. 2S .. 
0> .... 

1&. 
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1.0 ,.-.---,....----.---r-----.-----..----
A/-

0.1 
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0 

Fig. 4.2 

miGtV/c --1 
31A 

~-1-
J__I 

I "' 60 ... 20 0 -20 -40 -60 .... 

lSl ltack den1itr profile• before and after ph••• di1place..ent 
acceleration (R9llP, Rlna 1, 1971) 
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Conclusions 

• Simple means of acceleration or displacement of coasting beam 

• Some overall loss in phase space density inevitable 
(occurs mostly at start of process) 

• losses. blow up per sweep become slable after a number of 
sweeps 

• Care needed in RF system desi~n (Nnic;P, program linearity .. ) 

• Simulations play main role in anillysis 
(Straightforward nowadays .. ) 

( 
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FEASIBILITY OF A PHASE-DISPLACEMENT 

ACCELERATION SYSTEM AND A 

MICRO-BUCKET TRANSFER SYSTEM 

FOR 'FEEDING' THE RESONANCE 

presented by 
M. Crescenti 

February 13th and 14th 1996 

PS, CERN 
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PHASE DISPLACEMENT ACCELERATION 
lDci:elftetiM I 

0.1. o.s .. ,,,, 0.1 .. 

.. ,., 
hcletl 

,,,,.,,,Q 

&ern aaaaaaaaaa 

•• :.:. II . ' . .. ~ .. z~ I .. 1 

••211 
aaaaaaaaaa .... 

Sm.U emptJ budleCiare crated at the raoaaace eneru. 

171 

The buckell are decelented throuah the stack, that II ~wept le ...,_ 
enerv (AW•A...J2x). Darfna the neep, a APIP lncn•• .an 
(ltld dilation). 

The particles are ntnded In 11nU mlaopullel (MI CIIMit-• 
pro«ss) with a !J.PIP • 0.1 951. 

The speed of the IWeep (I.e. of the accelen .... ) II ....... •1 the 
synchrotron freqaencJ. 

11te bucket dlmenslcms are kept small Ia .-.part.n with 1111 ~ .. 
Umlt dlsturbandes to a small portion of the ~~act. 

The t .. ,.actlon stops If the RF power Is switched off. 



Feb. 1996 172 

FEEDING THE RESONANCE BY UNSTACKING 

ACCELERATION STARTING FROM THE BOITOM OF TilE 
STACK. 

4plp.4fii,Q 

0. 1~ OH~Iiplp 01~ 

The beam It tnppcd In small buckets created at the bottom or the 
stadt. 
The badteCI are accelerated through the stack until the particles are 
extracted. 
The number of particles extracted at uch sweep Is proportional to the 
budtetara. 
The ltadt Is •wept down by AW=A""-d.Jlft, stack dilution Is not 
a~olded. 
The lreqaeaey nlntls constanL 

ACCELERATION STARTING FROM THE TOP OF mE STACK. 

lAcceltrello• I 

Stu• 

Aplp,4rtr,Q 

w.s• Aptp 

The beaR II tnpped In small backetl crated at the tO, of the ... ck. 
The budteCI do not tranne the stak, thus a•oldln&lt.ack dilution. 
The frequency swing Is Ylrlable. 

( . 
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BUCKET CALCULATIONS 

stationary bucket area(eV x s): 

stationary bucket heltht [eV): 

stable phase and related parameten: 

bucket area (eV x 1)1 

lA, = a(r) x A,, I 
bucket helpt (eV)z 

synchrotron frequency (Hz): 

e X V rf X 2 X 1t X /,./ X h X 'f1 X COS(. •) 

n =' w x p2 
s 

2X1t 
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ACCELERATION 

rrequencJaweep (Hzl: 

, .... /, ... , ~ T X lJ X /.,. X h I 

kinetic enetl)' lnctU.'if ptt 5W«p JrVJ: 

~ w,..,,,, = 

number of aweeps (theoretlc:aliJ): 

N= 

ma11lmum speed of the sweep (Hdsl: 

• 'J1Xf.l 
I, = 2 rf X e X v,., X r p X Wxh 
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TENTATIVE PARAMETERS 

• APIP.._ • 0.5 " 

limited bJ the dimensions of' the •HUalft dwnber. 

• h alOIIOO 

tentall•e to pro•lde an u much u poalble anllorm 11feedlaa" olllle 
resonance. 

• ..... 15dea 

usuaiiJ mo... betweea 11120 to keep caclltaal blldlet area d ... lie 
frequenq ...... 

• V,leathanlkV 

need to keep It u 1111aD u possible to red.ce the RF .,._ ......... 

• number of IWeepl < 100 

need to llmltlblck dilution to a mu APIP~ • 1.7 11t. 

• spill time • 150 ms 

need to limit the treatment time. 

• nr or particles per mlcropulse- lE9 protons, .. lET Ions. 

• nr of particles per pulse- tEll protOMt .. 1£9 Ions. 

tenta .. . <! to cope with •oxel scanning spedncatlons • . 
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TENTA11VE CBOIC!S FOR A PIIASE DISPLACEMENT ACCEIER4110N INTO THE 
0 

IIESONANCE 0..10) 

r- ...... __, .. ....._ 1. -.v.· , ....v_1 ,......,aca r .-...YN~ 
I ~ 

'Y 1.1M 1.J2 1.121 l. 1.GI 
8 I II.JG I G.ID ! GAD 0.71, 

'I ('f.o4) 0.772 DAD i o.m Ul 
I..IWIIJ 1.MI 2.171 j_ 1.m • 2.111 

..,._.UIIillh-a.AI~l 0.7 0.7 1.7 I 1.7 
.... .....- ...... ,.. ~ 71 11.1 .., .,... -

h 10 10 1D 10 

8UCUTI 
.. rdeiJ 11 11 ,. 11 
r--. a.. ua ua D.2ll 
v,.(V] a 1JD 1'00 1 27ao 
F,.(HI 1.Jia.o7 2.AE.a7 uu.G7 2.l2£.o7 

Aaluclllt (ev-..d] 1..ME* 1.7IE4GI ~ 0 aA2E+OI 
......_. eVI uu.oa 7.Mat04 1.11Et01 1.s7i.o& 

rfHil 7..10EtCD ua.01 a...... 1.11E+M 
611/P..__ DM'awMD ~I U7EoOI z.DioOI .._.. ~ 

PHASE IIIIPLACSI!NT 
..., aurnnt lnAJ U U a..- a. 

1JIDE+11 ,...., ,__. 1.DDE.ol 
6WioallleVI 7..-... 7.-.ol un.- 1A1a.G7 

6WnMD leVI 1m 2.IGt04 7.-.o4 IAII.OS 
..._.. • 21 M 21 

PULSI!D JlASHION 
TawMD (J&a] 1111 7111 DIG -

T r b&al 7a2 - C1 1• .,.. •1• >1a7 >1a7 
TIPIIIlaJ D.21 1.217 ua 11.224 

~~ 1.JOE+OI 1.111+01 2.11&+01 LDE.OS 
MltP of utrected bMm 00 • 0.1 0.1 G. 1 0.1 
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TENTATIVE CHOICES FOR A PHASE DISPLACEMENT ACCELERATION INTO THE 
RESONANCE (h=lOO) 

kinetic enervv per nucleon 

.., 
T 

Tl (y,al) 

r_[iiitzJ 
MilD IOUIII6DID ~..5•.i.ll%1 

•• -•-ID I I_ I Ttl h [KHz] 
h 

BUCKETS 
t.laeal 
r--.. 
v .. M 
F,(Hzl 

Abucat ltv--!) 
HbucDti•VJ 

IOMivo· 

UIM 
CI..SQ 

0.772 
1.341 

0.7 
730 
100 

15 
0..2511 

50 
U5E.ol 

ii':ft 

3011MeVo• ~ 

1;.sz 1.121 
ua -GM:I 

ua G.l7ll 
2.571 1 ... 

0.7 G.7 
135 113 
100 100 

15 11 
03111 CL2III 

50 MOO ............ 

rue--
1.GS 
0.7" 
a.SI 

2.115 
0.7 
7G 
100 

11 
G.2llf -2.121+01 'f.iiitl -

1 
w"'"lfl :r='Hzl 3.13E~~ -~ - -

1 
1~ 

1 1 lncrMM -p f'llo 4.34E~ I 1.ooe-G$ ,.... 1~ 

P'HASE 
_.. CIUfNnt !nAJ 

IIGMI !f!!'11ciM _ 
&WIGt8llaVI 
w.-pTeYf -
~'-

-.--u 
1.CIOE+11 
7.-a.cM .... .. UIO .. U ., ..... 

1.2H+04 

:... 

71 

:... 
1JIOE+GI 
1A1a.G7 

-2.ME.OS 

[ 1--b&al - 11:12 DIG aM 
I 1 I (J&a] - - C1 A3 I .,.. >lei •'-T >1aT 

T-1•1 cu. am ua ~ 
It lttlillecl I.IOEtOI J.UEtll ~ 1.71E.ol 

&aiDuhn aUdhiMIII"'-1 I u I 0.1 I 0.1 I u 
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TENTATIVE CBOICU FOR A MICROBUCKETS ACCELERATION TO FEED THE 
RESONANCE (halO, protoD case colllldered) 

I PROM '1'IIE I OF 'IHE STACK liliiOiiirTHE 1W OF 1HE STACK 

............ 
II .. , .. ] 

v,.m 
F..p!IJ 

/jfl/p .... - .... 
~ 

•• ..-Ap!p•'-•!•"f!!J 
......... !] 

ile!l 

T....p(Ja!J 
lual · 

- T .. (!!!! 
AlltPcrt..,._. ..._..,1 
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-.v.· 1-.¥ .. -.v.· -.v,· 
•1• 

1.1111&11 .,.. t.-.n 1JIIE+11 .,.. .,.. 
10 I I tO I I til I I til 
tl I I u I l tl l l 11 I 

2D T T ,. -- .--- MO 
t.-..rf I l 2.-.crr 1..-..r uu.GT l I 
_'lA7&411 I I ....... I I 

LT-.cD UIEtCD LTG 
I I 
~~ ..... _MAX...._., 

17a ........ :;:~ -r:;:r-J_§= 1 ··-I 
.,7 
7i2 

211 or 

111' 
'"iiiiii" 
zu or 

111112 I _,, 
11: 
2tl 

T 

179 

,. 
Tail 
21, 
or 

121, 

TENTATIVE CHOICES FOR A MICROBUCKETS ACCELERATION TO FEED THE 
RESONANCE (b=lOO, proton case considered) 

ACCELERATION FROM THE BOTTOM OF THE STACK ACC!LIAAllON PROM THE TOP OF THE STACK 
I I 

klnetle_.gy i IOMeVp• 300MeV p• IOMeVp• JOIIMeVp• 

..,.. • 1 1.00E+11 • 1.00E+11 UI0£+11 1.CIOI+11 . , .. ,., .. ,., .. ,., .. 
h 100 100 100 1110 

.. (o.gJ 11 I 11 11 11 
v,.M ~ I - 411 -F.c(ttl) 1..311+01 I 2..511+01 1..311+01 I.RE+OI 

I AOID lncr. due 10 tnlv. . u~ I .OS~ I I I 

& F , Ptll • 2-IOE.o.t · 2.57&.0. I 2.111E.ot U7E.ot 
Hats] 2.011+01 . 1.74E+GI I I ........ MAX,_ ......... MAl ....... 

A • t-• tprll {HI) 1.251+05 7.1u.GI • 1 ..... UIEtGI 1.tiE+GI 7.1 ... 
AWI....a{eY] LJCi.ot ........ I.MI+CN ...... 

AW...__fttV] .,. 1 ...... .,. nn1 
Ill • Ill • 

,......,bUll :111111 .,. ., - - .,. ,. (J&a] m IU m IU ,...,.,, ... IG - - -40ID ahidl ~u· _,..1 0.1 0.1 0.1 0.1 
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BEAM PULSE STRUCTURE (PROTONS W=60-300 MeV) 

Phase Displacement and Unstacklng rrom Bottom. 
• h = I 0 V rf = 25-170 V 

-, ..... - .11-41 .... ,. 

- 250 '"' 
• h = 100 v rf = 50-350 v 

- 60·10 pulns 

- Z51 mw 
Unstackln1 from Top. 
• halO Vrt=20-l40V 

lefp+ 

-1.7·1-

--1·1.51111 

• h =too vrf = 40-280 v 

[ ~ ... {\ 

-·3-1~- j tJ u ~ 
.• t.J.t. 7 1111 

-150ms 
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RF SYSTEM (h :r 100) 

Frf= lOOMhz M- I Mhz =t Q • PriM • 1• 

7..(01 7..101 

101 FfMibl •• FfMihl 

tr we decrease the Q ractor we c:an do the M IWfna wlthoat t• ner. 

Q-50 Z.=R,IQ - 100 0 

Vrf-1000 V 

P a V 11
2/(lxR.) • 100 W =$1111all power to handle. 

'l• Ql•x 1/f- IH • ztthe ca•IIJ will npldiJ rollow lhe awhla­

FfMIId 

•••• 
•• 

•••• 

Example: a piU-box ca•IIJ. 
-4Dnm 

Small beam pipe dimensions. 
Low dispersion region needed. 

10 

-mnm 
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CONCLUSION 

POINTS IN FAVOUR 

• very few puamtlu~ lo YBry: Rf voltage, rrrqurncy swing. 

• unslacklng from lht lop good esllmallon or lhr number or particles 
txlracled ptr mlrropul~t ( .. A h). 

• pulstd utrarllon (po~~lhlt trutmrnt "II h 'o~d ~rannlnt:?l 

• easy and quick to slop: RF powrr ofT. 

POINTS NOT IN FAVOUR 

• dow mlcropulse extndlon (hundreds or microsecond~). 

• not continuous beam pulse extraction (not possible tratment with 
rater ~eenalaat). 

• lr hiP hannonle number 11: "smell" dedkated RF I)"Jienlls needed. 

• lattice constraints: additional - 0.1J0.3 m needed ror the additional 
c .. ll7ln a low dlspenton reafon. 

Feb. 1996 183 

REFERENCES: 

I) E.J.N. Wlllon, Proton Synchrotron Accelerator lbeorJ, CERN 
77107. 

l) E. Clapala, Slldlna and Phase DfspiKetnenl Acmenllon, CERN 
85/19 CAS • 

3) C. Dovel et al., A Selection of Formable end Date U.r• l ter the 
D61gn or Allemallna Gradient Synchrot......_ CERN MPS-81, Int. 
DU70/4. 

4) P. BrJant. E. O.pate. W. Pirkl, prbate conuM~nlallonl. 



Feb.l996 

BETATRON ACCELERATION 

DURING EXTRACTION 

presented by 

C. Steinbach 

February 13th and 14th 1996 

PS,CERN 

184 Feb. 1996 115 

BETATRON ACCELERATION 
DURING EXTRACTION 

Cu. STEINBACH 

There are (at least) 2 ways to control a resonant extraction 
during the "spill": 

- sweep the resonance through the beam (by gradually 
changing the value of QJ, 
- accelerate the beam through the resonance. 

The second method Is better, because: 
- the extracted beam central energy Is fixed, 
- all transverse parameters stay constanL 

Acceleration can be done with: 
- continuous wave RF, but Ap/p Is low, synchrotron 
oscillations can create problems and both high and low 
frequency structures are present in the extracted beam, 
- phase displacement, but the process Is not continuous, 
- RF noise, but a lot of power Is needed for spills of the 
order of a few hundreds of milliseconds, 
- betatron acceleration, which works with debunched 
beam and is compatible with the phase displacement 
ripple reduction technique. 
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Principle of betatron acceleration 

A magnetic nux ciJ is created around the circulating beam 
with one or several magnetic circuits (torus). Just like in a 
transformer, a field E appears Inside, along the 
circumference, following the equallon: 

J d«<J 
Eds=­

dt 
(1) 

If E Is the mean electrical field over a revolution and C is the 
orbit length, this writes: 

dc!J = CEdt (2) 

The Increase of the particle momentum due to this electrical 
field Is: 

dp = Ze Edt (3) 
where Z e Is the particle charge. 
From (2) and (3), we obtain: 

Ze 
dp = cd«<J <4> 

Introducing the magnetic rigidity: 

Bp=.L. (5) 
Ze 

and Integrating along the time, we obtain the momentum 
Increase due to the Dux variation t\«<J: 

t\p = _!_ACIJ (6) 
p CBp 
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Sketch of installation 

Attelerator rl1 

Application to TERA orolect (95'parameJenl 
If we want to accelerate by t\p/p = .3 "' 

assuming C = 80 m, 
Dr = 6.3 Tm (for high energy Ions), then: 

3 t\p 1 1 
-=-=-At!»= A4t 
1000 p C Bp 80x6.3 

Acl» :: 1.5 Tm 

which can be done with a section or .5 m1 or cheap Iron, and 
a field varying from -1.5 T to + 1.5 T. 
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Proposed characteristics (after M.Thivent, CERN PS 

and Heidelberg and Saclay equlpments) 

Magnetic torus (4 units): 
External diameter: 1000 mm 
Internal diameter: 160 mm 
Length: 300 mm 
Weight: 7200 Kg 

~= 
Section: 
Number of turns: 
Resistance: 
Inductance: 

Power supply: 

2.5 mm1 

so 
30 

lOmH 

Maximum current: 20 A 
Maximum voltage: 60 V 

(rolled iron sheet) 

t 

Feb.l996 .. , 
CONCLUSIONS 

Accelerating the beam through resonanee with betatron 
acceleration and use of low frequenc:J ripple reduction with 
RF phase displacement seems to be the most attradiYe 
scheme: it offers a constant mean energy, a small Aplp of the 
extracted beam and a good ripple rejection. 

To accelerate by Ap/p = .3" (at 400 Mey/u for oxJgen Ions), 
the longitudinal space required Is of the order of U m, the 
technology Is simple and the price reasonable (as compared 
with RF acceleration). 

References (thanks to D. Mihl): 

An Induction Accelerator for the Heidelberg Test Storage 
Ring TSR, Ch. Ellert et al. MPIH-V31-1991 

Le Betatron lnjecteur de MIMAS, J.C. Clret 16 mars 1998 
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SPS EXPERIENCE AND 

SPILL CONTROL 

presented by 

M. Gyr, SL 

February 13th and 14th 1996 

PS,CERN 
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Fluctuations at Resonace Stopband Limit In 
Momentum- & Phase Space 

dN 
dO 

vdc 

0 

.._. Vac 

a 
Ores 
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Low frequency spectrum of current In 
F-quadrupoles · 
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Spill of Shared Slow Extraction 

···- - ·------ -·-·· · · - -------
Spill Signal of Simultaneous Slow Extraction 

••• ---·---·- ---1 
' 

j . 

• 

••L-----~--~~--------~----~~~ ~ . -- ~ ~ -- ~ ~ --..... , .... 
r---·---- - - ·- ·------

Low fnquenCJ Spectrum of SSE Spill (Bode PlotJ .. 
> 
.!. 

I 
a I 
.: 

1'\. 

"IJ 

.. , 
t• -·:-.::: - -- -==·· -·-- T·I .. .. -Fri<JII'li'CY (Hr) 
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TF G(s) of Extraction Process 

o(l) ill N=Jo·dt 
1 • 
s 

obtained from unit-step response of N(t) w.r.t. 6Q(l) .. u(t) 

Dead time T0 due to dwell lime: 
11me delay T1 (double pole) : 

60 - 100 turns 
about 70 turns 

Amplitude dependence of "Time contants" To and T, 

4r-------------------------------------, 

( dead time Te J 
u 

2 

0.5 

'---- (thiie delta] T,) 
AQ x 1o' 

V. R6del: lA tiJittJIIIU,•e th I' atractionlellle d• synchrotron d protons dt 
400 G1V da CERN trl \lift tf•11 Mstmcemtlll (Phi). Thesis tft 506, 
BPFL.l983) 
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Open loop Transfer Function 
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Open loop Polar Plot: GoOro) 

90 

2?0 
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Closed loop TF: oQ(t) ~ o(t) 

100011--~~~~~~~~ -
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Stochastic. & "combined" extractiQn 

Particle density: 'l'(r, t) = ~ 
dVol 

Change of density due to diffusion and drift current: 

a 'l'(r, t> ( ~ at =div D·grad'l'(r,t)-v·lJI(r,t)) 

Folclcer-Planck equation 

Diffusion constant D : 

, ' 

p-space: (~=~ ~) D,=(~J' D~ 
Q-space: (~=~d:) o =(~Qro 

Q fkp B 

r - space: ( df =1Jdp) 
r, P o, =(;!~J'o. 

Ripple Improvement factor: 

F = JWf5 
(I) 
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Stochastic & Combined Extraction 

dN 
dQ 

dN 
dQ 

dN 
dQ 

a 

MllrlJ stlltlonll'1 
distribution 

Q 

Q 
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Power Supply for .. rectangular" FS-spill 

GTO 

c 
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' 

Current waveform in extraction quadrupole 

OTO Clipper 
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RESONANT 

EXTRACTION IN SPS 

presenled by 

K. Cornelis, SL 

February 13th and 14th 1996 

PS,CERN 
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-Layout of the extraction channel 

-Types of extractions 

-The shared slow extraction 2/3 

-losses on the extraction channel 

Layout of the extraction channel 

-Electrostatic septum : Voltage cannot change during 
the cycle. (IOOkV/cm) 

-Thin magnetic septum (3mm) 

-Thick magnetic septum ( 16mm) 

-5 orbit correctors to make extraction bump 

209 
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Types of extractions 

-Slow extraction 2/3 

-Fast slow on l/2 

-Fast fast slow 
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Slow extractions: 

~ = 

AQ 

~Q-=-- = - I 
AP 

p 

i.e. a strong dependence of Q on momentum 

Q=26.666 - £ or Q=26.500 + E 

AP/P is maximised using RF gymnastics 

KF G~Jn11~J/ics 
.. z 3 

214 Feb.l996 

Shared slow extraction on 2/3 

Simultaneous extraction in two points of the 
machine. 

115 

The phase advance between the two points has to be 
an exact integer. 
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mm i' 

-20 20 3o I 
Inward • going .. ,., . ., .. -10 

-20 v: to North 

o: to West 

-30 3 
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Losses on the extraction channel 

The angle at the septum has to be very well adjusted 

Effective septum thickness 

~ • ........ 
0 ' 

"' 1\1 ~~ 

119 
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_ ·:·· · ·<.:. __ -,.L: ~ ,·.:. ~_ t;;~~.;';.~i.~aEOfpo1or,=nct--Jf:.b.).ctlllC&hiJ~ 
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. . - --- .......... ,., ..._ . . ~ -. . · =·""'''·· ·J·~~-~--:;:::~·~.:z~~~.;;;;;.t: .. :._ I 
l.:.Relcllh-~,:~Cill~;:d .. -lliftd..cGir"~.t$',~- -,., '\:oO .'t ·,c~ ~·Jt.t{~.:,;,, ,..: · ~-; · · ! 

. · : ')pCJiari..ter-.' · .... . _. .< .. ~~~rt~Jn)Ktlaft:~£~-:·- '~1ii4iillaa•on· ·.'Top·energy 
1· I _ ! i 

Protons . ; ... ~~- .. ·~::~: ~ ..t~.. . ·. -~1 \J··::-'.:' .:~--~ ~~- ;,-. ... ~--~~-\~t~>:: ~ .. ~ : .. :. · ~· 
IQnettc energy/proton (MeV) 11 60 13.45297 
IT 1.011723676 1.D63947321 2.327223788 
IP 0.151793839 Q.341A60409 0.902973359 
I~ 0.153573421 ().363295888j 2.101421081 
Momentum (GeV /C) 0.144093687 o.340870468i 1.971705191 
Magneftc rtaldttv (Tm) 0.480644803 1.1370214931 6.576900581 
Revolution 1tme (s) 1.56E-06 .69358E-061 .26228E-06 
Revolution freQUency (MHz) 0.6409 1..44181 3.8127 
Norm. hortz. rms emit. (pi mm mrac OAO not known I not known 
Norm. vert. rms emtt. (pi mm mrag OAO O.AO 0.40 
Geom. hortz. rms emtt. (pl mm mrc 2.60 not known ! not known 
Geom. vert. rms emtt. (pj mm mraa 2.60 1.101 0.19 
Total geom. hortz. emtt. (pi mm mr4 13.02 not known l not known 
Total geom. vert. emit. (pi mm mrq 13.02 5.51! 0.95 
Full rei. momentum spread) 0.0020 not known ' not known I 

' I ' 
I 

Ccnbon.lons 
" ~-. :· ::·· :·::]" -~::: ... ... ..., . 

' 
- · t" .. .... 

~neftcenergy/nuc~on(MeV) i 3 1201 425 

1 I 1.003222625 1.12890501 J 1.456538576 
!e 0.080088875 0.4640402371 o.n707388 
~~ 0.080346971 0.523857348 1.059011154 
Av. mom./nucleon CGeV/c) : 0.074796446 0.487668261 0.985852596 
Magneftc rtgldlty rrml ! OA98988174 3.2533n4351 6.576900581 
Revolution time ( s) I 2.9571E-06 .51037E-o6: .32573E-06 
Revolution frequency (MHz) 0.3382 1.95941 3.0700 
Norm. horlz. rms emit. (pi mm mroc 0.40! not known not known 
Norm. vert. rms emit . (pi mm mrad: OAO 0.4i 0.4 
Geom. horlz. rms emit. (pi mm mra 4.98 not known i not known 
Geom. vert. rms emit. (pi mm mrac 4.981 0.76; 0.38 
Total geom. horiz. emit. (pi mm mr• 24.89 not known not known 
Total geom. vert. emit. (pi mm mrc 24.89 3.82: 1.89 
Full rei. momentum spread 0.0020 not known not known 

I 
I I 

Constants 
Speed of ftQht In vacuum 2. 99792458E..OSl 
Equivaient proton mass £GeV) 0.93827231 
Atomic mass of H UXl791 ' 
Elementary charge (C) 1.6022E-19 

I 

No. afchar~QOforC L 6 I 

No. of nucleons (A) tor C 121 : 
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E~ C mass (Ge\1 c~vx.) I 11.1710 ; 

I I I 

Corrimlh1ll ... . . ~ ' .. . ·, . ": ~ . . ~ . 
' 

• 1he values of'gtven' parameters ore lhown In bold. All .other paameters are derived. ~ 

-The maxirrun energy Is set bV 1he lght-ion ~ement of 425 MeV /nucleon C30cm penetr. 1-

C6+) --• The &QUY. C mass Is calct.iated without taldng aCCO\.I'rt o11he electrons or differences 1-
be1ween protons and neutrons. ~ 

- The maximum energy of the protons Is a conseQuence of the magnetic field needed for the -
ions and will not be exploited. -
- The model of a parabolic beam (uniform dlstrlbutton In phase space) Is used. so that : -

E (total >- s• E c ms). -
- Eml1tonces refer to the Injected beam from the lnac. No gccoyot Is yet token of mum-tum -
!njedlon, or of the emittance to be expected from the resonance. ~ 

- Muttl-1umlng end the resonance will probably only affect the horiZontal plane. so the vertical --eml1tooce Is carried through to higher energies. -
- 1 Gray • 1 Joule per kg, which for 1tssue Is dose to 1 Joule per litre. -

-
' 

2. Lattice and Geometry 
. . ~, 

I I 
Circumference (m) i 71.000000 
Effective mag. lath ..,, (m) I 1.850000 

. 
Number of dlpoles i 16.000000 : 
Bending engle In dipole (rod) 0.392699 
?cJgltta (m) 0.0905201 : 

Edge focusing Rectangular: : 

Nominal field for protons m 0.1020 0.24141 1.3961' 
Nominal field for Ions m 0.10591 0.69061 1.3961 : 

4.7109863161 ! 
I 

Bending radius (m) i 

Effective mag.lgth Quadrupole (rr 0.35 l ' 

Max. field gradient (T /m) 3.68 : 

Drtft~aceforES(m) 1.7 ! 
Drtft space for MS (m) 3.82 i ! 

Drtft space for rf (m) 3.82 ~ 
I 

: 

Drift space for Injection (m) 3.21 ; 

: 
' I 

3. Irradiation data (approx. physical doses) 

' 
I 

Max, dose rote for small volumes <<50 cm3) 140Gl/mln : 
-

Max. dose rote for large volumes (5-2000cm3) 110Gl/mln --
Normal dose rote ;SGl/mln 

Parameter 1st extraction Top extraction 
i 

Protons 
Energy (MeV) I 60! 2201 

I 

Range (em) 3.51 3Qi 

No. of porttcle/s to deliver 40Gy /min ~ 6.93E+10 ' 1.89E+10 
No. of porticle/s to deliver lOGy/min 1.73E+ 10 i 4.73E+09 
No. of f2orticle/s to deliver 5Gy/min I 8.6~ I 2.36E+09 : 

I 

I I I ~ 
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~~~·:~~~.::,· .: · . ·,·:. ·· 

(em) 

No. of IXJrtlcle/s 1o deliver 40Gv/mln 
No. of DCrttcle/s 1o deliver 10Gv/rnln 
No. of oorttcte/s 1o delver SGv/mtn 

224 

I I · : ~,r~~;:~·~~~~~~~~l~~~~~::::~~f;~-w:~~~ :-:>.- .. :~·~--~ .: .~:;~ ;.-_, ..... 
!!! 
3.5 

2.89E+09 
7.22E+08 
3.61E+081 

G5 
30 

8.16E+08 
2.04E+08 
1.02E+081 
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Acluomatic arc 
Apenure considerations 

Index 

Betatron acceleration. basic theory 
Betatron acccJeration, proposed parameters 
Betalnm acceleration, to Mfeed" resonance 
Betatron oscillation 
Betatron phase 
Bucket parameters, variations of 
Bunch rotation 
Chromaticity and resonance control by sextupoles, combined scheme for 
Chromaticity control by sextupoles 
Coupling by sextupoles 
Debunching. memory of rf structure 
Diffusion equation 
Diffusion theory 
Diffusion. in an accelerator beam 
Diffusion. thennaJ 
Diffusion. with perturbations 
Distribution of the extracted beam 
Duty factor, spill uniformity 
Electroswic septum, action of 
Electrostatic septum, effective thickness 
Electrostatic septum, gap opened by 
Electrostatic septum, position of 
Emittance 
Emittance (transverse) for a continuous spill 
Emittance (transverse) of the spill, global view 
Emittance (transverse) with a transport mechanism 
Emittance, control of 
Emittance, effect of resonance wobble 
Emittance, in real and normalised coordinates 
Emittance, maximum that can be extracted 
Emittance, Monte Carlo simulation 
Emittance, statistical 
Empty-bucket. channelling or stabilisation 
Equilibrium orbits for off-momentum particles 
Extraction on half-integer resonance 
Extraction plots 
Extraction schemes in SPS 
Extraction, SPS stochastic and .. combined" 
Feedback on spill 
Fixed points 
Fixed points. motion close to 
Gantry, relaxing the equal-emittance requirement 
Hamiltonian 
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Hardt condition 
Hardt condition. mathematical fonnulation 
Hardt condition. reasons for 
Hardt condition. role of the normalised ctispersion 
Homogenising the stack 
lAttice, •square• type 
Lattice, arc type 
Lattice. exteDded-bump type 
Lattice, proposed 
Layout of apenure 
Leaky rf buckets, due to phase modulation 
Losses at the electrostatic septum 
ma3 and MD. effect of being non-zero 
m13 and lftD, expressions for 
m1~ minimisation 
Magnetic~ position of 
Medical synchrotron. classification 
Micro-bucket rf transfer system to "feed" the resonance 
Micro-buclcet transfer, tentative parameters 
Micro-bucket, proposed equipment parameters 
Momentum spread in extraCted beam 
Moving the stack or the resonance 
Normalised coordinates 
Normalised dispersion. angle of vector for Hardt condition 
Particle energy during the passage of an empty rf bucket 
Phase displacement acceleration 
Phase displacement acceleration to .. feed"' the resonance 
Phase displacement acceleration. effect of rf noise 
Phase displacement acceleration, panicle scattering during 
Phase displacement acceleration. simulation 
Phase displacement acceleration. stack profiles 
Phase displacement of a stack by a single rf bucket 
Phase displacement. proposed equipment parameters 
Phase displacement. tentative parameters 
Phase space map. of panicle mouon 
Phase-space representation of a beam 
Phase-space representation of the resonance 
Phase-space trajectories near a stationary rf bucket 
Phase-space trajectories round an accelerating rf bucket 
Resonance and chromaticity control by sextupoles, combined scheme for 
Resonance cancellation and remforcement between sextupoles 
Resonance. ideal optics for 
Resonant extraction, diagrams 
Ripple, effect on separatrices 
Ripple, in momentum and phase 
Ripple, low-frequency spectra 
Ripple, types and frequency ranges 
Rotation of dispersion vector 
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Rotation of normal mode rotation 
Separatrices 
Separatrix equation. expressed with its momentum dependence 
Separatrix, action during a slow extraction 
Separatrix, pneral equation 
Separatrix. geomeuy for extraction 
Sextupole between electrostatic and magnetic septa. effect of 
Sextupole coefficient in MAD 
Sextupole strength, S 
Sextupole, amplitude and phase changes following a kick 
Sextupole, equivalent virtual sextupole for a distribution 
Sextupole, field 
Sextupole, locking action 
Sextupole, sign convention 
Sextupole, simple theory for action of 
Sextupole, stopband 
Sextupole, thin-lens kick 
Shadow regions 
Size of the stable triangle. H and 0Q 
Slow extraction with empty-bucket channelling 
Slow extraction, comparison of longitudinal techniques 
Slow extraction, from PS 
Slow extraction, with a noisy bucket 
Spill structure with phase-displacement and micro-buckets 
Spill uniformity in extraction from SPS 
Spill uniformity, duty factor 
Spill uniformity. feedback 
Spill uniformity, magnification of fluctuations by resonance 
Spill, decoupling from ripple (mechanical analogy) 
Spiral step and kick 
Spot size at gantry nozzle 
Stability of the waiting beam 
Stable triangle 
Stable triangle. at the sextupolc 
Stable triangle. emmance 
Stable triangle. shift of ongm 
Stacking in coasting beam storage nng!. 
Steinbach diagram 
Time structure of an extracted hr.:am 
Transfer matrix for panicles wath a momentum deviation 
Transfer matrix in normalised coordmate~ 

TransfeF matrix. in real coordm:1tc' 
Transfer from electrostatic to magnetic septum 
Transport mechanism 
Unifonnity of waiting stack 
Vector potentia) in an accelerator magnet aperture 
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